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PREFACE TO THIRD EDITION 


The principal changes in the third edition of this book consist 
of the addition of many new problems and figures; some reduc- 
tion in the text discussion in the first three parts (Statics, Kine- 
matics, and Kinetics), although the number of problems in these 
three parts has been increased considerably ; more emphasis on vari- 
able forces in Part III (Kinetics) ; and the addition of anew chapter 
on mechanical vibrations in Part IV, which consists of a group of 
special topics somewhat more advanced than those treated in the 
first three parts. 

The book has been completely reset, and many detailed 
changes in the presentation of the subject have been made for 
the purpose of giving special emphasis to various ideas, concepts, 
and principles that experience has shown are especially difficult 
for the student to grasp. Likewise, several rather comprehensive 
illustrative problems have been added, particularly in Statics and 
Kinetics, for the purpose of emphasizing the great importance of 
a general method of attack in applying the principles of mechanics 
to the solution of problems. 

The lists of review questions and problems at the end of chap- 
ters—a feature that was introduced in the second edition—have 
been retained in this edition in response to many favorable com- 
ments on this feature of the book. 

As in the previous editions, the aim in this revision has been 
to present the subject as an integrated whole and to encourage 
the student to seek the meaning and significance of detailed 
knowledge through its relation to the larger topic or the more 
general conditions. 

The authors wish to express their appreciation of the many 
suggestions offered by those who have used the second edition 
of the book. These suggestions have been considered carefully 
in preparing the third edition. 


UrsBana, ILLINOIS, 1 
December, 1940. N. 


Digitized by the Internet Archive 
in 2022 with funding from 
Kahle/Austin Foundation 


https://archive.org/details/analyticalmechanOOOOfred_t9w0 


PREFACE TO FIRST EDITION 


Tuts book, as its name suggests, presents those principles of 
mechanics that are believed to be essential for the student of engi- 
neering. 

Throughout the book the aim has been to make the principles of 
mechanics stand out clearly; to build them up as much as possible 
from common experience (the student’s experience); to apply the 
principles to concrete problems of practical value; and to emphasize 
the physical rather than the mathematical interpretation of the prin- 
ciples. Important equations are printed in bold-faced type and the state- 
ments of the more important principles are italicized. 

The book is divided into three parts; namely, Statics, Kinematics, 
and Kinetics. Statics is presented first because of its simplicity and 
its direct relation to the student’s experience. However, in the first two 
chapters are developed certain concepts and elementary principles that 
are fully as important in kinetics as in statics, and the authors feel that 
it is essential to a satisfactory grasp of mechanics, as a whole, that suffi- 
cient time and care be taken to cause these elementary concepts and 
principles to crystallize in the student’s mind before the more general 
principles and problems are studied. The equilibrium of the various 
types of force systems are treated both by the algebraic and by the 
graphical method. A large number of problems involving the equi- 
librium of the simpler structures and machines are given, and figures 
illustrating the structures and machines are used freely. 

Although kinematics as herein developed is mainly a preliminary 
to kinetics, the authors’ experience indicates that the kinematic proper- 
ties of motion must be isolated and developed with care if they are to 
be used with success in the study of the kinetics of the motion. 

Both kinematics and kinetics have been developed with regard 
for the increasing importance of dynamics to engineers. The geo- 
metric and physical conceptions and interpretations of the quantities 
in kinematics have been emphasized rather than the mathematical con- 
ceptions. A treatment of acceleration is given which, it is hoped, will 
help to overcome some of the difficulties frequently found in the use of 
this quantity. The treatment of kinetics has been restricted to the more 
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common types of motion found in engineering practice, but these 
motions have been treated more fully than is usual in elementary texts 
on mechanics. This is particularly true of plane motion. D’Alembert’s 
principle (involving inertia forces) has been used for each type of motion 
as a second method of solution. The methods of procedure used in the 
analysis of kinetics problems are strongly emphasized both in the 
general discussions and in the solutions of illustrative problems. 

Illustrative problems are given at the end of the more important 
articles and many problems are offered for solution. Great care has 
been exercised in selecting problems that are of practical interest and 
yet are easily comprehended and are free from unimportant details so 
that the principles used in their solution will stand out clearly. The 
answers to about one-half of the problems are given. 

Graphical methods of representation and of solution have been used 
frequently in all three parts of the book. A knowledge of elementary 
calculus is assumed although little use is made of it in the first four 
chapters. 

The discussion of centroids (Chapter V) is developed directly from 
the principle of moments—a principle given much emphasis through- 
out the book. 

Several special topics are discussed in Section 3 of Chapter IX. 
They may be omitted without interfering with the continuity of the 
book, or any one of the topics may be studied alone without studying 
the whole section. Further, if it is desired to reduce the time given to 
kinetics, the second method of analysis of the motion of rotation or of 
plane motion (which employs D’Alembert’s principle and inertia forces) 
in Section 2 of Chapter IX may be omitted. And, in general, the last 
part of the material in any section or chapter may be omitted without 
interfering with the student’s progress in the first part of the next sec- 
tion or chapter. 

The authors wish to acknowledge their indebtedness to Professor 
A. N. Talbot for his interest in the book during its preparation and for 
his helpful suggestions on the treatment of certain important topics. 
The authors are also indebted to Professor G. A. Goodenough for valu- 
able material in the treatment of Governors and to Professor O. A. 
Leutwiler for the data and figures for a number of valuable engineering 
problems. 


Urpana, ILuINors, F, B. SEEzy. 
December, 1920, N. E. Ensien. 
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ANALYTICAL MECHANICS 
FOR ENGINEERS 


PAI ie SLA LICSs 


CHAPTER I 
FUNDAMENTAL CONCEPTIONS AND DEFINITIONS ! 


1. Introduction.—The term mechanics is used in a broad sense to 
denote the science which treats of the motion of bodies, rest being con- 
sidered as a special case of motion. The science of mechanics consti- 
tutes a large part of our knowledge of the laws of the universe, including 
the laws relating to gases and liquids as well as the laws relating to 
solid bodies, and it takes a prominent place in the study of astronomy 
and physics as well as in the study of machines and structures which are 
involved in engineering practice. 

The object of analytical mechanics as developed in this book is to 
determine the laws by which the motions of bodies (mainly solid bodies) 
are governed and to apply these laws to conditions met in engineering 
practice. 

In the development of the laws of mechanics certain concepts are 
assumed to be fundamental, that is, no one of them can be expressed in 
terms of the others or in simpler terms. Such concepts grow out of our 
experiences, and other ideas and laws are derived from these condensed 
experiences. 

The fundamental concepts involved in the laws of mechanics are: 
(1) force, which is made known to us through the tension and the com- 
pression of our muscles as a pull or a push, (2) bodies or inert material 


1Jn this introductory chapter are considered certain concepts, definitions and 
principles which are used not only in the following pages but in the whole field of 
mechanics. The student is advised, therefore, to master thoroughly the contents of 
this chapter in order to have a sound foundation on which to build his knowledge of 


the subject. 
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(matter) on which forces act and without which forces cannot exist, 
(3) space, and (4) time. A more definite understanding of force and 
inert bodies can be obtained only after the laws of kinetics have been 
developed. To start with, however, it is necessary only to recognize 
the existence of these quantities. 

In the process of the development of the laws of mechanics, con- 
siderable use is made of mathematics. It should be kept in mind, how- 
ever, that mechanics is a physical science and that mathematics is used, 
mainly, to express and interpret physical laws. 

For convenience, the study of mechanics is considered under three 
main divisions: namely, Statics, Kinematics, and Kinetics. 

Statics is that branch of mechanics which treats of bodies that are 
acted on by balanced forces and hence are at rest or have uniform 
motion. 

Kinematics is that branch of mechanics which treats of the motion of 
bodies without considering the manner in which the influencing factors 
(force and matter) affect the motion. It deals with the fundamental 
concepts of space and time, and the quantities, velocity and accelera- 
tion, derived therefrom. It is, therefore, sometimes called the geometry 
of motion. Kinematics forms an important part of the study of mechan- 
ics, not only because it treats of a part of the general kinetics problem 
in which forces are involved, but also because, in many problems which 
involve only motions of parts of a machine, the principles of kinematics, 
alone, are sufficient for the solution of the problem. Such problems 
are discussed in treatises on kinematics of machinery, in which subject 
the motion of such machine elements as valve gears, quick-return 
mechanisms, et¢., are considered. 

Kinetics is that branch of mechanics which treats of bodies which 
are acted on by unbalanced forces and, hence, have non-uniform or 
accelerated motions. In particular, it treats of the change of motion of 
bodies and the manner in which the change is related to the factors that 
affect it, namely, the actions of other bodies (forces), and the properties 
(inertia, etc.) of the bodies themselves. Frequently the term dynamics 
is used in technical literature to denote those subdivisions of mechanics 
with which the idea of motion is most closely associated, namely, kine- 
matics and kinetics. 

2. Rigid Body.—The bodies dealt with in this book are, in general, 
considered to be rigid. A rigid body is defined as a definite portion of 
matter the parts (particles) of which do not move relative to each other. 
Actual solid bodies are never rigid. The relative displacement (deforma- 
tion) of their particles forms an important part of the study of Strength 
of Materials. But the theoretical laws which govern the motion of ideal 
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rigid bodies may be used, usually with very small error, or with modifi- 
cations, if necessary, to determine the motion of actual solid bodies. 

3. Conception of a Force.—It was stated in Art. 1 that force is one 
of the fundamental concepts on which the subject of mechanics is built. 
A force is the action of one body on another body which changes or 
tends to change the state of motion of the body acted on. The idea of 
force, then, implies the mutual actions of two bodies, since one body 
cannot exert a force on another body unless the other offers a resistance 
to the one. A force, therefore, never exists alone. Forces always occur 
in pairs. Furthermore, as will be seen later when Newton’s laws are 
discussed, the two forces are of equal magnitude and opposite sense. 

Our conception of force comes mainly from our experiences in which 
we have been one of the bodies between which mutual actions have 
occurred. The resistance which is offered by one body to the action of 
another body arises out of the ability of a body (1) to resist a change of 
shape (rigidity) and (2) to resist change of motion (inertia). If a body 
is acted on by one force, only, a change of motion of the body will 
always take place; but if the body is acted on by two or more forces, it 
may be held at rest. 

Although a single force never exists, it is convenient in the study of 
the motion of a body to think of a single force and to consider only the 
actions of other bodies on the body in question without taking into 
account the reactions of the body in question on the other bodies. 
However, the fundamental nature of force should be kept in mind. 

4. External Effects of a Force—When a force is applied to a rigid 
body the external effect on the body is either to change the motion of 
the body acted on, or to develop resisting forces (reactions) exerted on 
the given body by other bodies. Both the foregoing effects, of course, 
may be produced simultaneously. For example, consider a body falling 
freely under the action of gravity. The sole external effect of the force 
acting on the body (its weight) is to produce an acceleration g (32.2 ft. 
per sec.2 approximately). If the same body is placed on the floor of an 
elevator which is at rest, the sole external effect of the weight is to pro- 
duce an upward reaction of the floor on the body. If now the elevator 
moves downward with an acceleration less than g, the effect of the 
weight is partly to cause an acceleration of the body (the same as that 
of the elevator) and partly to produce an upward pressure (reaction) of 
the floor on the body. 

The internal effects of a force on a non-rigid or elastic body are to 
produce stress and: deformation in the body on which the force acts. 
The internal effects of forces are discussed in books on Strength of 


Materials. 
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5. Characteristics of a Force—From experience we learn that the 
external effects of a force on a rigid body depend on (1) the magnitude 
of the force, (2) the position of the line of action of the force in the body, 
and (3) the sense of the force, that is, the direction along the line of 
action. These three properties of a force are called its characteristics. 
A change in any one of them causes a change in the external effect 
of the force. A discussion of the exact manner in which these 
characteristics influence the change of motion of a body forms an 
important part of the study of kinetics, and their influence on the 
reactions developed in holding a body at rest is considered in the study 
of statics. 

6. Principle of Transmissibility—The external effect of a force on a 
rigid body does not depend on the point of application of the force. 
This fact, the truth of which is found in our experience, is formally 
expressed in the principle of transmissibility. This principle states that 
the external effect of a force on a rigid body is the same for all points of 
application along its line of action. It will be noted that the external 
effect, only, remains unchanged. The internal effect of a force (stress 
and deformation) may be greatly influenced by a change in the point of 
application along the line of action of the force. 

7. Measure of a Force. Units—Although we are conscious of 
forces of varying magnitudes, we are not able to compare the magnitudes 
with precision by means of our muscular sense. In order to express the 
magnitude of a force, some standard force must be selected as a unit in 
terms of which other forces may be expressed. The unit of force com- 
monly used by the engineer is the earth-pull (weight) on an arbitrarily 
chosen body, as found at a specified or standard position on the earth’s 
surface. Examples of such units are the pound, ton, kilogram, ete. 
The earth-pull on any body varies slightly with its position (altitude 
and latitude) on the earth. For most engineering calculations, however, 
the variation in the weight of a body may be neglected. 

There are two common methods used by the engineer for measuring 
a force, that is, for finding the number of units in a force: (1) by use of 
the spring balance in its various forms such as steam gages, certain forms 
of dynamometers, testing machines, ete.; (2) by use of a beam or lever 
balance or system of levers such as platform scales, screw type of testing 
machines, ete. 


‘The earth-pull on a body varies directly with g, the acceleration due to the 
earth-pull. The extreme variation in the value of g corresponding to a change in 
the position of the body on the earth’s surface from a high altitude at the equator 
to the pole is 0.6 per cent. Within the United States the maximum variation is 
about 0.3 per cent. 
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(1) Owing to the fact that many materials possess nearly perfect 
elasticity, within limits, the unit of force may be considered to be the 
force required to produce a certain stretch or deflection of an elastic 
body. <A properly graduated spring balance, therefore, furnishes one 
means of measuring any force in terms of the arbitrarily chosen unit of 
force. 

(2) In the beam or lever balance, the force to be measured is applied 
at one end of a lever or system of levers and an arbitrarily selected body 
is placed at such a position on the other end of the lever that the earth- 
pull on the body balances the force. The arbitrarily selected body is a 
body on which the earth-pull at a standard location is the unit of force 
or some multiple thereof. The lever is so graduated that the number of 
units in the unknown force may be read off directly from the lever or 
beam. 

Units of space (length), such as the foot, yard, mile, meter, etc., and 
units of time, such as the second, minute, hour, etc., are assumed to be 
familiar to the student. 

8. Scalar and Vector Quantities. Vector Representation of a Force.— 
Quantities which possess magnitude only, as, for example, areas, 
volumes, ete., are called scalar quantities. Many quantities involved 
in the study of mechanics, however, have direction as well as magnitude. 
Any quantity which has direction, as well as magnitude, as an inherent 
property is called a vector quantity. Thus, as stated in Art. 5, the effect 
of a force depends on its direction as well as its magnitude, and hence 
force is a vector quantity. Other examples of vector quantities are 
velocity, acceleration, momentum, etc. 

A vector quantity may be conveniently represented wholly or in 
part by means of a directed straight line. Any such line is called a 
vector. Thus, the direction of a force may be represented by a straight 
line drawn parallel to the action line of the force, the sense being repre- 
sented by an arrow-head on the line, and the magnitude by the length of 
the line according to some convenient scale. If the magnitude and 
direction, only, are to be represented, the vector may be laid off along 
any line parallel to the action line of the force, Such a vector is called a 
free vector. If, in addition, the action line of the force is to be repre- 
sented, the vector must be laid off along the line of action. Such a 
vector is called a localized vector. Further, if it is desired to represent 
the point of application of the force, the point of application may be 
taken as one end of the vector. 

In dealing with the forces which act on a body it is frequently con- 
venient to represent the forces by free vectors. The diagram in which 
are represented the free vectors is called the vector diagram. ‘The dia- 
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gram which represents the body and the action lines of the forces that 
act on the body is called the space diagram. Both diagrams as a rule 
play an important part in the complete solution of a problem and will 
be used frequently in the subsequent pages. In Fig. 1 is shown a wall 
bracket, the horizontal arm of which is acted on by three forces having 
points of application at 1, 2, and 3, the action lines being indicated as 
dashed lines and denoted by letters on the two sides of the lines as ab, 
be, and cd, in the space diagram. The forces are represented in mag- 
nitude and direction in any convenient place by the vectors AB, BC, 
and CD, the lengths of the vectors representing the magnitudes of the 
forces according to a convenient scale. 
The direction cf each vector is the 
same as that of the action line of the 
force which it represents, and the 
sense is indicated by the arrow-head. 

The notation used in the above 
illustration is known as Bow’s nota- 
tion and will be used frequently in 
the subsequent pages. According to 
this notation the action line of a force 
is denoted by two lower-case letters, 
one on each side of the action line, 
and the vector which represents the 
magnitude and direction of the force 

A is denoted by the corresponding 

it capital letters; the sense of the force 

may be indicated by the order of 

the letters (if an arrow-head is not used); thus the sense of the vector 
BA would be opposite to that of AB, ete. 

9. Classification of Forces. Definitions——Forces may be classified 
as surface forces and body forces, sometimes called forces of contact and 
forces at a distance according as the action of one body on another is 
exerted over a portion of the surfaces of two bodies that are in contact 
or is distributed throughout the materials of the bodies. The most 
important body force considered in mechanics is the earth-pull (weight). 
Magnetic forces are of the same class. A surface force becomes a con- 
centrated foree when the area over which the force is distributed is so 
small compared to the surface of the body acted on that it may be 
regarded as a point. This point is called the point of application of the 
force. The action line of a concentrated force is a line containing the 
point of application of the force and having the same direction as that 
of the force. 
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Any number of forces treated as a group constitute a force system. 
_ A force system is said to be concurrent if the action lines of all the forces 
intersect in a common point, and non-concurrent if the action lines do 
not intersect at a point. A force system is said to be coplanar when all 
the forces lie in the same plane, and non-coplanar when the forces do not 
lie in the same plane. A parallel force system is one in which the 
action lines of the forces are parallel, the senses of the forces not neces- 
sarily being the same, and a non-parallel system is one in which the 
action lines of the forces are not parallel. If the forces of a system have 
a common line of action the system is said to be collinear. 

If a force system applied to a body produces no external effect on the 
body, the forces are said to balance or to be in equilibrium, and the body 
on which the forces act is also said to be in equilibrium. The forces 
which hold a body at rest are always in equilibrium. If a body is acted 
on by a force system which is not in equilibrium there always is a change 
in the motion of the body. Such a force system is said to be unbalanced 
or to have a resultant. 

Two force systems are said to be equivalent if they will produce the 
same external effect when applied in turn to a given body. The resultant 
of a force system is the simplest equivalent system to which the system 
will reduce. The resultant of a force system is frequently a single force. 
For some force systems, however, the simplest equivalent system is 
composed of two equal, non-collinear, parallel forces of opposite sense, 
called a couple. And still other force systems reduce to a force and a 
- couple as the simplest equivalent system. 

The process of reducing a force system to a simpler equivalent 
system is called composition. The process of expanding a force or a 
force system into a less simple equivalent system is called resolution. 
A component of a force is one of the two or more forces into which the 
given force may be resolved. The anti-resultant or equilibrant of a force 

system is the simplest force system which will balance the given system. 

10. Parallelogram and Triangle Laws. Parallelogram Law—The 
parallelogram law is the fundamental principle on which the composition 
and resolution of forces is based. The law may be stated as follows: 
If from a point vectors are drawn representing in direction and magnitude 
two concurrent forces, and if a parallelogram is constructed having these 
vectors as sides, the diagonal of the parallelogram drawn from the point to 
the opposite vertex of the parallelogram 1s a vector that represents in direction 
and magnitude the resultant of the two forces. 

For example, in Fig. 2(a) P and Q are two forces acting on a rigid 
body MN. If from any point O in Fig. 2(6) vectors OA and OB are 
laid off representing in magnitude and direction the forces P and Q, the 
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vector OC represents in magnitude and direction (but not in line of 
action) the resultant, R,! of the two forces. 

If the point O is taken as the intersection of the action lines of P 
and Q, as in Fig. 2(a), then the diagonal represents the line of action of 
the resultant as well as its magnitude and direction since the action line 
of the resultant of two concurrent forces must pass through the point of 
intersection of the action lines of the two forces. Thus by superimposing 
the vector diagram (Fig. 2b) on the space diagram (Fig. 2a) all three of 
the characteristics (magnitude, line of action, and sense) are determined. 
However, in many problems, it is more convenient to use the two dia- 
grams separately, in which procedure the vector diagram determines 
the magnitude, direction, and sense of the resultant, and the space dia- 
gram determines one point on the action line of the resultant; the 


0 e A 
Parallelogram Triangle of 
of forces forces 
(b) (c) 
Fig, 2: 


direction of the resultant and one point on its action line determine the 
line of action. 

Triangle Law.—The triangle law is a corollary of the parallelogram 
law. The law may be stated as follows: If vectors representing in mag- 
nitude and direction two concurrent forces be drawn in order and a triangle 
be constructed having these vectors as sides, the third side of the triangle (the 
vector drawn from the beginning of the first vector to the end of the second 
vector) represents the resultant of the two forces in magnitude and direction. 
Thus in Fig. 2(c) if OA and AC are vectors representing P and Q in 
magnitude and direction, the vector OC (not CO) represents the result- 
ant, #, of P and @ in magnitude and direction but not in line of action. 
The line of action ac of the resultant passes through O (Fig. 2a) as dis- 
cussed under the parallelogram law. Although the triangle law is 
essentially the same as the parallelogram law, its extension to more than 
two forces, leading to the force polygon, frequently makes its use more 
convenient than that of the parallelogram law. 


1 The fact that a force is the resultant of two or more forces is frequently indicated 
by two arrow-heads on the vector representing the force. This fact will also be indie 
cated sometimes by drawing the resultant force vector as a dashed line. 
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Algebraic Method —Instead of determining the resultant of two con- 
current forces graphically, from the parallelogram or the triangle of 
forces, it may be found algebraically. Thus by referring to Fig. 2(c) 
and making use of trigonometry, the magnitude and the direction of the 
resultant may be expressed by the equations: 


R= VP? + Q? + 2PQ cosa 


oe Q sing 
P+ Qcosa 

where ais the angle between the action lines of P and Q and 6 is the angle 
between the action lines of R and P. 

Although it is not necessary to draw the parallelo- 
gram or triangle of forces to scale in determining the 
resultant by the algebraic method, the student should 
always make a free-hand sketch of the parallelogram 
or triangle of forces when using the above equations. Fie. 3. 

In a special case of considerable importance, 
namely that in which the action lines of the two forces are perpen- 
dicular (a = 90°) as in Fig. 3, the above equations reduce to 


R= VP? +Q 
ped 
tan 0 -< or BE Ss 


Another special case is that in which the two concurrent forces have 
the same direction (in this case the forces are said to be collinear). If 
the two collinear forces have the same sense (a = 0), R = P+Q and 
if the forces have opposite senses (a = 180°), R= P —Q. 

It should be noted that two equations are needed to determine the 
magnitude and the direction of the resultant force, whereas one vector 
diagram is sufficient for the same purpose. 


ILLUSTRATIVE PROBLEM 


Problem 1.—Two forces P and Q (Fig. 4a) act on a rigid body M. Find the 
resultant of the two forces. In other words, find the magnitude, line of action, and 
sense of the single force that will produce the same external effect on the body. 
(In this case the external effect of the forces is to develop reactions as A and B.) 


Graphical Solution.—To determine the resultant of the two forces graphically, a 
vector diagram is drawn (Fig, 4b). The resultant is represented in magnitude and 
direction by the vector DE. The magnitude of the resultant is found, by measuring 
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DE to be 26.4 lb. and by use of a protractor the angle @ is found to be 41°, 
ie., 02 = 319°. The information obtained from the vector diagram (unless super- 
imposed on the space diagram) is not sufficient to determine the line of action of R. 
If, however, one point on the action line of RF is found, this point and the direction 
already found determine the action line. For locating one point on the action line 
of R, the space diagram is used. Thus in Fig. 4(c) the point O in which the action 
lines ab and be of P and Q intersect is one point on the action line of R. Hence if R 


D 30 Ib. b, 


Vector Diagram Diagram 
Scale: 1430 Ib. phim a 3 ft. 
(b) (c) 
Fria. 4, 


is applied to the body as indicated in Fig. 4(c), the external effect (reactions at A 
and B) would be the same as in Fig. 4(a)._ The position of the action line can be 
indicated by stating the distance from C to H which is found by measuring (to scale) 
to be 1.71 ft. 

Algebraic Solution.—Referring to Fig. 4, we have: 


R = V 30? + 207 — 2 X 30 X 20 cos 60° = V 700 = 26.4 lb. 


sin 0 > sin 60 ae 17.32 = 0.656 
20. 26.4 mee Pe 
(iS GH oye fe = Silele 


CH =1 X tan 30° + 1 X cot 41° = 0.577 + 1.150 = 1.78 ft. 


PROBLEMS 


Notr.—In the following problems in which the resultant of two forces is to be 
determined, as well as in subsequent problems in which the resultant of any system 
of forces is to be determined, the resultant should always be completely represented 
by a vector in the diagram, 


2. Determine completely the resultant, R, of the two forces shown acting on the 
body in Fig. 5. 

3., The forces P and Q in Fig. 6 are two of the forces of an unbalanced system 
acting on the body M, causing a change of motion of M along a horizontal plane 
indicated by the dotted line. The magnitudes of P and Q are 2 Ib. and +/5 |b., 
respectively. Replace P and @ by a single force, R, so that the change of motion 
of (external effect on) M will be the same as if P and Q were acting. (It is assumed 
the other forces acting on M are not changed when R replaces P and Q.) 


Ans. R =1 tb.36, = 270° 


rf 
/ 
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4, When the semi-circle in Fig. 7 is drawn to full-size scale (1 ft. = 1 ft.), the 
vectors shown represent forces P and Q to a scale of 1 ft. = 10 lb. Determine com- 
pletely the resultant of the two forces. 


(6,) Two forces having magnitudes of 7 Ib. and 3 lb., respectively, have the same 
point of application ina body. The action line of the 3-lb. force is horizontal and its 


5 ¢ 
p 
“ 


' Fra. 5. Fra. 6. 


sense is to the right; the action line of the 7-lb. force makes an angle of 45° with the 
horizontal and its sense is upward to the left. Find the magnitude and direction of 
the resultant of the two forces. AOS, 18 = DBMS Op = WLIO DY. 

6. A force P of 10 Jb. in the ry-plane passes through the origin and makes an 
angle of 30° with the z-axis. Another force Q of 8 lb. in the same plane passes 
through the point 0, 2 and makes an angle of 150° with the z-axis. Find the result- 
ant of the two forces algebraically. 


11. Resolution of a Force.—In the two preceding articles it was 
assumed that a body was acted on by two forces and a third force was 
found which if allowed to replace the two would have the same external 


Y A 
Y, 
Z 
Z 
4 \v 8 
4 / 
Y / 
y M 
Y, Cc 
cae! €) 
(a) 
Fra. 8. ‘ Fia. 9. 


effect on the body. The reverse of this process, namely, the resolution 
of a force into two components, is also of great importance in mechanics. 
The resolution of a force may be accomplished by means of the parallelo- 
gram law or the triangle law, and the components may be found graphi- 
cally or algebraically. For example, in Fig. 8(a) let F; be the weight of 
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the body M, and let it be required to resolve F; into two components, 
one along the line DE and one along the line DG; the action lines of the 
components are represented, using Bow’s notation, by ab and bc as 
shown in the space diagram (Fig. 8a) and similarly the action line of Fy 
is indicated by ac. 

The magnitudes and directions of the components are represented 
graphically by AB and BC in the triangle of forces (Fig. 8b). This 
triangle was constructed by laying off (to scale) AC equal to F parallel 
to ac and by drawing from A a line parallel to ab and from C another line 
parallel to bc. The two lines intersect at B. Thus the components of 
F, are represented in magnitude and direction but not in action line by 
AB and BC. The action lines of the two components must intersect 
at a point on the action line of Fj. 

The resolution of a force into two rectangular components is of 
special importance. The particular value of resolving into rectangular 
components lies in the fact that these components may be found from 
very simple algebraic expressions. Thus in Fig. 9(a) let it be required 
to resolve the force F, into two rectangular components having action 
linescdandde. The triangle of forces shown in Fig. 9(b) was constructed 
in the same way asin Fig. 8(b). The horizontal and vertical components 
of F, or EC are represented in magnitude and sense by ED and DC, 
respectively. 

The magnitudes of these components are expressed as follows: 


ED = EC cos 6 and DC = HCG sin, 


Or, in general, if / denotes a force which makes an angle 6, with the 
z-axis, the x- and y-components of the force are: 


F, =F cos6, and F, = F sin 6,. 


Hence, the magnitude of the component of a force in a given direction 
(the other component being perpendicular thereto) equals the product of the 
magnitude of the force and the cosine of the angle which the force makes with 
the given direction.* 

It is frequently convenient to resolve a force into three rectangular 


1In specifying the direction of a force by giving the angle it makes with a given 
line, the x-axis for instance, it is convenient to follow a definite convention, namely, 
to indicate the angle, @z, that the vector representing the foree makes with the posi- 
tive end of the x-axis, the angle being measured counter-clockwise from the positive 
end of the x-axis. For example, for a force directed upward to the right at an angle 
of 30° with the x-axis, 0, = 30°; if the sense of the force is reversed 0, = 210°. 
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components. This involves only a slight extension of the parallelogram 
law. Thus, the force F (Fig. 10), represented by OA, may be resolved 
into the two rectangular coraponents OB and OC, and the component OC 
may be resolved further into two rectangular components OD and OE. 
The magnitudes of the compo- 
nents of F in the z-, y-, and 
z-directions, respectively, are 


F, =F cos 6; Fy = F cos by 
F, = F cos 6,, 


in which 6,, 6y, 6, are the angles 
which the force makes with 
the z-, y-, and z-directions, re- 
spectively, ji 


ILLUSTRATIVE PROBLEM 


Problem 7.—In Fig. 11(a) are shown Fia. 10. 
two forces P and Q! acting on a rigid 
body. Determine the resultant of the two forces (a) by resolving Q at point O into 
horizontal and vertical components, then finding the resultant of P and the hori- 


Q,,—P = 8.66 Ib, 


(¢) 


Fia. 11. | 


zontal component of Q, and finally combining this resultant with the vertical 
component of Q; and (b) by use of the equations of Art. 10. 


1Tn this problem the direction of the vector representing the force Q is denoted, 
not by indicating the angle that the vector makes with some specified line (the angle 
¢ in Fig. 11(a@), say), but by indicating the slope (or bevel) of the vector; the slope 
being denoted by the ratio of the vertical projection of any segment of the vector to 
the corresponding horizontal projection. This method of indicating the direction of 
a vector or line is frequently used in engineering problems; for, the function of the 
angle ¢ can be found without finding the angle itself. For instance in Fig. 11(a), 
tan ¢ = 24, and hence cos ¢ = 3/1/13 and sin ¢ = 2/+/13. 
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Solution.—(a) Referring to Fig. 11(6) we have 


2 
= Onin ge —— =— 6.66 hb. 
Q: Q sin ¢ Ls / 13 


3 
= = —= = 9.98 lb. 
Qy Q cos } UPA 4 / 13 
The resultant of P and Q, = 3 — 6.66 =— 3.66 lb. Referring to Fig. 11(c), we 


have 
R = V (8.66)? + (9.98)? = 10.6 Ib. 


3.66 ae 
02 = 90° + 6 = 90° + tan“. = 90° + 20°10’ = 110°10 


The action line of R must of course pass through the point O (Fig. lla). The 
method of procedure used here is of considerable importance in subsequent chapters. 

(b) Referring to Fig. 11 we see that ¢ = tan~! 24 = 33°40’ and hence a= 
90° + 33°40’. Therefore cos a = — sin 33° 40’ = — 0.554 and sin a = cos 33° 40’ 
= 0.832. Hence from Art. 10 we have 


R=VP? + Q@ + 2PQ cosa = V122? +32 —2 X12 X3 X 0.584 
= V113.11 = 10.61. 
Cua 12 X 0.832 9.984 


Oz 4 110° 10’ 
PROBLEMS 


8. Resolve the force R shown in Fig. 12 into two components, P acting along BC 
and Q having an action line that passes through D. 
Ans. P = 200lb.;Q = 224 Ib. 


Fie, 18. Fia. 14. 


9. The magnitudes of forces P and Q acting on the body as shown in Fig. 13 are 
30 Ib. and 40 Ib., respectively. Find the resultant of the two forces by the first of 
the two methods used in Problem 7. 


10. The vector OD in Fig. 14 represents a force of 50 Ib. acting on the rigid body 
AE. Resolve the force into components along the lines OB, OC, and OA (Ff. Fy, 
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and Fz). If the body AH were extended to include the point D would the external 
effect on the body be the same if these components were applied at D? 
ANOS, Jiln = SYAO Mey,9 14), =i GRAM Mey 6 15 = PB} lisp 


11. A thin board in a vertical plane is 6 ft. long and 4 ft. high. The board is acted 
on by a force of 60 Ib. along a line joining the upper left-hand corner, A, to a point, 
B, 2 ft. above the lower right-hand corner, the sense being downward to the right. 
Resolve the force into two components (a) parallel to the horizontal and vertical 
edges of the board, and (6) parallel to the vertical edges and along a line joining the 
lower left-hand corner to B. Show the first pair of components acting at A and the 
second pair acting at B. 


12. If in Fig. 10 the magnitude of the force F is 100 lb. and the lengths of the 
edges OH, OD, and OB of the parallelopiped are 15 in., 12 in., and 9 in., respectively, 
what are the magnitudes of the components of F along the coordinate axes? 


12. Moment of a Force——The moment of a force about (with 
respect to) a line or axis that is perpendicular to the action line of the 
force is defined as the produc « of the magnitude of the force and the 
perpendicular distance from 
the action line of the force to 
the axis. Thus in Fig. 15, the 
moment of the force F about 
the axis YY is Fd. The phys- 
ical significance of the moment 
of a force about an axis lies in 
the fact that it is a measure of 
the tendency of the force to 
turn the body on which the 
force acts about that axis. 

Since the moment, Fd, of 
the force F about YY is also Fra. 15. 
the product of F and its per- 
pendicular distance from the point O in which YY intersects the plane 
in which F lies, Fd may also be regarded as the moment of the force 
about the point O in the plane of the force. In dealing later with 
coplanar force systems, moments of the forces will frequently be found 
with respect to points in the plane of the forces. However, the 
physical significance of a moment should be kept in mind, for in prob- 
lems involving physical bodies moments about lines are to be considered. 
In Fig. 15 the point O is called the moment-center and the distance d 
the moment arm. 

Sign and Units.—The sign of the moment of a force about a point in 
its plane is regarded as positive if the sense of rotation is counter- 
clockwise. Thus in Fig. 15, the moment of F about O is positive. 
Considering the moment of F about the axis YY (not the point O) the 
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moment would be positive if viewed from the upper end of the Y Y axis 
and negative if viewed from the lower end. Later, in dealing with the 
moment of a force about an axis, it will be found convenient to select 
the axis as one of a set of coordinate axes and to regard the moment of ‘ 
a force about a coordinate axis as positive if the sense of rotation is 
counter-clockwise when viewed from the 
positive end of the axis. 

Since the moment of a force is the 
product of force and a length, the 
dimensional expression for a moment is 
FL. Hence moments may be expressed 
in lb.-ft., lb.-in., ete. 

Force not Perpendicular to Moment 

Fra. 16. Azis—The moment of a force about 

an axis that is not perpendicular to the 

action line of the force can be found by resolving the force into two 

components, one perpendicular to the moment-axis and one parallel 

to the axis, and then finding the moment of the perpendicular compo- 

nent which is equal to the moment of the given force, since the 

moment of the parallel component about the axis is zero. Thus in Fig. 
16, the moment of F about the axis OZ is Mz = F, X OA. 


ILLUSTRATIVE PROBLEM 


Problem 13.—Find the algebraic sum of the moments about the z-axis of the 
30-lb. and 40-lb. forces shown in Fig. 17(a). Assume the unit of length in the figure 
to be one foot. 


Fria. 17. 


Solution.—First the 30-Ib. and 40-Ib. forces are resolved into rectangular compo- 
nents as indicated in Fig. 17(b). The magnitudes of the components are found to 
be as follows: 


F’, = 30 cos 6’ = 30 X 2/+/20 = 13.4 lb. 
F', = 30sin & = 30 X 4/+/20 = 26.8 lb. 
Fy = 40 cos 6” = 40 x $ = 32 Ib. 
F", = 40sin 6” = 40 x $ = 24)b. 


PRINCIPLE OF MOMENTS. VARIGNON’S THEOREM iy 


Hence the moment M’, of the 30-lb. force about the a-axis is M’, = F’, X 4 = 
26.8 X 4 = 107.2 lb.-ft. counter-clockwise and hence positive and M’, =— F”, x 4 
=— 24 X 4 =— 96 lb.-{t. clockwise and hence negative. The moments of F’, and 
F”, about the x-axis are zero. 

M, = 107.2 — 96 = 11.2 lb.-ft. counter-clockwise as indicated. 


PROBLEMS 


4. Determine the moment of the 20-Ib. force in Fig. 17(a) about the z-axis. 
15. Find the algebraic sum of the moments of the 30-lb. and 40-lb. forces in 
Fig. 17(a) about the y-axis. Ans. My, = 90.3 lb.-ft. 


16. A force of 20 lb, is exerted on the knob of a door as shown in Fig. 18. If the 
action line of the force lies in a plane perpendicular to the door, what is the moment 
of the force about the axis YY? 


17. Calculate the moment about the x-axis of the force P of 50 lb. shown in the 
yz-plane in Fig. 19, (2) by making use of two rectangular components of P acting at 
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Fia. 18. Fia. 19. Fra. 20. 


the point A, (b) by making use of two rectangular components of P acting at the 
point B, and (c) by finding the product of P and the perpendicular distance of P 
from the z-axis. Assume the unit of length in the figure to be one foot. 

AWS, Wiky = IAIAG Woycate, 

18. If the force P in Fig. 7 has a magnitude of 40 lb. determine the moment of P 
with respect to point A. 

19 A force P has a point of application at A (Fig. 20) in the zy-plane. The force 
lies in the plane AB which is parallel to the yz-plane. The moment of the force about 
the x-axis is 60 lb.-ft., having a negative sense as indicated; the y-component of the 
force is negative and has a magnitude of 8 1b. (a) Find the magnitude and direction 
of P. (b) Calculate the moment of P about the y-axis. 

Ans. (a) P = 10]b., 0, = 53° 8’; (6) My = 36 lb.-ft. 


13. Principle of Moments. Varignon’s Theorem.—The principle 
of moments is of great importance in mechanics. It applies to lines, 
areas, volumes, etc., as well as to forces. As applied to forces the 
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principle states that the moment of the resultant of any system of forces 
about any point or line is equal to the algebraic sum of the moments of 
the forces about the same point or line. It will be considered, however, 
at this point only in connection with two concurrent forces. ‘The prin- 
ciple for this restricted case, which is known as Varignon’s theorem, 
states that the moment of the resultant of two concurrent forces about any 
point in their plane is equal to the algebraic sum of the moments of the two 
forces about the same povnt. 

The fact that the principle of moments for two concurrent forces is 
in agreement with the parallelogram law may be shown by deducing the 
principle from the parallelogram law as follows: In Fig. 21 let P and Q 
represent two forces concurrent 
at A, the resultant according 
to the parallelogram law being 
k. Let O be any moment- 
center in the plane of the forces. 
It is required to prove that 

Fer = Pp + Qq 

where p, g, and r are the 

moment-arms of P, Q, and R, 

Fic. 21. . respectively. Let a set of rec- 

tangular coordinate axes AX 

and AY be chosen as shown in the figure, AY passing through the 

moment-center O. Let a, 8, and @ denote the angles which the action 

lines of P, Q, and R, respectively, make with the AX axis. From the 
figure it is seen that AG = FG +P 


that is, Rcos @ = Pcosa+ Q cos 8B. 


By multiplying both sides of this equation by AO, the following equation 
is obtained: RP. 40 cos 9 = P-AO cosa + Q-AO cos B. 
Hence, Rr = Pp + Qq. 


It is often convenient to obtain the moment of a force about a point 
in its plane (or about an axis through the point perpendicular to the 
plane) by resolving the force, at any point on its action line, into two 
rectangular components and finding the algebraic sum of the moments 
of the two components. 

In finding the moment of a force about any axis that is not perpen- 
dicular to the action line of the force, it is convenient to select the 
moment-axis as one of a system of coordinate axes, and then to resolve 
the force into three rectangular components parallel to the coordinate 
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axes and find the algebraic sum of the moments of the three components 
about the given axis. 
PROBLEMS 


20. In Fig. 5 determine the resultant of the 30-lb. and 40-Ib. forces, and by the 
principle of moments find the perpendicular distance from A to the action line of the 
resultant. Ans. RK = 50\|b.; 9 = 1 ft. 

21. A rectangular board in a vertical plane is 6 ft. wide and 4 ft. high. At the 
upper left-hand corner are applied two forces; one force has a magnitude of 40 Ib. 
and acts along the upper edge to the right, and the other force, P, is unknown in 
magnitude and acts along the left-vertical edge. The algebraic sum of the moments 
of the forces about the lower right-hand corner of the board is 340 lb.-ft. in a clock- 
wise direction. Find the resultant of the two forces. 

22. Find the moment about the z-axis, of a 100-lb. force applied at A in Fig. 17(a) 
and acting along AB towards B. Assume the dimensions to be in feet. 

POS, Wik = OP) Nowtitn, 

23. In Fig. 6, P and Q have magnitudes of 20 lb. and 40 lb., respectively. Re- 
solve Q into rectangular components at B and then find the algebraic sum of the 
moments, about A, of these two components and P. 

24. In Fig. 7 the magnitudes of P and Q are 40 lb. and 120 lb., respectively. 
Find the algebraic sum of the moments, about O, of the two forces by resolving P into 
rectangular components at B, and Q into rectangular components at A, and then 
finding the algebraic sum of the moments, about O, of the four rectangular compo- 
nents. Ans. 2Mo = 118.8 lb.-ft. 

25. If F in Fig. 10 is 80 lb. and the length of each of the edges of the parallelopiped 
is 4 ft., find the moment of F about the lower front edge of the parallelopiped. 

26. A room is 20 ft. long, 15 ft. wide, and 12.5 ft. high. A rope is attached at one 
of the upper corners of the room and extends towards the center of the floor. A 
downward pull of 120 lb. is exerted on the rope. Find the magnitude of the moment 
of the force about one of the longer edges of the floor. Ans. M = 636 lb.-ft. 


14. Couples.—Two equal parallel forces which are opposite in sense 
and are not collinear are 
called a couple. A couple 
cannot be reduced to any 
simpler force system. The 
fact that the only external 
effect of a couple is to pro- 
duce or to prevent turning is 
obtained intuitively. The 
moment of a couple about 
any point in the plane of the 
couple (or any axis perpen- 
dicular to the plane of the 


couple) is defined as the alge- 
braic sum of the moments of the forces of the couple about the point 


Fie. 22. 
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(or axis). From this definition it follows that the moment of a couple 
about any point in the plane of the couple (or axis perpendicular to its 
plane) is the product of the magnitude of either force of the couple and 
the perpendicular distance (moment-arm) between the action lines of 
the two forces. This statement may be proved as follows: In Fig. 22 
let P,P be the two forces of a couple, and let O be any point in their 
plane and YY any axis perpendicular to their plane. The algebraic 
sum of the moments of the two forces about O (or YY) is 
P-OB — P-OA, 
which may be written thus: 
P(OB — OA) = P-AB = Pp. 


The moment of a couple will be regarded as positive if the sense of 
rotation is counter-clockwise, and the units used in expressing the 
moment are the same as for the moment of a force (Ib-ft., lb.-in., ete.). 

In like manner the moment of the couple may be shown to be the 
same about any other point in the plane (or any other axis parallel to 
YY). Since the moment of a couple 
depends only on the product of either 
force of the couple and the arm of the 
couple; it follows that the turning effect 
of a couple on a rigid body about an axis 
in the body is the same for different 
magnitudes and lines of action of the 
forces, provided that the moment and 
sense of the couple remains constant, 
and the direction of the plane of the 
couple does not change. For example, 
in Fig. 23, if cords are wrapped around 
two pulleys, of radii ry and re, which 
are keyed together, and if equal weights 
are attached to the ends of the cords, 
the pulleys will rotate exactly the same 

Fia. 23. as they would if forces F', F were applied 

as shown by the dotted lines, provided 

that the moments of the two couples are the same, that is if W(re — r;) 

is equal to F-2ro. On the other hand if motion is to be prevented a 
couple having a moment of —(/’-2r2) would be required. 

15. Characteristics of a Couple——The external effect of a couple 
when applied to a rigid body is either to cause a change in the rotational 
motion of the body or to develop a resisting couple due to the actions of 
other bodies on the body in question. Both of the foregoing effects 


TRANSFORMATIONS OF A COUPLE 21 


may of course be produced simultaneously. From experience we learn 
that the external effect of a couple depends on (1) the magnitude of the 
moment of the couple, (2) the sense or direction of rotation of the couple, 
and (3) the aspect of the plane of the couple, that is, the direction or 
slope of the plane (not its location). These three properties of a couple 
are called its characteristics. Since parallel planes have the same aspect 
it follows from what has been stated above that two couples which have 
the same moment and sense are equivalent if they lie in parallel planes. 
The fact that the external effect of a couple is independent of the posi- 
tion of the plane of the couple and depends only on the direction of the 
plane is amply verified by experience. Thus, in screwing a pipe into a 
joint by means of two pipe avrenches the forces applied at the end of the 
wrenches constitute a couple, and it is a matter of experience that the 
effort required is the same regardless of the position along the pipe at 
which the wrenches are applied. 

16. Transformations of a Couple.—It should be noted that several 
modifications in a couple can be made without changing any of the 
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Fig. 24. Fig. 25. 


characteristics of the couple; namely, (a) a couple may be translated 
to a parallel position in its plane or to any parallel plane; (6) it may be 
rotated in its plane; and (c) the magnitude of the two forces of the 
couple and the distance between them may be changed provided that 
the product of either force and the distance between the two forces 
remains constant. Although our acceptance of the truth of these state- 
ments is a direct outgrowth of experience, it is of value to show that the 
transformations of a couple are in accordance with the parallelogram 
law and the principle of transmissibility. 

For example, in Fig. 24 iet a couple consist of the two equal forces Fy 
and F, having a moment-arm a. The forces may be resolved at A and 
B, respectively, into components so that one component, F'’;, of Fy is 
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equal and opposite to, and collinear with, one component, F's, of Fs. 
These two components will therefore cancel, and hence the couple con- 
sisting of the forces F’; and F’’y (=F’;) having the moment-arm 6 is 
equivalent to the original couple. Further, the forces F’; and F’’y may 
be applied at any points along their action lines, as at A’ and B’. 

It follows from the transforniations of a couple that the resultant of 
any two couples in a plane (or in parallel planes) is a couple whose 
moment is the algebraic sum of the moments of the two couples. Con- 
sider for example the two couples Pp and Qq in Fig. 25(a). By means of 
transformation (c), the couple Qq may be replaced by an equivalent 
couple whose forces are each equal to P if the moment-arm is changed 
from q to p’, where p’ = Qq/P since Pp’s= Qq. If now this trans- 
formed couple is rotated and translated, it can be placed in the position 
shown in Fig. 25(b) so that the two collinear forces P,P will cancel, 
leaving as a resultant of the two couples a couple whose moment is 
P(p + Qq/P) = Pp + Qq, the sense of the resultant couple in this case 
being negative. 

By the same procedure, this resultant couple could be combined with 
a third couple, and so on. Hence it follows that the resultant of any 
number of couples in a plane is a couple whose moment is equal to the 
algebraic sum of the moments of the couples. 


- 


ILLUSTRATIVE PROBLEM 


Problem 27.—By use of the transformations of a couple, replace the couple 
shown in Fig. 26(a) by an equivalent couple whose forces are vertical and act 
through the points C and D. 


10 Ib. 10 Ib, 6 Ib, 6 Ib, 
P43 kb wp De 
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Solution.—The couple shown in Fig. 26(a) may be rotated through 90° in its 
plane and then translated (in its plane) into the position shown in Fig. 26(6) by use 
of transformations (b) and (a) of Art. 16. By use of transformation (c) the forees 
may be reduced from 10 Ib. to 5 Ib. and the arm increased from 1 ft. to 2 ft. as shown 
in Fig. 26(c). Finally by use of transformation (a) the couple in Fig. 26(c) may be 
translated into a parallel plane as shown in Fig. 26(d). The couple in Fig. 26(d) has 
the same moment, aspect, and sense as the couple in Fig. 26(a) and hence if applied 


to the body would produce the same external effect on the body as would the original 
couple. 


VECTOR REPRESENTATION OF A COUPLE 23 


PROBLEMS 


28. Show by use of the transformations of a couple (applied in any order) that 
the couple consisting of two 20-lb. forces acting on the body at A and B in Fig. 27 
may be replaced by the two 10-lb. forces at C and D without changing the external 
effect on the body. 

29. In Fig. 27 let a couple having a clockwise 
moment of 60 lb.-ft. be applied to the body in the ver- 
tical face AD, the forces being vertical and having 
points of application at A and B. By use of the trans- 
formations of a couple, find an equivalent couple con- 
sisting of horizontal forces applied at H and C. 

30. In Fig. 27 replace, by use of the transformations D “bb. 
of a couple, the two couples shown by any equivalent Fia. 27. 
couple and show this couple acting on the body. 

31. A couple consisting of two horizontal forces of 20 lb. each and having a 
counter-clockwise sense acts on the body shown in Fig. 26(a). The forces act along 
the lines HK and HB, the distance HH being 1.5 ft. Transform the couple into 
an equivalent couple whose forces are vertical and act through C and D. 


32. A couple having a clockwise moment of 40 lb-ft. consists of two forces acting 
along the lines CH and DK in Fig. 26(a). Transform the couple into an equivalent 
couple consisting of forces parallel to BH and acting at points A and G, the length 
of AG being 3 ft. 


17. Vector Representation of a Couple.—In dealing with couples it 
is convenient to represent them by means of vectors. In order to repre- 
sent a couple completely by a vector, all the characteristics of the couple 
must be represented. The moment of the couple may be represented 

to scale by the length of the vector. The aspect of 
the couple may be represented by drawing the vector 
perpendicular to the plane of the couple. The sense 
of the couple may be represented by an arrow-head 
on the vector, the usual convention being to direct the 
A arrow-head away from the plane of the couple in the 
direction from which the rotation appears counter- 
clockwise. This method of representing the sense of a 
couple involves the so-called convention of the right- 

Fa. 28: handed screw, since a right-handed screw having an 

axis perpendicular to the plane of the couple would 
move in the direction of the arrow if given a rotation which agrees in 
sense with that of the couple. Thus, in Fig. 28 the vector OA com- 
pletely represents the couple Fd, provided that the length of OA repre- 
sents to scale the product F'-d. 

The fact that a couple can be completely represented by a vector is 
of considerable importance in problems involving the composition and 


24 FUNDAMENTAL CONCEPTIONS AND DEFINITIONS 


resolution of couples. For example if two couples in different planes be 
represented by vectors and the resultant of these vectors be found by 
the parallelogram law, the resultant vector completely represents a 
couple that is the resultant of the two couples. 


PROBLEMS 


\33. The steering wheel of an automobile, shown in Fig. 29, is 18 in. in diameter. 
Forces exerted by the driver's hands on the wheel constitute a couple which is repre- 
sented by the vector AB. If the length of AB is 1.5 in. and the scale used is 1 in. 
= 60 lb.-in., represent the forces of the couple on the circumference of the wheel. 


Fig. 29. 


34. A couple having a moment of 60 lb.-in. is required to open the blow-off valve 
shown in Fig. 30. Represent the couple completely by a vector, using a scale of 
1 in, = 24 lb.-in. 

~35. In Fig.17 (a) let a 30-lb. force be applied to the point C and act from C towards 
A. Represent by a vector the couple composed of this force and the 30-lb. force 
shown in the figure. 


36. In Fig. 27 represent by a vector the couple consisting of the two 20-lb. 
forces. 


37. If each force P in Fig. 22 is 60 lb. and pis 5 in., represent the couple by a 
vector. 


18. Resolution of a Force into a Force and a Couple——In many 
problems in mechanics it is convenient to resolve a force into a force 
parallel to the given force, and a couple in the plane of the force. Thus, 
in Fig. 31, let P represent a force acting on a body at A. Let two equal, 
opposite, and collinear forees P,P be introduced at any point O, each 
of the forces being parallel to the original force and of the same mag- 
nitude. The three forces are equivalent to the original one, since the 
two equal, opposite, and collinear forces have no external effect on the 


\ 
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body. The force system may now be considered to be a force P acting 
at O (parallel to the given force and of the same magnitude and sense), 
and a couple, the moment of which is the same as the moment of the 
original force about O. The magnitudes and action lines of the forces 
of this couple, however, may be changed in accordance with the trans- 
formations of a couple discussed in 
Art. 16. 

Since a force may be resolved into 
a force and a couple lying in the same 
plane, it follows conversely, that a 
force and a couple lying in the same 
plane may be combined into a resul- 
tant force in the plane, having the same 
magnitude, direction, and sense as the 
given force. For if a force P and a Fra. 31. 
couple lie in the same plane, the couple 
may be transformed into an equivalent couple consisting of two forces 
each equal to P, one of which is collinear with, and opposite in sense 
to, the given force. These last two forces cancel, leaving as a resultant 
of the system the remaining force P of the couple. 

The sole effect, then, of combining a couple with a force is to move 
the action line of the force into a parallel position, leaving its magnitude 
and scase unchanged. 


ILLUSTRATIVE PROBLEM 


Probfem 38.—In Fig. 32(a) is shown a body mounted on an axle O and acted on 
by a force P of 20 lb. at C. Resolve the force P into a force acting through O and 
a couple consisting of two horizontal forces acting at A and B. 


P=20 Ib, 
40 Ib. _A P,=20 Ib. 


Fia. 32. 


Solution.—By introducing two equal and opposite forces, Pi,P1 acting at O and 
having the same magnitude as P, the external effect of P will not be changed. But 
the force system may now be considered to be a downward force P (indicated by 
the dashed line) at O and a counter-clockwise couple having a moment Pp = Pip = 
20 X 10 = 200 lb.-in., the forces of which are represented by the full-lined vectors. 
This couple may be transformed, by rotating and translating the couple and by 
changing the magnitude of the forces and the moment-arm (without changing the 
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moment of the couple), to the couple represented by the 40-lb. horizontal forces at 
A and B (Fig. 32b). Thus the three forces represented by dashed lines (the down- 
ward 20-lb. force at O and the couple consisting of the two 40-lb. forces acting at 
A and B) are equivalent to the original force P acting at C. 


PROBLEMS 


39. If the force P in Fig. 6 has a magnitude of 30 Ib., find the force acting at C 
and the couple having horizontal forces acting through A and D that will replace 
P without changing the external effect on the body. The squares in the figure have 
sides 1 ft. long. * 

40. A gusset plate B (Fig. 33) is attached to another plate A by means of four 
rivets as shown. A force of 10,000 lb. at the point O (1.5 in. below the horizontal 
dotted line) is transmitted to the member A. Resolve this force into a force, acting 
along the horizontal dotted line, and a couple. 


10,000 Ib, 


[ely SRY Fia. 34. 


41. A body weighing 20 Ib. is mounted on an axle O (Fig. 34) and is acted on by 

a couple as shown in the figure, in addition to its weight and the axle reaction at 

O (not shown). Replace the weight and the couple by an equivalent single force. 
Ans. R = 20 lb. downward and 9 in. to right of W. 


42. Resolve the 60-lb. force in Fig. 35 into a force acting at A and a couple 
whose forces are horizontal and act at B and C, 


40 Ib, 


60 Ib, 


| 
i | 
\ Cc l. ey : 
Ste — ot 
Fra. 35. Fie. 36. 


43. Replace the force and couple shown acting on the body in Fig. 36 by a force 
that will produce the same external effect (reactions at A and B). Show on the 
body the vector representing this force. 
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44, Replace the 30-lb. force in Fig. 5 by a force acting at A and a couple composed 
of horizontal forces acting at the upper left-hand corner of the body and at the point 
of application of the 40-lb. force, so that the reactions at A and B will be unchanged. 
The squares in the figure have sides 1 ft. long. 


19. Methods of Solution of Problems. Algebraic and Graphical 
Methods—In the analysis and solution of problems in mechanics, two 
general methods may be used, namely, algebraic and graphical methods. 
In the algebraic method of solution results are calculated, whereas in the 
graphical method results are obtained by measuring distances and angles 
in geometric constructions. Simple graphical methods have already 
been used in the preceding articles in connection with forces and couples. 
In general, either of the two methods may be used in the solution of a 
problem. Some problems, however, may be sglved more easily by the 
algebraic method, whereas other problems yield more readily to the 
graphical method. The operations involved in'the solution of a prob- 
lem by the two methods are so different that one method of solution 
serves as an excellent check on the other method. 

Method of Trial and Error—A common engineering method used for 
computing an approximate result for an unknown quantity in an alge- 
braic equation is called the method of trial and error or the method of 
successive approximations. 

To illustrate the method, let it be required to compute the value of 
the independent variable x in the equation y = 2x? — 32” corresponding 
to a known value of the dependent variable y. In the method of trial 
and error, a trial value (a first guess or first approximation) for x is sub- 
stituted in the equation and the resulting value of y is computed. This 
value of y is compared to the known value of y and the error noted. 
If the first trial value of x gives a value for y different from the known 
value, a second trial value of x is used that will cause the corresponding 
computed value of y to approach closer to the known value of y. This 
method of successive approximations may be continued until the final 
trial value of « causes the corresponding computed value of y to differ 
from the known value as little as may be desired, and hence a value of x 
is found that approaches as closely as desired to the true value of z. 

Frequently by plotting several trial values of the independent vari- 
able as abscissas and the corresponding computed values of the depend- 
ent variable as ordinates, and drawing a curve through the plotted 
points, a relatively small number of trial computations may be required 
for determining a final value having a specified or permissible error, 
since the trend of the curve thus obtained is an aid in choosing the suc- 
cessive trial values. 
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Degree of Accuracy—In making computations it is important to 
keep in mind the degree of accuracy which should be obtained. The 
degree of accuracy desired will depend, in general, on two factors, namely: 

(1) The degree of accuracy of the original data or quantities on, 
which the computation is based, and 

(2) The use which is to be made of the computed results. 

The data on which many engineering computations are based are 
determined from experiments and hence are approximate values, the 
degree of approximation depending on the instruments and methods 
used, and on the care and skill of the observer. The computed results 
which are based on these values cannot have a greater degree of accuracy 
than that of the original data. In general a sum, difference, product, or 
quotient of two approximate values will not have a greater degree of 
accuracy than that of the less accurate of the two numbers. For 
example, if one numerical quantity is accurate to two significant figures 
and another quantity to three significant figures, the product of the two 
numbers will not be accurate to more than two significant figures, and 
hence more than two significant figures should not be retained in the 
result. 

The degree of accuracy of results obtained by graphical methods 
depends on the care with which the graphical diagrams are constructed 
and on the séale (or scales) used in the construction. The scale should 
be sufficiently large to make it possible to obtain results whose accuracy 
is comparable to the accuracy of the original data. 


ILLUSTRATIVE PROBLEM 


Problem 45.—In the equation y* = Ax? — Bz, y = 10, A = 16, and B = 50. 
Compute by the method of trial and error, the value of x to three significant figures. 


Solution.—The equation becomes y* = 162” — 50x and since the value of y is 10, 
a value of x must be found that will-make the value of y* (or 16x” — 50x) equal to 
1000. As a first trial value let = 8. The first trial computation then gives 


y® = 16 X 64 — 50 X 8 = 624 

This value of y* is too small; hence try x = 9 and we then obtain 
y® = 16 X 81 —50 X 9 = 846 

This value of y’ is still too small. By trying 2 = 9.6 we obtain 
y® = 16 X 92.2 — 50 X 9.6 = 995 


Thus x has a value slightly greater than 9.6. Assuming z = 9.63 as a fourth trial 
value of a, we find 


y® = 16 X 92.7 — 50 X 9.63 = 1001.7 


Further approximations will not change the value of the third significant figure and 
hence x = 9.63. 
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PROBLEMS 


46. The equation Q = 0.622 +/29(b ~ 0.2h)h” is used to determine the quantity 
of water flowing per unit of time over a rectangular weir of width 6 when the height 
of water above the weir is h, g being the acceleration due to gravity (32.2 ft./sec.?). 

If Q equals 24.4 cu. ft. per sec. and b equals 3 ft., compute, by the method of 
trial and error, the value of h to three significant figures. Nore: This formula is 
valid only when 0.2h is small compared with b. Hence the term 0.2h may be omitted 
and a trial value of h may be found by solving the resulting equation. This value 
of h may now be used in the term 0.2h and a second trial value of h may be obtained 
by solving the resulting equation. This process may be repeated. 

Ans. h = 1.48 ft. 


47. Find to three significant figures, by the method of trial and error, the value 
of x that will satisfy the equation 2z? + 3x = 20. 

48. In finding the diameter, d, of a pipe required to discharge a given quantity 
of water. the formula d® = Ad+B is used. If A = 15.5 and B = 400, compute, 
by the method of trial and error, the value of d to three significant figures. 

JAWS. ah = BSR). 


49. In Prob. 45, let y = 5, A = 2, and B =4. Find to three significant figures 
the value of x, using the method of successive approximations. 


_ 20. Dimensional Equations.—In algebraic equations in which the 
variables represent physical quantities, all the terms of the equation 
must be of the same dimensions, or, to express the same idea in mathe- 
matical language, an algebraic equation which expresses a relation 
between physical quantities must be homogeneous. The use of this 
principle is of assistance in checking any equation for correctness, and in 
determining the specific units in which a result is expressed when com- 
puted from a given equation. For each of these purposes the given 
algebraic equation is replaced by a dimensional equation. 

The dimensional equation corresponding to any algebraic equation 
is formed by replacing each term of the given equation by a term which 
indicates the kinds of fundamental quantities in which the term is 
expressed and which also indicates the degree of the corresponding 
quantities in each term. 

The fundamental quantities used in engineering are force, mass, 
length, and time (Ff, M, L, and T). Hence, in an equation, a term 
which represents an area is replaced by L? in the dimensional equation 
since an area is the square of alength. A velocity is a length divided by 
time and hence is-represented in the dimensional equation by LT, 
and similarly for other quantities. It should be noted that in the 
dimensional equation only the kinds of fundamental quantities are indi- 
cated and not the specific units used in measuring these quantities, and 
also that the number of such units is not indicated. Hence, numerical 
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constants in the algebraic equation do not appear in the dimensional 
equation. 

For example, consider the equation ad? + d? = v, in which a repre- 
sents an area, d a length, and v a volume. Since an area is the square 
of a length (L?) and a volume is the cube of a length (L*), the dimen- 
sional equation is L* + L? = L?, and hence the given equation is 
incorrect. 

Consider also the equation P + kv = as, in which P represents a 
force, k a weight (force) per unit volume, » a volume, a an area, and s 
a force per unit area. The dimensional equation then may be written: 


\ 


F F 
BE ey tS ee 
That is: 
F+F=FP, 


and hence the equation is dimensionally correct. 
Phe : 
Furthermore, consider the equation H = co in which P represents 


a force in pounds, / a length in inches, a an area in square inches, and e a 
length in inches. Let it be required to determine the units in which £ 
is expressed. The dimensional equation is 


E ee Os PG 
mee Tie 

Hence, in accordance with the units stated (pound and inch), £ is ex- 

pressed in pounds per square inch (lb./sq. in. or lb./in.*), 

Further use is made of dimensional equations in applying the results 
obtained in experimental investigations on models to their full-scale 
counter-parts. Space in this book, however, does not permit of the 
discussion of this subject, commonly referred to as dimensional analysis. 


PROBLEMS 


50. In the equation s = }(u + v)t, s isa length, wu and v are lengths per unit time, 
and ¢ is time. Is the equation dimensionally correct? 
51. The equation s = Mc/I is dimensionally correct. What are the dimensions 
of M if s is a force per unit area, c is a length, and J is a length to the fourth power? 
Ans. FL. 
52. In the equation d* = Ad? + Bd, if d is a length, what are the dimensions of 
A and B? 


53. In the equation given in Prob. 46, what are the units in which Q is expressed 
if b and h are expressed in feet? 
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54. The equation @ = wt is dimensionally correct; w is an angle (expressed in 
radians) per unit of time, and tis time. What are the dimensions of 6. Nore: Since 
a radian is a length along the arc of a circle divided by the length of the radius, an 
angle expressed in radians has no dimensions. 

Ans. 4 is a dimensionless number. 

55. Is the equation x + ax? + bx + ab/x = 0 dimensionally correct if x, a, and 
b represent physical quantities? Ans. No. 


REVIEW QUESTIONS AND PROBLEMS 


Notre: The following review questions and problems, as well as similar ones at 
the close of subsequent chapters, are meant to set before the student a definite 
review assignment of the essential parts of the theory and applications covered in 
the chapter, by the use of which the student may test for his own satisfaction his 
mastery of the subject. 

56. Correct the following false statement: The resultant of two concurrent forces 
that act on a rigid body is a single force that will replace the two forces and produce 
the same internal effect on the body. 

57. What properties of a force are represented in a vector diagram? What 
properties of a force are represented in a space diagram? 

58. Is the following statement correct? In finding the resultant of two con- 
current forces graphically, by use of a vector diagram and a space diagram (not 
superimposed), only one point on the action line of the resultant is located in the 
space diagram, this point being the intersection of the action lines of the two given 
forces. 

59. Is it true that the action lines of any two components of a force must inter- 
sect on the action line of the force? 

60. What is wrong with the following statement? If a force whose action line 
lies in the zy-plane and passes through the origin is resolved into two components, 
one of which lies along the z-axis, the other component must lie along the y-axis. 

61. The following statement is indefinite and incomplete: The moment of a 
force with respect to an axis is the product of the component of the force that is 
perpendicular to the axis and the perpendicular distance from the axis to this com- 
ponent. Criticize the statement. 

62. Part of the following statement is untrue; indicate the part that should 
be omitted. If the algebraic sum of the moments of two concurrent forces about a 
point O in their plane is zero, it follows from the principle of moments that (a) the 
resultant of the two forces is equal to zero and (6) the action line of the resultant 
passes through the point O. 

63. Is the following statement correct? The moment of a couple is the product 
of one of the two forces and one-half the distance between the two forces. 

64. Is the following statement correct? The moment of a couple about a point 
midway between the two forces of the couple is one-half as large as the moment of the 
same couple about a point on the action line of one of the forces. 

65. Three of the five parts of the following statement are wrong. Correct the 
errors. If a force P acting on a rigid body is resolved into a force Q and a couple C, 
then Q must (1) have the same magnitude as P, (2) be perpendicular to P, (3) be 
opposite to P; and C must (4) have a moment equal to the product of P and the 
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distance between P and Q, (5) have a sense the same as the sense of rotation of Q 
about a point on P. 

66. The top of a table is 3 ft. wide and 5 ft. long. A string, attached to the 
table at the center of the top, extends towards a point, B, on one of the long edges 
6 in. from a corner. A pull of 20 Ib. is exerted on the string. Find the components 
of the pull parallel to the two edges of the table and draw a sketch showing the 
components acting on the top. Ans. 16 lb.; 12 Ib. 

67. In the preceding problem find, by the principle of moments, the moment of 
the 20-lb. force about the corner of the table nearest to the point B. Check the 
result’ by finding the moment-arm and calculating the moment of the 20-lb force 
directly. Ans. M = 6 lb-ft. 

68. A force P of 20 lb. acts as shown in Fig. 37. Resolve P into three com- 
ponents along the edges of the cube and find, by the principle of moments, the 
moment of P with respect to the axis YY, Ans. M = 46,2 lb.-ft. 


69. The point of application of a force P that is parallel to the zz-plane is at O’ 
(Fig. 38). The moments of P with respect to the z-, y-, and z-axis are —20 lb.-ft., 
+830 lb.-ft., and +40 lb.-ft., respectively, the signs of the moments being in accord- 
ance with the convention stated in Art. 12. Find the force P and represent it by a 
vector in the figure. Ans. P = 22.4 |b. 


Fia. 40. 


70. Replace the force and couple acting on the body AB in Fig. 39 by a single 
force that will produce the same reactions at A and B. Solve by use of the trans- 
formations of a couple. 

Ans. A horizontal 10-lb. force to the left with action line 26 in. below A. 
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71. Do the vectors C’, C’’, and C’” in Fig. 40 correctly represent the couples 
Cy, Cz and C3? The vector C’ lies along the y-axis. 
Ans. ‘Two of the vectors have the wrong sense. 
72. The equation @ = Tl/EJ is dimensionally correct. What are the dimensions 
of J, if @ is an angle in radians, T is the moment of a force, J is a length, and # is 


a force per unit area? Ans. Ly, 


CHAPTER II 
RESULTANTS OF FORCE SYSTEMS 


21. Introduction—The determination of the resultants of various 
force systems as discussed in this chapter is of importance, mainly, 
(1) in the study of the conditions which the forces of a system satisfy 
when they hold a body in equilibrium (Statics, Chapter III), and (2) in 
the study of the laws by which the motions of bodies are governed 
(Part III, Kinetics). 

(1) The equations of equilibrium for a given type of force system 
are obtained by expressing the conditions which the forces must satisfy 
in order that the resultant of the system shall be zero. Therefore the 
resultant to which a given type of force system reduces must be known 
before the conditions which are required to make the resultant equal to 
zero can be established. Furthermore, in dealing with forces in equi- 
librium it is frequently convenient to replace several of the forces of a 
balanced system by the resultant of the several forces and to deal with 
the resulting force system instead of the original system. 

(2) The motion of a body is determined by the resultant of the forces 
which act on the body. In the study of the motions of physical bodies, 
therefore, a knowledge of the resultants of the various force systems and 
of methods of expressing the characteristics of resultants in terms of the 
forces of the system must be understood. The force systems to be con- 
sidered in the following pages may be classified as follows: 


Fat tee { Parallel (Collinear Forces) 
| Non-parallel 

Coplanar 

{ Parallel 


Non-concurrent i onan allel 


Force Systems 


Concurrent { Non-parallel 
Non-coplanar 


Parallel 


Non-concurrent 
ps Var ee 


§ 1. Cotztmgar Forces 


22. Algebraic Method.—The resultant will be found first for two 
collinear forces, P and Q, having the same sense. It is a matter of 
experience that the two forces are equivalent to a single force which has 
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a magnitude equal to P + Q and a line of action and sense which are 
the same as the line of action and sense of the given forces. This propo- 
sition, moreover, follows directly from the parallelogram law (Art 10). 
Similarly, the resultant of two collinear forces P and Q having opposite 
senses (P being the larger of the two forces) is a force the magnitude of 
which is given by the equation k = P — Q, the sense of R being the 
same as that of the larger force P. Hence, the resultant of any two 
collinear forces is a single force having the same line of action as the 
given forces, the magnitude and sense being indicated by the algebraic 
sum of the forees. The extension of this method to any number of 
collinear forces may easily be made. Thus the resultant of two of the 
forces may be combined with a third force; the resultant thus obtained 
may then be combined with a fourth force, and so on, until the entire 
system is reduced to a single resultant force. Therefore the magnitude 
of the resultant of a collinear force system is given by the equation 


R= oF. 
The sense of R is determined by the sign of the TF. 


§2. CopLanar, ConcuRRENT, Non-PARALLEL Forcus. 


23. Graphical Methods. first Method—tThe resultant of an unbal- 
anced system of concurrent forces in a plane is a force which may be 
found by means of the parallelogram law. In Fig. 41 are shown three 
forces F1, Fz, and F'3, which act on a body at the point O. The forces 
F, and Ff, may be combined into a force 
R, by means of the parallelogram law. 

Similarly R,; and /3; may be combined 


into aforce Ro. RR, then is the resultant 
of the given forces. By continuing this 
process, any number of concurrent forces Ve 


may be combined into a single force. The R 

order in which the forces are taken is 

immaterial. If the resultant force ob- Tae 

tained by combining all except one of the 

forces of a concurrent system is equal to that one, collinear with it, 
and of opposite sense, the two forces cancel and hence the resultant of 
the given system is equal to zero. 

Second Method—Another graphical method of determining the 
resultant of a system of concurrent forces in a plane involves the appli- 
cation of the triangle law. Consider, for example, the three forces 
F, Fz, and F3 which act on a body and concur at a point O as shown in 
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Fig. 42(a). In order to determine the resultant of the three forces, draw 
from any arbitrary point A (Fig. 42b) a vector representing the magni- 
tude and the direction of the force F,; from the end of this vector draw 
another vector representing the magnitude and the direction of the! 
force Fy. Rj, the resultant of 7; and Fs, is represented in direction and 
magnitude by the vector drawn from A to the end of Fz. To find the 
resultant of R; and F3, and hence of the three given forces, draw from 
the end of R, (or F2) a vector representing F3 in magnitude and in 
direction. The resultant of R, and F; is then represented in magnitude 
and in direction by the vector Ry drawn from A to the end of Fs. It 
should be noted that this vector R2 represents the magnitude and the 
direction, only, of the resultant of the given forces and not the action 


(a) 


Fria. 42. 


line of the resultant. The action line of the resultant must pass through 
the point O in the body at which the forces are concurrent. 

This method of determining the resultant may be stated formally 
as follows: In order to find the resultant of a system of concurrent forces 
in a plane, construct a polygon (called a force polygon) the sides of which 
are vectors representing the given forces in magnitude and in direction; 
a line drawn from the beginning of the first vector to the end of the last 
vector represents the magnitude and the direction of the resultant of the 
given system. If the force polygon closes, that is, if the end of the last 
vector coincides with the beginning of the first vector, the resultant of 
the given system is equal to zero. 

24. Algebraic Method.—In Fig. 43(q@) is represented a coplanar force 
system which is concurrent. Each of the four forces of the system 
may be resolved into two components, one lying along the z-axis and 
one along the y-axis. The x-components of the forces constitute a 
collinear system the resultant of which is a force along the a-axis. The 
magnitude of this resultant is equal to 2F,. The y-components of the 
forces likewise constitute a collinear system the resultant of which is a 
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force along the y-axis of magnitude ZF,. Since the system, by this 
method, is reduced to two forces, the resultant of the given system is the 
resultant of these two forces. If the magnitude of this resultant is 


(a) 


Fig. 43. 


denoted by FR and the direction which its action makes with the z-axis 
by the angle 6, as shown in Fig. 43(0), the resultant may be found from 


the equations: 
R=%N (ZF z)? =f (2F,)?, 


=F 
tan 0, = —. 
=F, 
The direction of the resultant could also be determined from the equation 
4 x sf 2F, 
cos 0, = or sini, = ——* 
R 


The action line of the resultant must, of course, pass through the point 
of concurrence of the forces. If ZF, = 0 and 2F, = 0, the resultant 
of the system is zero. 


ILLUSTRATIVE PROBLEM 


Problem 73.—Find the resultant of the system of concurrent forces shown in 
Fig. 44(a). 
Algebraic Solution: 
ZF, = 20 cos 30° — 30 cos 60° — 10 cos 45° + 25 cos 45° 


= 17.32 — 15 — 7.07 + 17.67 = 12.92 Ib. 


ZFy = 20 cos 60° + 30 cos 30° — 10 cos 45° — 25 cos 45° 
= 10 + 25.98 — 7.07 — 17.67 = 11.24 lb. 
R = V (12.92)? + (11.24)? = 17.1lb. (Fig. 440) 
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and 


Graphical Solution: 


To determine the resultant of the system graphically, a force polygon ABCDE 
is constructed as shown in Fig. 44(c), using a scale of 1 in. = 30 lb. The resultant 
is represented by the vector AE. The magnitude of the resultant, R, is found, by 


s 
a 
7 
= 
WD F,=12.92 Ib, 
(d) 
Fia. 44. 


measuring the length of AZ, to be 17.1 lb., and the angle which the resultant makes 
with the z-axis is found by use of a protractor to be 41°. The action line of R, of 
course, passes through the origin. 


PROBLEMS 
74. Figure 45 represents a body acted on by four forces. Determine completely 


the resultant of the four forces by the graphical method and check the results by the 
algebraic method. 


75. In Fig. 46, R is the resultant of the other four forces shown. Find the 
magnitude and direction of the force F algebraically. 
Ans. F= 16.7 lb.; 6, = 342° 35". 
76. The body represented in Fig. 47 is acted on by four forces as shown. Replace 
the/four forees by a single force that will have the same external effect on the body. 
Solve by the algebraic method. Ans. R = 234 lb.s @5 = 45> 20". 
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In the following three problems the forces are concurrent at the origin. The 
values of F are the magnitudes of the forces and the values of 6, are the angles 
which the action lines of the forces make with the positive end of the x-axis, the angles 
being measured in a counter-clockwise direction. In each problem it is required to 
find the resultant of the forces specified. 


77. F 1001b. 60lb. 40]b. 50 |b. 


0, 30° 135° 240° 330° 
78. F 20 Ib. 10lb. 15lb. Sb. 

6; 0° 45° 120° 270° 
79. F 25 |b. 10 lb. 301b. 40 |b. 
as OP 30° 135° 240° 


AS, Tt =e WINS MOy.8 ha = CRASS OY, 
80. The moment, about the point O, of the resultant of the three forces shown in 
Fig. 48 is 140 lb.-ft., counter-clockwise. Find, by the algebraic method, the magni- 
tude of P, and the resultant of the three forces. 
Ans. P =201b.; R = 28.6 lb.; 6, = 114° 45’. 


81. Find, by the graphical method, the resultant of the four forces shown in 
Fig. 49. 

82. Find, by the graphical method, the resultant of the four forces shown in 
Fig/50. Ans. R = 37.6 lb.; 0; = 213° 10’. 


§3. CopLANaR, NON-cONCURRENT, PARALLEL FoRcES 


25. Graphical Method.—Let a system of parallel forces Fy, Fo, 
and F3, having action lines ab, bc, and cd (Fig. 51a) act on a body. 
It is required to find the resultant of the forces. The resultant of a 
coplanar parallel force system may be a force or a couple; the case 
in which the resultant is a force will be considered first. By means of 
the parallelogram law F,; may be resolved into two components F’; 
and F’’; at any point, A;, on the action line of F, as shown in (c) of 
Fig. 51. Furthermore, Ff, may be resolved at the point By into com- 
ponents F's and F'’’s so that F’’’s is equal and opposite to Ff’; and collinear 
with it. Similarly, f3; may be resolved into components F’3 and F’’s 
so that F’’3; and F’s are equal, opposite, and collinear. Since the two 
pairs of equal, opposite, and collinear forces cancel, the six forces into 
which the original system was resolved are now reduced to the two 
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forces F’’; and F’s, and the resultant of the given system is the resultant, 
R, of these two forces. The action line of FR will, of course, pass through 
the point of intersection, A’, of the action lines of F’’; and F’3. The 
magnitude and direction of R may be found by means of the parallelo-' 
gram law as shown in Fig. 51(c). 

A more convenient graphical method, especially when a relatively 
large number of forces is involved, makes use of two diagrams as dis- 
cussed in the next paragraph. 


ring polygon 
and space 
Nu: diagram 


Cc 
. (a), St 


N 


(b) 


Force-polygon 
and vector 
diagram 


— 


Fra. 51. 


Force and String Polygons.—The resultant of the force system here 
considered is a force (a parallel force system for which the resultant 
is a couple will be considered later). The magnitude, direction, and 
sense (but not action line) of the resultant force may be found by drawing 
first a force polygon (Fig. 51b), and then one point on the action line of 
the resultant force may be obtained in the space diagram by drawing a 
string or funicular polygon (Fig. 51a). These diagrams are explained 
in the following paragraphs, but it is important to observe that all the 
facts necessary for an understanding of the two diagrams have already 
been brought out in the explanation of Fig. 51(c). 
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The force polygon is constructed as follows: On a line parallel to the 
action lines of the forces are laid off, to scale (Fig. 51b), vectors AB, 
BC, and CD which represent the given forces in magnitude and direction, 
the sense of each force being indicated by the order of the letters accord- 
ing to Bow’s notation (Art. 8); the vector AD drawn from the beginning 
of the first vector to the end of the last vector represents the magnitude, 
direction and sense (but not action line) of the resultant force. Now if 
one point on the action line of the resultant force can be found, this 
point together with the direction of the resultant determines its line of 
action. A point on the line of action of the resultant force may be found 
as follows: From any arbitrarily chosen point O (Fig. 516) lines are drawn 
to the points A, B,C,and D. These lines are called rays and the point O 
is called the pole. The complete diagram composed of the rays and the 
line ABCD is frequently called the vector diagram or force polygon, 
although the line ABCD is sometimes called the force polygon. From 
the triangle law it follows that, by this construction, the force AB 
(Fig. 51b) is resolved into two components represented in magnitude 
and direction (but not in action line) by the rays AO and OB. Simi- 
larly, the rays BO and OC represent the magnitude and direction of the 
components of BC, etc. The lines of action of AO and OB must, of 
course, intersect on the action line ab of AB; similarly the forces BO 
and OC must intersect on hc, etc. The action lines of the components 
represented by the rays are called strings and, of course, the strings are 
drawn in the space diagram; the diagram having strings as its sides is 
called the string polygon or funicular polygon. 

The string polygon which is constructed for the purpose of locating 
one point on the action line of the resultant force is drawn as follows: 
From any point on ab in the space diagram (Fig. 51a) strings ao and ob 
are drawn parallel to the rays AO and OB. From the point of inter- 
section of ob and bc the string bo (which will coincide with string ob) and 
the string oc are drawn. From the intersection of oc and cd are drawn 
co and od. Since by this construction ob and bo, the action lines of the 
equal and opposite forces OB and BO, are collinear the two forces OB 
and BO, if laid off along their action lines as was done in Fig. 51(c), will 
cancel; similarly for OC and CO. The system then is reduced to two 
forces represented in magnitude and direction by the rays AO and OD 
and in action line by the strings ao and od; and the point of intersection 
of ao and od (Op in Fig. 51a) must be one point on the action line of the 
resultant. In Fig. 51(c) the equal and opposite forces were laid off as 
vectors along their action lines, and it will be noted that Fig. 51(c) would 
be obtained if the triangle of forces for each force in Fig. 51(b) were 
superimposed on the string polygon in Fig. 51(a) and the corresponding 
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parallelogram of forces completed. For example the triangle A,0,B, in 
Fig. 51(c) is the triangle AOB in Fig. 51(b) superimposed on Fig. 51(c), 
etc. Likewise the triangle A’O’D’ in Fig. 51(c) is the triangle AOD in 
Fig. 51(b) superimposed on Fig. 51(c). 

If the force polygon closes, that is, if D (Fig. 51b) coincides with A, 
the rays AO and OD represent two forces which are equal in magnitude 
and which have parallel action lines and opposite senses. The resultant 
in this case is a couple provided that the string polygon does not close. 
If, however, the string polygon also closes, that is, if ao and od coincide, 
the two forces AO and OD will balance and the resultant of the given 
system will be equal to zero. 

In constructing the force and string polygons any point may be taken 
for the pole and the string polygon may be started at any point on the 
action line of any one of the forces. A change in the positions of these 
points has the effect, only, of locating a different point on the action line 
of the resultant if the resultant of the system is a force. If the resultant 
of the system is a couple, the effect is to change both the magnitude of 
the forces constituting the resultant couple and the length of its moment- 
arm. The couples will be equivalent, however; that is, they will have 
the same moment and sense. 


ILLUSTRATIVE PROBLEM 


Problem 83.—Find by the graphical method the resultant of the four parallel 
forces shown in Fig. 52(a), the scale used in the space diagram being 1 in. = 2 ft. 


10 Ib. 20 Ib. 25 Ib. 15 lb. D 
» 
ES 
PS 
a 
S06 
SYN eos SS SS 
rss 
Bet 
cle 


Scales; lin=2 ft. — Lin.=20 |b. 


Fie. 52. 


Solution.—The force polygon ABCDE is drawn to a scale of 1 in. = 20 Ib. as 
shown in Fig. 52(6). Since the force polygon closes, the resultant is not a force and 
hence, if the force system has a resultant, it is a couple. In constructing the rays 
(Fig. 526) it is convenient to take the pole O so that the force represented by OA 
has an integral value. OA here represents to scale 20 lb. The string polygon in 
Fig. 52(a) is constructed according to the method described in Art. 25. The resultant 
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is a couple consisting of the two 20-lb. forces AO and OH. The arm as scaled from 
the string polygon is 1.25 ft. Hence the moment of the resultant couple is —25 lb.-ft., 
the minus sign indicating a clockwise direction of rotation. 


__ 26. Principle of Moments.—The principle of moments as discussed 
in Art. 13 for the special case of two concurrent forces may be extended 
to all force systems. Briefly, the principle states that the moment of 
the resultant of a force system is equal to the algebraic sum of the 
moments of the forces of the system. The principle is of great impor- ' 
tance in the determination, by the algebraic method, of (a) the action 
line of the resultant of a system of forces when the resultant is a force, 
and (b) the moment and sense of the resultant of the force system when 
the resultant is a couple. A formal statement and proof of the principle 
of moments will not be given for each of the force systems considered 
since the method of proof is substantially the same for all the force 
systems. As applying to a system of parallel forces in a plane the 
principle may be stated formally as follows: The moment of the resultant 
of any system of coplanar, non-concurrent, parallel forces about any point 
in the plane of the forces is equal to the algebraic sum of the moments of the 
forces about the same point. 

In demonstrating the truth of this statement use will be made of the 
diagrams (a) and (b) in Fig. 51, and of the methods of the preceding 
article. The given system of three forces (Fig. 51) was replaced by 
another system of six forces which were represented in magnitude and in 
direction by the rays of the force polygon and in line of action by the 
strings-f the string polygon. Four of these forces occur in pairs, the 
two forces of each pair being collinear, equal in magnitude, and opposite 
in sense. Obviously, the sum of the moments of the two forces of each 
pair with respect to any point in their plane is equal to zero. For any 
moment-center in the plane, by use of Varignon’s theorem, the following 
relations may be written, 


moment of 4B = moment of AO + moment of OB, 
(a9 cc BC = a3 (73 BO + 6c (79 OC, 
(a9 iz CD ass bc 66 CO ++ (9 (3 OD. 


If the two sides of the above equations are added, the result obtained 


may be stated as follows: 
The sum of the moments of the forces of ae system 


= moment of AO + moment of OD, 


since the remaining terms on the right side of the equations cancel in 
pairs. But AO and OD are the components of the resultant force of the 
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system, and hence, by Varignon’s theorem, the sum of the moments of 
AO and OD is equal to the moment of the resultant of the system. 
Hence, the proposition is proved for a parallel force system in which the 
resultant is a force. 

If the resultant of the force system is a couple, that is, if the forces 
AO and OD are parallel, equal, and opposite as in Fig. 52, the proposition 
also holds, since the sum of the moments of AO and OD is equal to the 
moment of the resultant couple. 

27. Algebraic Method.—A system of coplanar parallel forces is 
shown in Fig. 53, the forces being parallel to the y-axis. In the graphical 
determination of the resultant of such a system it was seen that the 
resultant was either a force or a couple. If the resultant is a force, R, 
its action line is parallel to the action lines of the forces of the system 
and its magnitude and sense are 
indicated by the algebraic sum of 
the forces, that is, R= ZF. In 
order to locate the line of action 
of the resultant force, the prin- 
ciple of moments will be applied. 
For convenience the origin, O, will 
be taken as the center of moments. 
The moment of R then with respect 
to O is equal to the algebraic sum 

Fie. 53. of the moments of the forces with 

respect to the same point. If the 

distance from the action line of R to the y-axis is denoted by Z, the 

moment of A with respect to the origin is equal to Rx. Furthermore, 

if the algebraic sum of the moments of the forces of the system with 

respect to the origin is denoted by =(Fx) or DMpo, the principle of 

moments may be expressed by the equation Rt = DMo. The resultant, 

then, if a force, is parallel to the y-axis and is determined by the follow- 
ing equations: 


R = XF, 
Rx aa XM. 


The sign of x may be determined by inspection, since the resultant force 
must lie on that side of the moment-center which will make the sense of 
its moment agree with that of the moment of the system. 

If the resultant of all except one of the forces of the system is equal 
to that one and of opposite sense, EF then equals zero and the resultant 
is a couple, the moment of which, according to the principle of moments, 
is equal to the algebraic sum of the moments of the forces of the system. 


ILLUSTRATIVE PROBLEM 45 
Hence, if the resultant of a coplanar parallel force system is a couple the 
moment, C,, of the couple may be determined from the expression 
C = XM, 


the aspect of the couple, of course, is the same as that of the plane of the 
forces and the sense is indicated by the sign of the algebraic summation. 
If both 2¥ and 2M equal zero the resultant is equal to zero. 


ILLUSTRATIVE PROBLEMS 


Problem 84.—Figure 54 represents a beam resting on two supports and carrying 
four loads as indicated. Find the resultant of the loads. 


1500 1b. 


Solution.— 
R*>F = — 1000 — 1500 — 1000 — 2000 = — 5500 lb. (downward) 


In order to locate the action line of the resultant, the point A will be selected as 
the moment-center. Thus: 


Rt = >M, = — 1000 X 2 — 1500 X 5 — 1000 X 8 — 2000 X 12 
= — 41,500 lb.-ft. (clockwise) 
Therefore 
41,500 
z= —— = 7.54 ft. 
~~ 5500 


Hence a single load of 5500 Ib. at a point 7.54 ft. from A as shown will produce 
the same external effect (reactions at A and B) as the four given forces. A, being a 
downward force, must lie to the right of A since the moment of A about A must 
agree in sense with that of 2M, and hence must be clockwise. 


Problem 85.—An arm mounted on an axle at O (Fig. 55) is acted on by the four 
forces represented by the vectors shown as full lines. Determine the resultant of 
the forces. 


Solution.— 
R=2F =15+15 — 20 —10=0. 
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Therefore the resultant is not a force, but is a couple, C, the moment of which 
may be found by taking moments about O (any other point could have been selected). 
Thus, 

C = 2M, = 20 X10 —15 X6—10 X 5+ 15 X 12 = 240 lb.-in. 


Since the sign of 2M, is positive, the sense of C is counter-clockwise. Hence any 
couple having a counter-clockwise moment of 240 lb.-in. will produce the same 


20 Ib. 


Fia. 55. 


external effect on the arm (change in the rotational motion) as the four given forces. 
One such couple haying forces equal to 24 lb. is shown in the figure. 


PROBLEMS 


86. Three forces which act vertically downward are spaced at one-foot intervals. 
Reading from left to right, the magnitudes of the forces are 1 lb., 2 lb., and 3 lb. 
Determine the resultant of the forces algebraically. ; 

Ans. R =— 6]b., 14 ft. to right of 1-lb. force. 

87. In Fig. 56 are shown five forces acting on a beam, Find algebraically the 
resultant of the five forces. 


200 Ib. 


150 lb. 


UWsMI111t 


Fra. 56. Kiet 57. 


88. Solve the preceding problem graphically by use of a force polygon and a 
string polygon. 


89. Determine the resultant: of the forces shown in Fig. 57. 
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A 
Z 


90° Determine the resultant of the forces acting on the body as shown in Fig. 58. 
Solve algebraically and check the result by use of the transformations of a couple 
(see Art. 18). Ans. R = 20 1b. to right and 1 ft. above 20-lb. force. 


91. Three bodies A, B, and C are hung on a frame M as shown in Fig. 59. The 
frame is supported at D by a fixed plane and at the point H by the spring S. The 
resultant of the four forces consisting of the earth-pulls (weights) of A, B, and C 
and the pull P of the spring on M is a force of 70 lb. acting vertically downward 
through the point D. Find the value of P and the horizontal distance x. The 
ee of A, B, and C are 20 lb., 80 lb., and 20 lb., respectively. 

Nes P = 50|1b.;2 = 4.4 ft. 


Pieter’ the resultant of the five forces shown in Fig. 60. Each space rep- 
resents 1 ft. 


ly 95 Ib. 40 Ib. 


10 Ib. 


Fia. 61. 


93. ‘The 40-Ib. force shown in Fig. 61 is the resultant of the 10-lb. force and a 
force-P not shown. Determine P completely by means of a force polygon and a 
string polygon, and check the result by the algebraic method. 

Ans. P = 30 |b. upward and 1 ft. to right of 40-lb. force. 


In each of the following three problems find the resultant of the force system. 
The forces in each problem are parallel to the y-axis. The values of F given are the 
magnitudes of the forces (expressed in pounds), and the values of x are the distances 
of the action lines of the forces from the y-axis (expressed in feet). 


94. F +10 —20 +25 = 115) 
x 2 ap il qe 3 + 4 

95. F —10 ap —20 +15 
x — 2 ap il =e 8) sr 

96. F +40 —60 +80 —70 +10 
a 0 od +o +12 14 


Ans. C = —220 lb.-ft. 
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97. A bar 10 ft. long is acted on by the forces shown in Fig. 62. Find the sim- 
plest equivalent force system. a l 


Fia. 62. Fia. 63. 


98. A bar 6 ft. long is hinged at A (Fig. 63) and is acted on by five forces as shown. 
Determine the resultant of the five forces by use of a force polygon and a string 
polygon. Ans. C = 90 lb.-ft. 


99. A force of 10 lb. acts along the y-axis, the sense of the force being positive. 
Resolve the force into components P and Q along the lines x = 1 and g = 3, 


§ 4. Copianar, NoN-cONCURRENT, NON-PARALLEL FORCES 


28. Graphical Methods. First Method—The resultant of a system 

of non-concurrent, non-parallel forces in a plane is either a force or a 
couple. If the resultant is a force it may be determined by use of the 
parallelogram law. In 
Fig. 64 are shown three 
non-concurrent, non- 
parallel forces Fy, Fo, 
and Fs; acting on a 
body. The forces Fy 
and Fy may be com-. 
bined into a resultant 
force Ry. R, and F3 
may be combined into 
a force Ry which is the 
Fic. 64. resultant of the given 

system of forces. 
If the resultant obtained by combining all except one of the forces of 


such a system is equal to that one and is parallel to it and of opposite 
sense, the two forces constitute a couple. Furthermore, if the action 
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lines of these two forces are collinear the forces cancel and the resultant 
of the system is equal to zero. 

Second Method.—The resultant of a system of non-concurrent, non- 
parallel forces in a plane may also be found by the construction of a force 
polygon and a funicular polygon. The method of construction of these 
polygons is the same as that described in connection with a system of 
parallel forces (Art. 25) and will not here be discussed in detail for the 
non-parallel force system. The method will be illustrated, however, by 
the following problem. 


ILLUSTRATIVE PROBLEM 


Problem 100.—A beam 9 ft. long is acted on by four forces as shown in Fig. 65. 
Determine the resultant of the forces by use of the force and string polygons. 


A 
\ 
4 EN 
a 
D 
Scale. 1 in.=8 ft, ~ > 
(a) Lae E 
Scale. 1 in.=2000 Ib, . 
(b) 
Fia. 65. 


Solution.—The force polygon as shown in Fig. 65(6) is constructed by laying off 
the vectors AB, BC, CD, and DE which represent the magnitudes and the directions 
of the given forces. The closing side AH of the polygon represents the resultant force 
in magnitude and in direction. By measuring AE to scale the magnitude of the 
resultant force is found to be 2450 lb. and the line AH is found to make an angle of 
80° with the horizontal, as indicated in Fig. 65(6). 

In Fig. 65(a) is shown the string polygon in which one point on the action line of 
the resultant is found, namely, the intersection of oa and oe. ‘Therefore the action 
line of the resultant passes through this point and is parallel to AH. By measure- 
ment the action line is found to intersect the beam at a point 3.6 ft. from the left 
end of the beam. Hence, if the four forces were replaced by a single force, R, of 
2450 Ib. as shown in Fig. 65(a), the reactions at the ends of the beam (external effects) 


would be unchanged. 


29. Principle of Moments.—The algebraic sum of the moments of 
the forces of a coplanar, non-concurrent, non-parallel force system 
about any point in the plane of the forces is equal to the moment of the 
resultant of the system about the same point. The proof is identical 
with that given for a system of parallel forces (Art. 26), and the principle 
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will be used, in the algebraic method, for finding the action line of the 
resultant force or the moment of the resultant couple similar to the way 
it was used for parallel forces. 

30. Algebraic Method.—The resultant of a system of non-concurrent, 
non-parallel forces in a plane is either a force or a couple. If the 
resultant is a force it may be determined as follows: In Fig. 66(a) is 
represented a body acted on by four forces F’, F’’, F’”, and F”’”". Let 
each force be replaced by its z- and y-components. The original force 
system is now resolved into two systems of parallel forces. According 
to Art. 27 the resultant of the components in the z-direction is a force 


(b) 
Fia. 66. 


parallel to the x-axis whose magnitude is =F, and whose sense is indi- 
cated by the sign of =F; the sense is assumed to be positive in Fig. 66(6). 
Similarly, the resultant of the components in the y-direction is a force 
parallel to the y-axis whose magnitude is >F,. Hence, the magnitude 
and the direction of the resultant of these two forces (which is also the 
resultant of the original forces) may be found from the equations 


Pay te 
R= V(2F,)* + (2F,)? and tan 6, = — (Fig. 666), 


x 


in which @, is the angle which the action line of R makes with the z-axis. 
In order to obtain the position of the line of action of the resultant force 
Rk, the principle of moments may be used. The principle is expressed 
by the equation Ra = 2M,, in which a (Fig. 66a) is the perpendicular 
distance from the moment-center, O, to the action line of the resultant, 
and 2M, is the algebraic sum of the moments of the forces with respect 
to O. 


Hence, if the resultant of a coplanar, non-concurrent, non-parallel 
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system of forces is a force, it may be determined completely by the 
equations 


R = V QF,)? + (F,)?, 


OF 
fan Oe 
bi SF, 
ita S PY los 


The sense of the moment of R (sign of Ra) must, of course, agree 
with that of 2M,. If, for instance, the sign of 2M, is negative, and R 
has the direction and sense as indicated in Fig. 66(b), the position of the 
action line of # is indicated in Fig. 66(a). 

If both ZF, and ZF, are equal to zero the resultant is not a force 
and hence is a couple the moment C of which, according to the principle 
of moments, is the algebraic sum of the moments of the forces of the 
system; that is: 

C = 2M. 


The center about which the moments of the forces are taken may be any 
point in the plane of the forces since the moment of a couple is the same 
about all points in the plane. The sense of rotation of the resultant 
couple is indicated by the sign of the algebraic summation, and the 
aspect of the couple, of course, is the same as that of the plane of the 
forces. 

If =F, and LF, are equal to zero and 2M is also equal to zero, the 
resultant is equal to zero. 


. ILLUSTRATIVE PROBLEM 


Problem 101.—Find the resultant of the system of four forces which act on the 
body represented in Fig. 67(a). Each space represents 1 ft. 


(b) (<) 
Fia. 67. 
Solution.—In finding the moments of the 40-lb. and 50-lb. forces about O it will 


be convenient to resolve the forces at any point on their action lines into horizontal 
and vertical components as shown in Fig. 67(6) and find the algebraic sum of the 
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moments of the two components of each force about O. The solution may be put in 
tabular form as follows: 


F Cos Oz sin 0, F, = F cos 6, Fy, = F sin 6, Mo 
il 2 
_-— —= —22.4 44.8 134.4 t 
- VJB a 
20 0 -1 0.0 —20.0 —60.0 
30 1 0 30.0 0.0 —30.0 
40 ae = 28.3 28.3 56.6 


ZF, = 35.9 2Fy = 53.1 2M, = 101.0 


R = V (35.9)? + (53.1)? = 64.1 lb., 


53.1 101 
6, = tan~1— = 56°, a = — = 1.57 ft. 
35.9 


Therefore 


Alternative Method.—Since the given system may be replaced by two parallel force 
systems as shown in Fig. 67(6), the problem could have been solved by finding the 
magnitude, line of action, and sense of the resultant of each of the parallel systems. 
The resultant of the given system then is the resultant of these two resultants. 


PROBLEMS 


102. Find, by the algebraic method, the resultant of the three forces shown in 
Fig. 68. Ans. i= 22. 81b3 645 — 3407 30am — oe te 


103. Solve Prob. 101 graphically by use of a force polygon and a string polygon. 


Fia. 68. 


104. Find the resultant of the three forces shown in Fig. 69. 
/ Ans. RK = 7.01b.3 62 =180°s a= Ait 


105. Find, by the use of a force polygon and a string polygon, the resultant of the 
four forces acting on the body as shown in Fig. 70. 


106) Find the resultant of the three forces shown in Fig. 71 by the following 
method: (1) Resolve each force into a force through O and a couple (Art. 18) ; (2) find 
the resultant of the concurrent forces at O,(Art. 24) and the resultant of the system 
of couples (Art. 16); and (8) by use of the transformations of a couple (Art. 16), 
combine the resultant of the concurrent forces and the resultant of the couples into 
a single force. Ans. R = 35.41b.; 62 = 40°15’; a = 1.45 ft. 
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107. Find the resultant of the four forces shown in Fig. 72. 


(108. Replace the four forces shown in Fig. 73 by the simplest force system that 
wiil produce the same external effect on the body on which the forces act. 
Ans. hh = 41.51b.; 0, = 142° 25’; a = 0.96 ft. 


2 Ib, 


Fig. 71. Fia. 72. Fia. 73. 


109. The forces of a coplanar system are specified below, the magnitudes of the 
forces being expressed in pounds and the coordinates « and y of a point on the action 
line in feet. 6, denotes the angle that the action line of any force makes with the 
positive end of the z-axis, the angle being measured counter-clockwise. 


F 20 15 10 15 
aL, y 0, 2 0, 2 4, 2 6, 2 
8. 0° 45° 90° 135° 


Find the resultant of the system. 


110. Find algebraically the resultant of the five forces shown in Fig. 74. 
Ans. EK.= 5.83 lb.; 0; = 42° 40’; a = 3.22 ft. 


Fia. 75. 


111. Solve the preceding problem by use of a force polygon and a string polygon. 


112; In Fig. 75, assume that the 20-lb. force is removed and show by means of a 
for olygon and a string polygon that the resyltant of the remaining four forces is 
a force equal to the 20-lb. force and collinear with it but of opposite sense. 


§5, Non-copLanar, CONCURRENT, NON-PARALLEL ForcES 


31. Graphical Method.—The resultant of a system of non-coplanar, 
concurrent forces is a force (acting through the point of concurrence of 
the forces) that may be found by constructing a force polygon as was 
done in finding the resultant of a system of coplanar, concurrent forces. 
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The line drawn from the beginning of the first vector to the end of the 
last vector of the polygon is a vector that represents the resultant of 
the system in magnitude and direction. The force polygon, however, is 
not a plane polygon and, hence, the graphical method of determining the’ 
resultant of this system or of any non-coplanar force system is not 
convenient. Graphical methods, therefore, will not be discussed in 
connection with any of the non-coplanar force systems. 

32. Algebraic Method.—Before discussing the method of determin- 
ing the resultant of any number of non-coplanar, concurrent forces, the 
special case of three concurrent forces having action lines which are 
mutually perpendicular will be considered. In Fig. 76 are represented 
three such forces, P, Q, and S, 
the action lines of the forces 
being taken as the coordinate 
axes. The forces P and Q may 
be combined into a single force 
(represented by the vector OA) 
the magnitude of which is 
V P? + Q*. The resultant of this 
force and the force S is also the 
resultant of the given system of 
three forces and is represented by 
the vector OB, its magnitude 

Fra. 76. being V P? + Q? + S*. Hence 

7 the magnitude of the resultant, 

R, of the three forces and the angles 6,, @,, and 6, which the line of ac- 

tion of the resultant makes with the coordinate axes may be found 
from the equations. 


Resi iets OS, 


Q S 
cos by = 5 esa aca 


cos 0, = R? 

In finding the resultant of any number of non-coplanar, concurrent 
forces by the algebraic method it will be convenient to take the point of 
concurrence of the forces as the origin of a set of rectangular axes. 
Each force of the system may be resolved into components along the 
coordinate axes (Art. 11). The system is thus replaced by three collinear 
systems each of which may be replaced by a single force (Art. 22). Thus, 
the resultant of the components along the z-axis is a single force along 
the z-axis, the magnitude of which is expressed by =F. Similarly, the 
y-components may be replaced by a single force of magnitude ZF, along 
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the y-axis, etc. (Fig. 77). These three forces may be combined into a 
single force which is the resultant of the given system and which is com- 
pletely defined by the following equations: 


R= V(2F,)? + (F,)? + (BF), 
cos 0, = = ; 
cos 0, = = , 
cos 0, = = 


where 6,, 6,, and 6, are the angles 
which the action line of the re- 
sultant makes with the coordinate 
axes as shown in Fig. 77. Fia. 77. 


PROBLEMS 


In the following problems the forces are concurrent at the origin. F denotes the 
magnitude of a force and a, y, z are the coordinates of a point on the action line of 
a force. It is required to find the resultants of the systems. 


113. F 10 lb. 20 Ib. 15 Ib. 
PiygeeALOlY 2°99 Bes 
114. F 100 lb. 150 Ib. 50 Ib. 200 Ib. 
ays Dah BES So) a a eter 
115. F 10 Ib. 30 lb. 20 lb. 
Cees ite 1:42 23.3 


Ans. R = 59.0 lb.; 62 = 71° 5’; Oy = 37° 2’; 6, = 59° 32’. 


§6. Non-copLanar, NON-CONCURRENT, PARALLEL FoRcES 


33. Algebraic Method.—The resultant of a system of non-coplanar, 
parallel forces is, in general, a force parallel to the system whose mag- 
nitude and sense are found from the algebraic sum of the forces 
(R = ZF). In determining the resultant of such a system by the 
algebraic method it is convenient to select coordinate axes so that one 
axis is parallel to the forces. In Fig. 78 is shown a system of parallel 
forces referred to such a set of axes. The line of action of the resultant 
force is found by applying the principle of moments. Thus, if the 
algebraic sum of the moments of the forces with respect to the a-axis 
be denoted by 2M, and the distance of the resultant from the z-axis be 
denoted by 7, then the principle of moments is expressed by the equation 
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Ry = =M;,. In a similar manner, Re = 2M,. The resultant, if a 
force, will then be completely defined by the following equations: 


R = 3F, 
Ri = 3M, 
Ry = =M, 


If the resultant R, of all except one (P, say) of the forces of a non- 
coplanar, parallel system is equal to P, of opposite sense, and not collin- 
ear with P, then R and P form a couple which is the resultant of the sys- 
tem. (In this case 2F = 0). The resultant couple will, of course, liein a 
plane parallel to the forces of the 
system (parallel to the zaxis in 
Fig. 78). According to the prin- 
ciple of moments, the moment 
C, of the resultant couple with 
respect to the z-axis is equal to 
the algebraic sum of the moment of 
the forces of the system with re- 
spect to the z-axis, that is, C, = 
2M,. Similarly, C, = 2M, C, 
and C, are couples (components of 

Fia. 78. the resultant couple) which lie in 

(or parallel to) the yz and xz planes, 

respectively. The moment of the resultant couple is given by the 

expression C = V6.2 + C,? which follows from the vector representa- 

tion of couples (Art. 17) and the use of the parallelogram law. Hence 
the moment of the resultant couple is 


C = V(2M,)? + (2M,)? 


ILLUSTRATIVE PROBLEM 
Problem 116.—Find the resultant of the system of parallel forces shown in 
Fig. 79. Each space in the figure represents 1 ft. 
Solution: 
R = 2F = 10 + 15 — 20 — 30 =— 25 bb. 
2M, = 20 X2+30 X3—10 X1—15 X1 = 105 lb.-ft. 
2My =10X1+15 X38 — 20 X 2 — 30 X 5 =— 185 ft-lb. 


185 | 
ancy = 5.4 ft 

pe out pen 
elie cee 


Hence the resultant is a downward force of 25 Ib. as shown in Fig. 79. 
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Caution.—Care must be exercised in finding # and %. For instance, in the above 
example if the value of 2M, (+1065 lb.-ft.) be divided by R (—25 lb.) the quotient 
is —44 ft., which is not the value of 9, since a downward force of 25 lb. in this position 
would have a moment of —105 lb.-ft. with respect to the z-axis. The magnitudes 
of £ and 7 should be obtained by dividing the magnitudes of 2M, and 2M, by the 


R=25 nv 30 Ib. 


Fia. 79. 


magnitude of R, and their signs should be determined by inspection. The signs of 
Z and 7, of course, must be such that the moment of the resultant will have the 
same sense of rotation as is indicated by the algebraic sum of the moments of the 


forces of the system. 


~~ 


PROBLEMS 


117. A board 6 ft. square is acted on by five forces as shown in Fig. 80. Deter- 

mine the resultant of the forces. 
Ans. R = +101b.; # = +2.5ft.; 7 = +3.5 ft 

118. A table 5 ft. square carries four concentrated loads as shown in Fig. 81. 
Find the resultant of the four loads. 

Find the resultant of each of the following systems of forces which are parallel 
to the z-axis. The values of x and y, expressed in feet, are the coordinates of the 
points where the action lines of the forces intersect the ry-plane. 


119. F 20 lb. 10 lb. 25 Ib. —15 lb. —10 lb. 
x,y Le 3, 2 6, 6 2,5 6, 4 
_ Ans. R= +380 1b.; ¢ = 43.67 ft.; 9 = +38.83 ft. 
120. F 20 Ib. —15 lb. 30 lb. —10 lb. 
Ly il, al 1,4 4,2 22, 


121. Assume in Fig. 80 that a downward force of 40 lb. acting at the point 
xz = 1, y = 2is substituted for the 15-lb. force and the other forces remain as shown. 


Find the resultant of the system. 
Ans, k= —15 Ibi = = 2 1. Se? tt: 
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122. Assume in Fig. 80 that the 10-lb. force is removed from the systern of forces 
shown. Find the resultant of the remaining four forces. 


Fria. 80. 


§7. CoupLEs IN SPACE 
34, Resultant of a System of Couples. Proposition—The resultant 
of any number of couples is a couple. 
Proof.—It is sufficient to prove this proposition for two couples, only, 
since if two couples can be combined into a single resultant couple this 


(b) 


Fria. 82. 


couple can be combined with a third couple in exactly the same way 
a Z : ? 
and so on. Thus, consider the two couples Pp and Qq in planes making 
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an angle a with each other as shown in Fig. 82(a). The forces Q, Q of 
the couple Qq can be made equal to P, P if the arm be changed to om 
(Art. 16) as shown in Fig. 82(b). Each couple can then be rotated in its 
plane until the forces of the couples are parallel to the line of intersection 
of the two planes (Art. 16) as shown in Fig. 82(c). Now let the two 
couples be translated until one force of each couple lies in the line of 
intersection of the two planes. This translation can always be made 
so that the two forces in this line are opposite in sense and hence will 
cancel, thereby leaving a couple the forces of which are P, P (Fig. 82d). 
The arm of this couple (as found by use of trigonometry) is 


Ser ae 
AE + SE oP cos a 


Special Cases.—I. If the angle a equals 90°, that is, if the planes of 
the couples are perpendicular (Fig. 83), the 
moment, C, of the resultant couple is 


C= Pvp? + oo = V (Pp)? + Qo? 


That is, the moment of the resultant couple 
is the square root of the sum of the squares 
of the moments of the two couples. The 
plane of the resultant couple makes an 
angle ¢ (Fig. 83) with the plane of the So 
Pp such that Fia. 83. 


and the sense of rotation of the resultant couple is indicated in Fig. 83. 
II. If a equals 180°, the couples are in the same or in parallel planes 
and hence have the same aspect. The moment of the resultant couple 


then is 
| ei Q 
C=P p+ St + 2p 2 a= P(p +02) = Pr +a 


That is, the moment of the resultant couple is the algebraic sum of the 
moments of the two couples, and its aspect, of course, is the same as 
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that of each of the couples, the sense of rotation being indicated by the 
sign of the algebraic summation. 

Parallelogram Law Applied to Couples.—It is frequently convenient to 
represent couples by vectors (see Art. 17) and to use the parallelogram 
law for the composition and resolution of couples. The method will 
here be illustrated for Case I above; namely, for couples lying in two 
planes that are perpen- 
dicular to each other. For 
example in Fig.84(a), couple 
Cz, which lies in (or parallel 
to) the zy-plane and has 
a moment only about the 
Z-axis, is represented by the 
vector that is also denoted 
as C., in Fig. 84(6).  Simi- 

Fia. 84. larly C, is a vector repre- 

: senting the couple C,. By 

the parallelogram law the vector C (Fig. 84b) represents the resultant 


couple whose moment is 
C=VC/4+C/7 


This resultant couple must lie in a plane perpendicular to the vector 


C whose direction may be found from the relation tan ¢ = “2 as indi- 
cated in Fig. 84 and the sense of rotation is determined by the ice on 
the vector C, according to the convention stated in Art. 17. 

35. Composition of Couples in Space 
by Means of Vectors.—In order to com- 
bine a system of couples in space into a 
single resultant couple, each couple can 
first be resolved into three component 
couples by representing the couple by a 
vector, C, drawn for convenience from the 
origin of a set of rectangular axes, as shown 
in Fig. 85. The vector can then be resolved 
into components C,, C, and C, along the 
coordinate axes. These vector compo- Fig, 85. 
nents represent couples lying in the yz-, zx-, 
and «y-planes, respectively. In this way, then each of the couples of 
the system may be resolved into three component couples lying in the 
three coordinate planes and represented completely by vectors along 
the coordinate axes. The couples lying in the yz-plane may now be 
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combined into a single couple lying in the yz-plane and represented by a 
vector along the z-axis. This vector is of course the resultant of the 
x-components of the vectors that represent the couples of the original 
system and may be designated by =C,. In asimilar manner the systems 
of couples lying in the za- and xry-planes may be replaced by equivalent 
couples lying in the respective planes and represented by vectors ZC, 
and 2C, along the y- and z-axes. The original system of couples is thus- 
reduced to three couples lying in the coordinate planes and the resultant 
of the system is the resultant of these three couples and is represented 
by a vector which is the resultant of the three vectors 2C,, ZC, and 
=C;. This resultant is V (2C,)? + (2C,)? + (2C,”. But since =C, 
is equal to 2M,, the sum of the moments about the z-axis of the forces 
constituting the original system of couples, the moment of the resultant 
couple may be expressed by the equation 


C= V(M,) + 2M, + OMY 


The aspect of the resultant couple may be defined by the angles ¢z, dy 
and ¢, which the vector representing the couple makes with the coordi- 
nate axes. Thus 


2M, 
C 


2M, =M, 
C08 Oo, = =——_ , Cas d, = —— 4, Cos dy = 


C C 


§8. Non-copLANAR, NON-CONCURRENT, NON-PARALLEL FORCES 


36. Algebraic Method.—The resultant of a system of non-coplanar, 
non-concurrent, non-parallel forces is a force (whose action line may be 
made:to pass through any arbitrary point) and a couple. In order to 
find the resultant force and couple, each force of the system may be 
resolved into an equal parallel force through any point (taken for con- 
venience as the origin of a system of coordinate axes) and a couple 
(Art. 18). Thus the given system may be replaced by two systems; 
(1) a system of non-coplanar, concurrent forces through the origin 
haying the same magnitudes and directions as the forces of the original 
system; and (2) a system of non-coplanar couples. The resultant of the 
concurrent force system is a force through the origin which may be 
completely defined by the equations of Art. 32. The resultant of the 
system of couples is a couple which may be completely defined by the 
equations of Art. 35. The resultant force and resultant couple together 
constitute the resultant of the system. In special cases the resultant 
couple may vanish, leaving the force as a resultant of the system. Again 
in special cases the resultant force may vanish leaving the couple as the 
resultant of the system. If the resultant force and the resultant couple 
both vanish, the resultant of the system is zero. 
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REVIEW QUESTIONS AND PROBLEMS 


123. Correct the error in each of the following statements: (a) A ray is a line 
in the vector diagram that represents the magnitude and action line of a component 


of one of the forces in the given force system. (b) A string (or funicular) polygon 


is drawn in the space diagram in order to obtain the direction of the resultant force 
of a coplanar force system. 

124. If the resultant of a coplanar force system is a couple, how is the magnitude 
of each of the forces of the couple determined graphically by use of a force polygon 
and a string polygon? How is the moment-arm determined? 

125. The force polygon for a given coplanar, non-concurrent, parallel force system 
closes. Which of the following conclusions can be drawn? (a) The resultant of the 
system is zero. (b) The resultant isa couple. (c) The resultant may be zero or a 
couple. 

126. In finding, by the algebraic method, the resultant of a coplanar, non- 
concurrent force system, what information about the resultant is found by applying 
the principle of moments (a) when the resultant is a force and (b) when the resultant 
is a couple? 

127. If it is known that the resultant of a coplanar force system is a force and that 
the algebraic sum of the moments of the forces about a point in the plane of the 
forces is zero, what can be said about the resultant force? , - 

128. A force system consisting of two couples acts on a body. (a) If the force 
system has a resultant, must it bea couple? (6) If the system has no resultant must 
the two couples lie in the same plane? 

129. Given two systems of forces that lie in the same plane, one of the systems 
being concurrent and the other non-concurrent. For each force in the concurrent 
system there is a corresponding force in the non-concurrent system having the same 
magnitude, direction, and sense. Which two of the following statements concerning 
the resultants of the two systems are correct? (a) If the resultant of the concurrent 
system is a force, the resultant of the non-concurrent system is an equal parallel 
force. (6) If the resultant of the concurrent system is zero, the resultant of the non- 
concurrent system is also zero. (c) If the resultant of the concurrent system is zero, 
the resultant of the non-concurrent system is a couple. (d) If the resultant of the 
concurrent system is zero, the resultant of the non-concurrent system is either zero 
or a couple. 


40Ib, 20 Ib, 


110 Ib. 


1 
1 
| 
L<—-8!- {eg ple gt oie Nat! 
2 ‘ 
Fra. 86. Fia. 87. 


130. Show that the force R in Fig. 86 is the resultant of the other four forces 
acting on the body. 


131. Replace the four forces acting on the bar AB (Fig. 87) by a single force that 


~ 
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will produce the same reactions at A and B. Solve by the algebraic method. 
Represent the resultant force by a vector in the diagram. 
Ans. R = 53.9 lb.; 0, = 205° 47’; a = 2.67 ft. 
132. Solve the preceding problem by use of a force and a string polygon. 
133. Determine the resultant of the three forces shown in Fig. 88. Hach side of 
the triangle is 2 ft. in length. Ans Ca lieolbs<tt. 


Fig. 88. 


134. Show that the force R in Fig. 89 is the resultant of the other five parallel 
forces shown. 

135. The values of P and Q in Fig. 90 are 40 lb. and 15 lb., respectively. Repre- 
sent each of the two couples by a vector and, by the parallelogram law, determine 
the vector that represents the resultant couple. Would the couple consisting of the 
two 12.5-lb. forces shown in Fig. 90 have the same external effect on the body as 
would the two given couples? 


CHAPTER III 
EQUILIBRIUM OF FORCE SYSTEMS 


$1. InTRODUCTION 


37. Preliminary.—In the preceding chapter equations and graphical 
constructions were developed by the use of which the resultants of the 
various force systems may be determined. In the present chapter are 
determined the algebraic and graphical conditions of equilibrium for 
the various force systems, that is, the conditions which the forces of the 
various systems must satisfy in order that the resultants of the systems 
shall be equal to zero. These conditions may be expressed by means of 
algebraic equations which the forces must satisfy, called the equations 
of equilibrium, or by stating the conditions which graphical diagrams 
involving the forces, such as force and string polygons, must satisfy. 
Diagrams which satisfy these conditions are sometimes called equilibrium 
diagrams or equilibrium polygons. 

Many problems in engineering practice involve bodies which are in 
equilibrium under the action of a system of forces as, for example, a 
bridge, roof-truss, crane, etc. In such problems certain characteristics 
of the forces acting on the body may be unknown, as, for example, the 
magnitude or the direction of one or more of the forces. If the number 
of unknown characteristics in a force system that is in equilibrium is not 
greater than the number of equations of equilibrium for that system, the 
system is said to be statically determinate and all the unknown charac- 
teristics may be found from the equations of equilibrium for the 
system. 

If the number of unknown characteristics in a force system is greater 
than the number of equations of equilibrium for that particular force 
system, the force system is said to be statically indeterminate, as, for 
example, the forces which act on a horizontal beam which rests on three 
or more supports and carries known vertical loads. The beam is in 
equilibrium under the action of a system of coplanar, parallel forces all 
of which are known except the three upward reactions of the supports. 
As is shown in Art. 43, there are only two independent equations of 
equilibrium for such a force system, and hence the three reactions can- 
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not be found from the equations of equilibrium alone. The force 
system is therefore statically indeterminate. 

38. Graphical Conditions of Equilibrium.—In the previous chapter 
it was shown that the resultant of an unbalanced force system in a 
plane is either a foree or a couple. Furthermore, it was shown that if 
the resultant is a force, it is represented in magnitude and in direction 
by the closing side of the force polygon, and that if the resultant is a 
couple, the two forces of the couple act along the first and last strings 
of the string polygon. Hence, if the force polygon closes, the resultant 
cannot be a force but may be a couple. If, however, the string polygon 
also closes, that is, if the first and last strings along which the two forces 
of the couple act are collinear, the two forces cancel and hence the 
resultant couple vanishes. There are, then, two conditions which the 
forces of a coplanar force system must satisfy if they have no resultant, 
that is, if the forces are in equilibrium. 

(1) The force polygon must close. If this condition is satisfied the 
resultant cannot be a force. 

(2) The string or funicular polygon must close. If this condition 
is satisfied the resultant cannot be a couple. 

39. Algebraic Conditions of Equilibrium.—The two conditions which 
the graphical diagrams for a balanced force system must satisfy, as 
stated in the preceding article, 
may also be expressed alge- 
braically. Thus, if the force 
polygon closes, the projections 
(components) of the forces on 
any line also form a closed 
polygon, as shown in Fig. 91, 
and since these components are 
collinear their vector sum is 
the same as their algebraic sum. 
Hence, the fact that the force 
polygon for the components closes may be expressed by stating that 
the algebraic sum of the components of the forces in any direction is 
equal to zero. 

If the string or funicular polygon closes, the resultant cannot be a 
couple, since the first and last strings of the funicular polygon are 
collinear and hence the algebraic sum of the moments, about any point, 
of the two equal and opposite forces which act along these strings is 
equal to zero. But the algebraic sum of the moments of these two 
forces is equal to the algebraic sum of the moments of the forces of the 
system. Therefore, the statement that the funicular polygon must 
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close is equivalent to the statement that the algebraic sum of the 
moments of the forces of the system must equal zero. Hence the 
algebraic conditions of equilibrium are: 

(1) The algebraic sum of the components of the forces in any direc- 
tion must equal zero. 

(2) The algebraic sum of the moments of the forces about any point 
must equal zero. 

An infinite number of equations could be written in accordance with 
these conditions by taking different directions of resolution and different 
moment centers, but not all of the equations would be independent. 
The number of independent equations is different for the various force 
systems, as will be discussed in the succeeding articles, but for any force 
system the independent equations of equilibrium are the equations 
which are necessary and sufficient to ensure that the resultant of that 
particular forcé system shall be equal to zero. 

If a given body is in equilibrium under the influence of a system of 
forces some of which are unknown, wholly or in part, these unknowns 
may be found by applying the equations of equilibrium which apply to 
that particular system of forces. 

If the number of unknowns in a system of forces which is in equi- 
librium is equal to the number of independent equations of equilibrium 
for that particular system, the determination of all the unknowns 
involves the use of all the equations of equilibrium. Frequently, how- 
ever, it is not required to determine all the unknowns in such a system, 
for a single unknown only may be required, as, for example, the magni- 
tude of a certain force, the line of action and sense of which is known. 
In such cases the unknown may frequently be found by using only one 
of the equations of equilibrium. In applying the equilibrium equations, 
the work may be materially simplified by properly selecting the direc- 
tions of resolution and the moment axes or moment centers. 

Before applying the equations of equilibrium to any system of forces 
which holds a body in equilibrium it is important to have a clear idea 
of the forees which act on the body. For this purpose it is necessary to 
construct a free-body diagram which will be explained in the following 
article. 

40. Free-Body Diagram.—A free-body diagram is a diagram in which 
aré shown an isolated (free) body and all the forces exerted by other bodies on 
the given body. It does not show the forces exerted by the given body on 
other bodies. It is important to note that all the forces acting on the 
body considered must be shown; the student is likely to overlook and 
omit a force from the free-body diagram. On the other hand it must 
be remembered that a force cannot exist unless there is a body to exert 
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the force; the student frequently sh@ws a force in the free-body diagram 
when there is no body present to exert the force shown. The number of 
forces in the free-body diagram is determined by noting the number of 
bodies that exert forces on the given body; these forces may be either 
forces of contact or body forces, the most important body force being 
the earth-pull on (or weight of) a body. 

The word free in the name ‘“free-body diagram”? emphasizes the 
idea that all the bodies exerting forces on the given body are removed 
or withdrawn and are replaced by the forces they exert; it is considered 
undesirable to show both the bodies and the forces exerted by them. 
However, it is sometimes convenient to indicate, by light-weight dotted 
lines, the faint outlines of the bodies removed, in order to make more 
evident the geometry and dimensions involved in the problem. 

Types of Reaction Involvedi—In drawing a free-body diagram of a 
given body, certain assumptions are frequently made as to the nature 
of the forces (reactions) exerted by other bodies on the given body. The 
more common assumptions are the following: (a) If a surface of contact 
at which a force is applied by one body to another body has only a small 
degree of roughness, it may be assumed to be smooth (frictionless), and 
hence the action (or reaction) of the one body on the other is directed 
normal to the surface of contact. (One method of indicating a smooth 
surface is shown at point B in Fig. 94); (6) A body that possesses only 
a small degree of bending stiffness, such as a cord, rope, chain, etc., may 
be considered to be perfectly flexible, and hence the pull of such a body 
on any other body is directed along the axis of the flexible body. 

Further, in drawing the free-body diagram of a body, if one of the 
forces acting on the body is unknown in direction, as well as in magni- 
tude (such as a pin reaction in a pin-connected structure), it is frequently 
convenient to show two rectangular components of the force instead of 
the single force, and thus deal with two forces each being known in 
direction but unknown in magnitude. After solving for the two rec- 
tangular components their resultant, which is the original force, may be 
found both in magnitude and in direction. 

Method of Showing an Internal Force in the Free-Body Diagram.—The 
term “ given body” used in the definition of a free-body diagram may 
mean any definite portion of material and frequently is taken as a por- 
tion, only, of a physical object such as an eye-bar in a bridge or a connect- 
ing rod in a gas engine. Likewise, the given body may be taken as a 
group of physical bodies joined together (considered as one body), such 
as the whole bridge or the whole engine. 

The forces in a free-body diagram, however, are external forces, 
that is. forces exerted by other (outside) bodies on the given body. The 
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question then arises: How can a portion of a physical body be con- 
sidered as the body in a free-body diagram when such a diagram involves 
only external forces? The method is as follows: Let a plane be assumed 
to pass through the body severing from the body that portion of it 
which is to be considered in the free-body diagram. This severed 
portion is now considered as the “free” body, and the force (or forces) 
that was exerted on it at the severed (or cut) section by the other part 
of the body (before the severed portion was removed) is now external 
to the severed portion and will be shown in the free-body diagram of the 
severed portion together with all the original external forces that act 
on this severed portion. 

Most of the ideas discussed in this article are illustrated in the 
following problem. 


ILLUSTRATIVE PROBLEM 


Problem 136.—A homogeneous cylinder weighing 100 lb. and having a radius 
of 1 ft. rests between two smooth planes OA and OB, as shown in Fig. 92(a). 


Member OB is attached to the vertical wall at O by a smooth pin. Similarly the 
horizontal cable is attached at A and B by smooth pins. The weights of OB and AB 
may be assumed to be negligible. Draw a free-body diagram of (a) the cylinder and 
(b) the bar OB with one-half of the cable AB attached (considered as one body). 

Solution.—(a) The cylinder is acted on by three (and only three) bodies; namely, 
the earth, the vertical plane and the bar OB. There will be, therefore, three (and 
only three) forces in the free-body diagram. Further, since all the surfaces of con- 
tact are assumed to be smooth, the force P exerted by the vertical wall on the cylinder 
will be normal to the wall and hence horizontal as shown in Fig. 92(6); for the same 
reason Q, the force exerted by the bar OB on the cylinder, is normal to OB. Figure 
92(b) is then the free-body diagram of the cylinder since it shows the cylinder alone 
or free from the other bodies (even though the bodies of contact are shown faintly 
as dotted lines) with all the forces acting on it. It will be observed that the forces 
whose magnitudes are unknown are represented by dashed-line vectors, and the forces 
whose magnitudes are known by solid-line vectors; this method or some other con- 
venient method (such as representing the unknown forees by colored lines) for dis- 
tinguishing between known and unknown forces is very desirable. 
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(6) The body for which a free-body diagram is required is shown as OBC in 
Fig. 92(c). A plane is assumed to have been passed through the cable at its mid-_ 
point C, and the force exerted at the severed section (or cut section) by the left half 
(that has been removed) on the body OBC is shown as 7’; this force acts along the 
cable since the cable is assumed to be flexible. There are, then, three bodies acting 
on OBC; namely, the left half of the cable, the cylinder, and the pin at O. Hence 
there are three (and only three) forces acting on the body OBC; namely, the force T, 
the force Q perpendicular to OB (equal and opposite to Q in Fig. 92b); and the 
pressure of the pin at O; this pin pressure is unknown in direction as well as in 
magnitude, for although it is directed normal to the surfaces of contact since the pin 
is smooth, the point (or line) of contact on the two surfaces is unknown. It will be 
convenient to replace the pin pressure by its two components O, and O, as shown 
in Fig. 92(c). It should be noted that the force at O is denoted by the same letter 
as the point, and that the components of the force are denoted by subscripts on the 
letter. This has the disadvantage of using a letter for two purposes but is otherwise 
convenient. Another convenient notation is to denote the horizontal component of 
a force (or component parallel to the x-axis) at a point (O, say) as H, and the vertical 
component (or component parallel to the y-axis) as Vo. Another convention is to 
designate the reaction at a point (O, say) by Ro. This latter method has the dis- 
advantage of requiring two subscripts to denote a component of a force. For exam- 
ple, the z-component of a force at O would be designated by (.)z or Roz. Some 
consistent and convenient notation is highly desirable in designating forces in free- 
body diagrams, especially for problems involving many forces. 
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137. A cylinder weighing 100 Ib. is supported by a flexible cable and a smooth 
inclined plane as shown in Fig. 93. Consider as a free body the cylinder and one- 
half of the attached cable, and draw the free-body diagram of this body. 


Fia, 93. 


138. In Fig. 94 is shown a truss supported by a smooth pin at C and a smooth 
surface at B. Draw a free-body diagram of the whole truss, considered as a free 
body. Neglect the weight of the truss. 

139. In Fig. 95, two bars HD and HB are connected by a smooth pin at C. At 
H and E are smooth rollers, and the surface at K is smooth. A body M weighing 
100 lb. is attached to the bar HB by a flexible cable. Draw a free-body diagram of 
(a) the two bars and the roller at H, considered as one body; (6) the bar HB, the 
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cable, and the attached body M, considered as one body; and (c) the bar HD. Neg- 
_lect the weights of the bars. 


§ 2. CoLLINEAR ForcEs 


41. Equations of Equilibrium.—A system of collinear forces is in 
equilibrium if the forces of the system satisfy either of the following 


equations: 
Shoe: O's cp 75 eae ee ee 


or 
LM = 0 an ae Se 


where A is any point not on the action line of the forces. 

Proof.—As shown in Art. 22, if a collinear force system is not in 
equilibrium, the resultant of the force system is a force having the same 
action line as the forces and having a magnitude, R, which is given by 
the equation, R = LF. If the forces of the system satisfy the equation 
xF = 0, the resultant is not a force and therefore the system is in 
equilibrium. The equation 2M, = 0 is also sufficient to ensure equi- 
librium, for if the forces of the system satisfy this equation, the resultant 
force must, in accordance with the principle of moments, pass through 
the point A. But this is impossible since the resultant force, if there 
be one, has the same line of action as the forces and hence cannot pass 
freuen A. 

Therefore, if either one of the equations (A) and (B) is satisfied, the 
resultant is equal to zero and hence there is but one independent equa- 
tion of equilibrium for a collinear force system. 


ILLUSTRATIVE PROBLEM 


Problem 140.—Two men pull on the ends of a rope with forces of 100 lb. each 
(Fig. 96a). What is the tensile stress in the rope? 

Solution.—Suppose the rope to be divided into two parts A and B as shown in 
Fig. 96(b). Consider as a free body the part A. The forces acting on A are two in 
number, namely, the 100-lb. force and the force exerted by B on A. The latter is 

the internal stress required. 


ee. 100 Ib. Let this stress be denoted by S. 
aC) The equation of equilibrium 
100 Ib. 100 Ib, then becomes: 
ee ee ee S_-—*# — 10010, os 
2F = S — 100 = 0. 
(d) 
Fig. 96. Therefore 
S = 100 lb. 


Obviously, B could have been taken as the free body and the same result would have 
been obtained. 

It should be noted that while S is an internal force (stress) when the rope as a 
whole is considered, it becomes an external force acting on part A when A is consid- 
ered as a free body. 
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Two-Force Member.—If a body or a member of a structure is held in 
equilibrium by two forces only, the two forces, must be equal, opposite, 
and collinear. If the body on which the two forces act is of prismatic 
form such as a straight bar or a cable and the forces are applied at the 
ends of the member, the internal stress in the member is numerically 
equal to each of the applied forces and is collinear with them as was 
found in Prob. 140. Such a member is called a two-force member. 

Examples of two-force members will be encountered in many subse- 
quent problems, especially in determining stresses in pin-connected, 
pin-loaded trusses. Stresses in members that are acted on by more 
than two forces are considered in the subject of Resistance of Materials. 


§ 3. CopLANAR, CONCURRENT, NON-PARALLEL ForcES 


42. Equations of Equilibrium.—A system of coplanar, concurrent 
forces is in equilibrium if the forces of the system satisfy the following 
equations: 

Was a) 


(A) 
=F, = 0 


where x and y denote any two non-parallel lines in the plane. It is 
convenient, however, to take as the two lines a set of rectangular axes 
with the point of concurrence of the forces as origin. 

Proof.—In Art. 24 it was shown that if a concurrent system of 
forces in a plane is not in equilibrium the resultant is a force whose 
compqnents are equal to ZF, and ZF,. If, then, the forces of the system 
satisfy the equation =F, = 0 the resultant cannot have a component 
along the z-axis, and if the equation ZF’, = 0 is satisfied the resultant 
cannot have a component along the y-axis. Therefore, if both of these 
equations are satisfied, the resultant cannot be a force and hence the 
system must be in equilibrium. There are, then, only two independent 
equations of equilibrium for a coplanar, concurrent system of forces. 

Another set of independent equations which, if satisfied by the forces 
of a coplanar, concurrent force system, are sufficient to ensure equilibrium 
may be expressed as follows: 

0 


=M, = 0 


(B) 


where x denotes any line in the plane (taken for convenience as one of 
two rectangular axes through the point of concurrence of the forces) 
and A is any point in the plane not on the y-axis. 

Proof.—If the forces of the system satisfy the equation 2F, = 0, 
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the resultant cannot have a component along the z-axis, that is, the 
resultant, if there be one, must lie along the y-axis. If the equation 
=M, = 0 is satisfied, the resultant, if there be one, must pass through 
the point A in accordance with the principle of moments. It is 
impossible for a force to satisfy these two conditions simultaneously 
and hence, if both the equations are satisfied by the forces of the system, 
the system is in equilibrium. 

A third set of equations of equilibrium for a coplanar, concurrent 


force system is as follows: 
xM, =0 


2M, = 0 


(C) 


where A and B are any two points in the plane of forces, provided that 

the line joining A and B does not pass through the point at which the 

forces are concurrent. The proof that these equations are sufficient to 
ensure equilibrium will be left to the student. 

Three Forces in Equilibrium.—tlf three coplanar, non-parallel forces 

are in equilibrium the forces must be concurrent. In order that the 

three forces shall be in equilibrium, the 

resultant of any two of the forces must be 

A c a force which is collinear with the third 

force, of equal magnitude, and of opposite 

Re sense. But the resultant of the two forces 

will have the same line of action as the 

third force only if the two intersect on 

(d) the action line of the third force in which 

case the three forces are concurrent. This 

principle is of considerable importance, 

‘Fra. 97. as it simplifies the solution of many prob- 

lems. Consider, for example, the crane 

shown in Fig. 97(a). The forces acting on the crane are the reaction R,; 

at the upper end (assumed to be horizontal), the load W, the weight of 

the crane (not shown), and the reaction Rz at the lower end, the direction 

of the latter force being unknown. ‘The load W and the weight of the 

crane may be replaced by a single resultant force, R, and the system will 

then consist of three forces, Ry, Ro, and R. Since the three forces must 

be concurrent, . must pass through the point of intersection of R, 

and Jt, and hence its action line is determined as indicated by the dotted 

line. The magnitudes of the reactions Ry and Rg may now be deter- 

mined by drawing the force polygon (Fig. 97b). The force polygon is 

constructed by drawing AB to represent the known force R and by 

drawing from A and B lines parallel to Ry and Ro, respectively, which 
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intersect at C. The reaction R, is represented by CA, and fz is repre- 
sented by BC. 

Convention Concerning Direction and Sense of an Unknown Force.—In 
many problems that involve the equilibrium of force systems, the action 
line of one (or more) of the forces may be known but the magnitude and 
sense may be unknown. In many cases the sense of such a force is 
evident by inspection and the force may be shown in the free-body dia- 
gram with the proper sense. If, however, it is not obvious by inspection, 
the sense may be assumed, and if on solving for the unknown force its 
sign is found to be positive, the assumed sense is correct; if the sign is 
negative the sense is opposite to that assumed. 

Again, in some problems in equilibrium, only a point on the line of 
action of a force is known, the direction, sense and magnitude of the 
force being unknown. In this case it will generally be convenient to 
represent the force in the free-body diagram by means of its two compo- 
nents parallel to the coordinate axes; the direction of each component 
is then known, but the sense and magnitude are unknown. If the sense 
of either or-both of the components is evident by inspection, the compo- 
nent (or components) should be shown in the free-body diagram with the 
proper sense. If, however, the sense of a component is not evident it 
may be shown as having a positive sense and if on solving for the compo- 
nent the sign is found to be positive, the sense is positive as assumed; if 
the sign is negative the sense is opposite to that assumed. 


ILLUSTRATIVE PROBLEMS 


Probtem 141.—A body is held in equilibrium by a system of three concurrent 
forces as shown in Fig. 98. Find the values of P and 0. 


Fia. 98. 


Solution.—The equations of equilibrium are: 
LF, = P cos 6 — 10 cos 30° — 20 cos 45° = 0, 


8, IPOs SG gee OPEN 5 oo 5 so oo {th 
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ZF, = Psin 6 + 10sin 30° — 20 sin 45° = 0, 
* Psind = 1444 — 5.00 = 9.141 ee ee) 
By dividing (2) by (1), @ may be obtained. Thus 


9.14 
SS fo 8 = 212507 
tan @ = 99.80 
By squaring and adding (1) and (2), P may be obtained. Thus 
P? = (22.80)? + (9.14)? = 603.5, ay P= 245 Ibs 


Problem 142.—Figure 99(a) represents a lower panel point of a pin-connected 
Pratt truss. The stresses in two of the members are 1000 lb. and 3000 lb. as shown. 
Find the stresses, P and Q, in the other members. 


B 8000 Ib. A 


1000 Ib, 


1 in.=2000 lb. 


C CD=Q=2000 Ib. ~ D 
(0) 


Algebraic Solution — 
ZF; = Q)-- P cos 45° — 3000 = 05. SF =e 
ZF, = Psin45°—1000=0....2.+.+.-.. () 
From (2) 
1000 
P= = 1414 |b. 


sin 45° 


Substituting in 1, 


Q = 3000 — 1414 cos 45° 


= 3000 — 1000 = 2000 lb. 


Graphical Solution.—The problem may be solved graphically by constructing a 
closed force polygon as shown in Fig. 99(b). The polygon is constructed as follows: 
Vectors AB and BC are drawn to represent the 3000-lb. and 1000-lb. forces, respec- 
tively. A line is then drawn from C parallel to the direction of the force Q and a line 
is drawn from A parallel to the direction of the foree P. These lines intersect at D. , 
Qis then represented by CD and P by DA. The magnitudes of Q and P are found by 
measuring, according to the scale indicated, to be 2000 lb. and 1410 Ib., respectively. 


Problem 143.—Two bodies A and B (Fig. 100) weighing 200 lb. and 50 lb., 
respectively, are held in equilibrium on smooth rods by a connecting flexible cable 
that makes an angle @ with the horizontal. Find the reactions of the rods on the 
bodies, the tensile stress in the cable, and the angle @. 
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Solution.—A free-body diagram of body A and a small part of the attached cable, 
considered as one body, is shown in Fig. 100(b). This body is acted on by a coplanar, 
concurrent force system consisting of the force 7’ exerted by the part of the cable 
removed (and hence is the tensile stress in the cable), the reaction R4 of the rod, 
and the earth-pull of 200 Ib. There are three unknown quantities in the diagram; 
namely, the magnitude and direction of 7’ and the magnitude of Ra(T, 0, and Ra), 
and since there are only two equations of equilibrium for a coplanar concurrent force 
system, all three of the unknown quantities cannot be found, that is, the force system 
is statically indeterminate. ‘Therefore a free-body diagram of the body B is drawn 


A Y 
\ B x 
6 
ee x 
Qe 50 Ib.) 
epegictte ieee 60", 
200 Ib, 
(a) (b) (c) 
Fria. 100. 


(Fig. 100c), to see if the force system acting on B is statically determinate. If this 
system is found to be statically determinate, the value of 7’ could be found and this 
value used for the force 7’ in the force system acting on body A, thus making the force 
system acting on body A statically determinate. 

The force system acting on B, however, is also found to be statically indeterminate 
since three unknown quantities (7, 0, and Rg) are involved. However, since the 
forces 7’ in Fig. 100(6) and 7 in Fig. 100(c) are identical (except in sense) it is seen 
that in the two force systems there are only four unknown quantities (T, 0, R., Rp) 
and these may be found from the four equations of equilibrium (two for each of the 
force systems) that can be written. Applying the equations of equilibrium we have, 
then « 


ih SS Co STEAM 5 6 56 6 o mo o o o (CD 
For A 
2H, =) 1 sin 6 Ra cos' 307 — 200)= 0" 2. . 5 6 = (2) 
DF, = — Tcos@+ Rp cos 30° =0. : 5 6 (&) 
For B 
2p — — le sini@)- psi 30 200k 0 Wen eee ey eer) 
Eliminating R4 from (1) and (2), we find 
T cos (30° — @) = 100 ose re eemn (CD) 
Eliminating Rg from (3) and (4), we find 
fF gin (GW? =O) 4B 6 6 6 o 4 op oo WO 


Dividing (6) by (5), we have tan (30° — @) = 0.433 


Hence 
30° — 6 = taney. 01433 = 238° 257, B= O° Bay 


Substituting the value of @ in (5) we find 7 = 109 lb. 
Substituting the values of 7’ and @ in (1) and (3) we find 


At — OG lb wanden pelo los 
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PROBLEMS 


144. A sphere weighing 100 lb. rests against two smooth planes that form a 
V-shaped trough. The right-hand plane makes an angle of 30° with the horizontal, 
and the angle between the two planes is 105°. Find the reactions of the planes on 
the sphere. 


145. A sphere which weighs 40 Ib. is held on a smooth inclined plane by means 
of a flexible cord which is attached to a ceiling as shown in Fig. 93. Determine the 
pressure R of the plane against the sphere and the tension T in the cord. 

Ans. R = 7.39 lb.; T = 36.9 lb. 


146. A body weighing 60 Ib. is held in equilibrium on a smooth horizontal surface 
by two flexible cords which pass over frictionless pulleys and carry suspended weights 
of 30 lb. and 50 lb. as shown in Fig. 101. Find the reaction of the surface on the 
body and the angle 6 that one cord makes with the horizontal. 


Pres Ole 


147. In Fig. 102 is shown a bell-crank mounted on a smooth pin at O and sub- 
jected to a force of 80 lb. at A as shown, causing the bell-crank to press against a 
smooth stop at B: Find the pin pressure at O and the reaction at B. Solve graphi- 
cally, observing that three non-parallel forces in equilibrium must be concurrent. 

Ans. Ro = 115 Ib.; 6; = 52°50’; Re= 51.5 Ib. 


148. A body weighing 100 Ib. is suspended from a ceiling by a string 4 ft. long. 
At the mid-point of the string is attached another string by means of which a hori- 
zontal force of 50 lb. is applied. Find the tension in the upper half of the string and 
its inclination to the horizontal. 


149. The truss shown in Fig. 94 is supported by smooth rollers at B and by a 
smooth pin at C. A load of 10 tons is applied at A as shown. Find the reactions of 
the pins at B and C on the truss. Solve algebraically by use of equations (B) of 
Art. 42, observing that three non-parallel, coplanar forces that are in equilibrium 
must be concurrent. In applying the equations of equilibrium, assume the z-axis 
to be horizontal and choose the point C as the moment-center. 

Ans. Rp = 17.7 tons; Rc = 12.7 tons. 


150. A uniform beam weighing W Ib. rests with its ends on two smooth planes 
that make angles of 30° and 60° with the horizontal. The planes intersect in a 
horizontal line and the angle between the planes is 90°. Find the inclination of the 
beam to the horizontal. 


15% In Vig. 103, when r is zero, the tension in the spring Sis 501b. The modulus 
of the spring is 58 lb. per in. Find the tension 7’ in the spring in pounds when 
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r = 3 in. and also find the pulls P, P required to cause this spring tension. What is 
the total stretch s of the spring? 
Ans. JT = 94.1 lb.; P =23.5 1b.; s = 1.62 in. 


Fig. 103. Fia. 104. 


152. In Fig. 104 are shown three smooth homogeneous cylinders whose radii are 
equal. If each cylinder weighs 100 lb., what are the pressures on cylinder A of the 
vertical and horizontal surfaces at D and E, respectively. 

Ans. Rp = 50 lb.; Rz = 150 lb. 


153. A body weighing 20 lb. is held in equilibrium by four cords as shown in 
Fig. 105. What are the stresses in cords A, B, and C? Solve by use of equations 
(A) of Art, 42. 


p 
w 
— 
a 


¥ 


<— 10 minus 


Fia. 105. Fia. 106. 


Ar 


4154, A body A rests on a platform (Fig. 106). The platform is suspended from 
the top cross-bar of a frame by two ropes B, B. The mid-points of the ropes are 
connected by another rope C. At the center of the rope C a vertical pull P is exerted 
by a man standing on the cross-bar. Before the pull P is applied, the ropes B, B 
are vertical and 10 ft. long and the rope C is horizontal and 7 ft. long. The body A 
is placed at the center of the platform and the weight of A and the platform is 
2000 Ib. What force P must the man exert to support the platform (a) 1 in. above 
its original position; (b) 5 in. above its original position? Solve graphically using 
sealesvl in. = 2 ft. and 1 im. = 2001b.- Ans. (a) P = 33851b.; (6) P = 1155 lb. 

155. In the cone clutch shown in Fig. 107, the force P acting vertically on the 
~ bell-crank as shown produces a normal pressure at the surface of contact of the clutch 
of 15 Ib. per sq. in. If @ = 124°, find the force P and the reaction R on the bell- 


? 
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crank of the smooth pin at the fixed point of the bell-crank. Disregard friction 
between the two parts of the clutch. 
Ans. P = 196lb.; R = 416 lb.; 6, = 208° 8’. 


Fria. 107. Fia. 108. 


6 


156. Two bodies weighing 75 lb. and 100 lb. rest on a smooth cylinder and are 
connected by a cord as shown in Fig. 108. Find the reactions of the cylinder on the 
bodies, the tension in the cord, and the value of @. 


§ 4. Coptanar, NON-CONCURRENT, PARALLEL FORCES 


43. Equations of Equilibrium.—A coplanar, parallel force system is 
in equilibrium if the forces of the system satisfy the equations 


LF = 0 
2M, = 0 


where A is any point in the plane of the forces. 

Proof —According to Art. 27, the resultant of a coplanar, parallel 
force system which is not in equilibrium is either a force or a couple. If 
the resultant is a force, the magnitude, R, is expressed by the equation 
k = 2F, and if the resultant is a couple the moment, C, is expressed by 
the equation C = 2M. If the forces of the system satisfy the equation 
2F = 0, the resultant is not a force and if the equation 2M 4 = 0 is 
satisfied the resultant is not a couple. Hence, if both equations are 
satisfied the resultant of the force system can be neither a force nor a 
couple and therefore the system is in equilibrium. Two equations, then, 
are necessary and sufficient to ensure that the forces are in equilibrium. 
In other words, there are only two independent equations of equilibrium 
for a system of parallel forces in a plane. 

Another set of equations of equilibrium for a system of coplanar, 
parallel forces may be written as follows: 


SMO 
Si Oe 


(A) 


oe agrees MCS) 


ILLUSTRATIVE PROBLEMS 79 


where A and B are any two points in the plane, provided that the line 
connecting A and B is not parallel to the forces of the system. It will be 
left to the student to prove that these equations are sufficient and 
necessary to ensure that the forces are in equilibrium. 


ILLUSTRATIVE PROBLEMS 


Problem 157. A load of 1200 lb. is applied to a beam A B as shown in Fig. 109(a). 
The left end of the beam is carried by a smooth roller resting on a second beam CD. 
Find the reactions on the second beam at C and D. 


Solutton.—The free-body diagrams for the two beams are shown in Fig. 109(b) 
and 109(c). Considering the beam AB as a free body and using the equation 
2M a = 0, we have 

2Ma = 1200X9—ReX12=0, ~~. Rg = 900 ]b. 
There is, then, a load of 900 Ib. acting on the beam CD at B. Next considering the 
beam CD as a free body, the two reactions Rc and Rp may be found by applying 


either set of equilibrium equations of Art. 43. Thus, using the equations 2M¢ = 0 
and 2Mp = 0, the two reactions may be found as follows: 


2Mc = Rp X 10 — 900 X 6 = 0, “. Rp = 540 lb. 
2Mp = —Rc X 10+ 900 X4=0, -. Re = 360 lb. 


1200 lb. 


~ 2000 Ib. 2000 Ib. 


Fia. 109. Fia. 110. 
Problem 158.—A beam 12 ft. long carries three loads as shown in Fig. 110. 
Find the reactions at the ends of the beam. Solve algebraically and graphically. 
Algebraic Solution.— 
2Mep = —12R; + 1000 X 10 + 2000 x 7 + 2000 x 4 = 0, 


12R1 = 32,000, se lea =, 2007 Ib; 
2M, = 12R2 — 1000 x 2 — 2000 X 5 — 2000 X 8 = 0, 
12R, = 28,000, “. Ro = 2333 Ib. 


In order to check the results the equation 2¥ = 0 may be applied. Thus, 
2667 + 2333 — 1000 — 2000 — 2000 = 0. 
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Graphical Solution.—In order to determine the reactions by the graphical method, 
a force and a funicular polygon are constructed as shown in Fig. 111. Since the forces 
are in equilibrium the two polygons must close. The three known forces are repre- 
sented by AB, BC, and CD. The right reaction will be represented by DE, the 
position of the point EH being as yet unknown. Obviously the left reaction will bé 
represented by EA since the force polygon must close. The strings oa, ob, oc, and od 
of the funicular polygon are drawn parallel to the corresponding rays. Since the 
string oe must intersect the string oa on ea and since oe must also intersect the string 


Scale.1 in.=10 ft. 


~ 
D 77 Scale. 1 in. =4000 Ib, 


Trcen alae 


od on de, the position of the string oe is determined. The direction of the ray OE 
is now determined also, since it must be parallel to the string oe. Hence # is the 
point where a line drawn through O parallel to oe intersects the line AD. The mag- 
nitudes of DE and HA are found, from the diagram, to be 2330 lb. and 2670 Ib., 
which agree closely with the values found by the algebraic method of solution. 


= PROBLEMS 


159. A beam 14 ft. long carries a concentrated load of 1000 Ib. and a uniformly 
distributed load of 200 lb. per linear foot as shown in Fig. 112. If the weight of the 
beam is neglected find the reactions at the ends of the beam. 

Ans. Ry, = 1136 lb.; Re = 1264 lb. 


Wag? WH H 
[¢—_———— 99° eee 


Hie. 12. Fra. 113. 


160. The beam shown in Fig. 113 weighs 10 lb. per linear foot. Find the reac- 
tions due to the weight of the beam and the loads shown. 


161. A bar 8 ft. long is held in equilibrium by the three forces shown in Fig. 114 
and two forces acting along the lines ef and de. Find the magnitudes and senses of 
the twe forces, 
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162. A beam 8 ft. long rests on two horizontal supports and is loaded as shown 
in Fig. 115. If the weights of the beams are neglected, find the reactions Ri and Re 
at the points of support. Solve by twe methods; (a) by considering the entire 
system of beams as a free body, and (b) by considering each of the beams as a free 
body. Ans. Ri = 6714 Ibi; Re = 2286 lb. 


8000 Ib. 


nm { Fie. 114. Fia. 115. 

163. A rigid frame M (Fig. 116) is supported by a smooth pin at O and has 
attached to it by flexible cords bodies weighing 20 lb. and 40 lb. at points A and B, 
respectively. Determine the reaction of the pin on the frame and the angle of 
inclination of AB with the horizontal. Neglect the weight of the frame. 

Ans. Ro = 601b.; 0 = 45° 


1000 Ib, 


7] ! 


ee eo jae et 
Fa. 116. Fite. 117. 
[ Py 
164. In Fig. 117 find the reactions at A and B. Also find the reactions at C and D 
on the upper member. : * 
Ans. Ra = 6500 1b.; Rp = 7500 1b.; Ro = 2250 ]b.; Rp = 1250 lb. 
165. In Fig. 118 the beam CE is sup- 
ported by a smooth pin at # and a smooth 
roller at D. The beam AB is supported 
by a smooth pin at A and a smooth roller 
between the two beams, Find the reaction 
of the pin at H on the beam CH. Neglect 
the weights of the beams. 
166. A block and tackle which is at- Fia. 118) . 
tached to a stake driven in the ground is 
used in moving a car by the method shown in Fig. 119. If the holding power of the 
stake is limited, which of the two arrangements shown is preferable, that shown in 


500 Ib. 
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(a) or (b)? If the force that must be applied to the car to cause it to move is 800 
lb., find the value of the force P required to move the car in each of the two arrange- 
ments. Find also the tension 7' in the cable connected to the stake in each case. 


P P . 
WIM E EE WW 
(2) (b) 


Fig. 119. 


167. In Fig. 120 is represented a differential chain hoist. Two sheaves of radii 
ry, and re are fastened together and a continuous chain passes around the small sheave, 
then around a movable pulley of diameter 7; + r2, and then around the larger sheave. 
Neglecting the resistance due to friction, find the relation between the applied force 
F and the load W which it will hold in equilibrium. el Re W (ri — re) 

2r1 


Fia. 120. Fia. 121. Fria. 122. 


168. In Fig. 121 what force P is required to hold in equilibrium a weight W of 2 
tons? 


169. In Fig. 122 is shown a uniform bar AB supported by a smooth pin at A anda 
flexible cord which is attached at B and passes over a pulley that is supported by a 
smooth pin at O. A body D weighing 100 lb. is attached to the bar at C by a flexible 
cord. If the bar weighs 10 lb. per ft. of length what force P must be applied to hold 
the bar in equilibrium in the position shown? Ans, P = 126.7 lb. 
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§5. Copnanar, Non-concurrEenT, Non-PARALLEL Forces 


44, Equations of Equilibrium.—A system of coplanar, non-con- 
current, non-parallel forces is in equilibrium if the forces of the system 
satisfy the equations, 


=F, = 0 
Sim Oe int. cme ieee aaa (A) 
=M, =0 


where x and y denote the coordinate axes and A is any point in the plane 
of the forces. 

Proof —lf a system of coplanar, non-concurrent, non-parallel forces 
is not in equilibrium, the resultant of the system is either a force having 
components equal to ZF, and ZF, or a couple having a moment equal 
to 2M (Art. 30). If the forces of the system satisfy the equation 
=F, = 0, the resultant, if a force, must be parallel to the y-axis. If the 
equation =F, = 0 is satisfied, the resultant, if a force, must be parallel 
to the z-axis. A force cannot be parallel to both the z- and y-axes and 
hence, if the first two equations are satisfied, the resultant of the system 
cannot be a force. If the equation 2M 4 = 0 is satisfied, the resultant 
cannot be a couple. Therefore, if the forces of the system satisfy the 
three equations, the force system is in equilibrium. 

Another set of independent equations of equilibrium for a non- 
concurrent, non-parallel system of forces in a plane may be written 
as follows: 


= 2F, = 0 
iV gat a ec as tee as) hs a RUD 
2M, = 0 


where x denotes any line or axis in the plane of the forces and A and B 
are any two points in the plane, provided that the line AB is not per- 


pendicular to the z-axis. 
A third set of equilibrium equations for the force system here con- 


sidered may be written as follows: 


=M, = 0 
Spe 0 GRO (CO) 
IM =0 


where A, B, and C are any three non-collinear points in the plane of the 
forces. 
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It will be left to the student to prove that either set of equations (B) 
or (C) is sufficient and necessary to ensure the equilibrium of a coplanar, 
non-concurrent, non-parallel system of forces. 

-Any one of the above sets of equations, therefore, may be used te 
determine the unknown quantities in a coplanar, non-concurrent, non- 
parallel force system which is in equilibrium, provided there are not 
more than three such unknowns. 


Choice of Moment-Centers and of Directions of Resolution —In apply- 
ing the equations of equilibrium to a system of coplanar, non-concurrent, 
non-parallel forces in which the magnitudes (and senses) of three forces 
are unknown, the solution may frequently be simplified by selecting the 
moment-centers and the directions of resolution in a particular way. 
For example, in Fig. 123 is represented a portion of a roof-truss which is 

aD 


Ba 


Fia. 123. Fie. 124, 


held in equilibrium by the five forces shown, of which P and R are known 
completely and Ff, Fz, and F3 are unknown in magnitude. By selecting 
C, the intersection of the two unknown forces F’2 and F'3, as a moment- 
center and applying the equilibrium equation 2>M¢ = 0, the force Fy 
may be found from the one equation. Likewise by choosing D as a 
moment-center and applying a second equation of equilibrium, 
2M p = 0, the force F3 may be found directly. Similarly, PF may be 
found by selecting A as the moment-center and applying the third 
equilibrium equation, 2M4=0. Thus by the proper selection of 
moment-centers each of the three equations involves one unknown 
quantity only. 

As another example, consider a body which is held in equilibrium by 
the six forces shown in Fig. 124, all of which are completely known except 
Fy, Fg, and F’3, which are unknown in magnitude. The forces F; and F3 
are parallel. By selecting B as the moment-center, the force F; may 
be found from one equation, namely, 2Mz = 0. Likewise, F3 may be 
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found from the single equation 2M 4 = 0, where A is the intersection of 
the two forces F; and Ff. Further, Fz may be found from the single 
equation >F,, = 0 provided that the y-direction is chosen perpendicular 
to the forces F; and F3. 


ILLUSTRATIVE PROBLEMS 


Problem 170.—The wall bracket shown in Fig. 125(a) consists of a: horizontal 
member AB, which is attached to the wall at A by means of a smooth pin, and a 
rod CB, which is attached to the member AB at B and to the wall at C by means of 
smooth pins. Find the tension, 7’, in the rod and the pin reaction, R, at A if the 
weights of the members are neglected. 


(a) 1000 Ib, 
Fie. 125. 


Solution.—A free-body diagram of the horizontal member is shown in Fig. 125(6). 
There are three unknown quantities in the force system, namely, 7’, R, and 6. Apply- 
ing the three equations of equilibrium we have 


a 2Ma = T X 12sin 30° — 1000 X 10 —400 X4=0, .. (1) 
LOS Oi oe 
DFz = R cos 6 — T cos 30° = 0, 


IPOS CO SIERO CoO’ Sill, 6 6 « ¢ 6 «6 6 6 4 5 CO 


ZF, = Rsiné + T sin 30° — 400 — 1000 = 0, 
*, Rein § = 1400 — 1980.sin 80° = 485lb. . 2 2. 2. 3. 8) 


By solving equations (2) and (3) the following results are obtained, 
1 GON. ee EE 


Problem 171.—A smooth cylinder weighing 120 lb. is supported as shown in 
Fig. 126. The pin at A connecting the frame M to the vertical wall is smooth and 
the weight of M may be neglected. Find the reaction of the pin at A on M, and the 
pressures on the cylinder at B, C, and D. 

Solution.—The frame M and the cylinder, treated as one body, will first be taken 


asafreebody. The free-body diagram for this body is shown in Fig. 126(6), in which 
the components of the pin reaction A are used instead of A itself; there are three 
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unknown forces (indicated by heavy dashed-line vectors). Since the force system 
involved is coplanar, non-concurrent, and non-parallel, there are three equations of 
equilibrium and hence all three unknown forces can be found. Thus applying one 


set of equilibrium equations to the force system in Fig. 126(6), we have , 


DM, = 120 X38 —4D =0 - D =90\|b. 

DF, = Ay — 120 =0 “ Ay = 120Ib. 

=F, =A,—D=0 “ Az = 90 |b. 

— 120 
Hence, A = V 120? + 907 = 150 Ib, 6, = tan = 53°10’. 
Y 
=k 120 Ib, 
D=90 Ib 
Ls ay 
rh 
(2) (¢) 


Fia. 126. 


In order to find the pressures on the cylinder at B and C, a free-body diagram of 
the cylinder is drawn; this is shown in Fig. 126(c) in which the force D is now known. 
There are two unknown forces B and C and since the force system is coplanar and 
concurrent there are two equations of equilibrium and, hence, the two unknowns can 
be found. Thus 


IF, =B—-—990 =0, .. B =90]b. 
=F, = C —120 =0, » C = 120Ib. 
PROBLEMS 


/ 172. In Fig. 127, AB is a bar 6 ft. long and of negligible weight. C is a smooth 
drum. Determine the tension in the cable and the horizental and vertical compo- 
nents of the pin reaction at A on AB, al 


1200 Ib. 1000 Ib, : 
Fra. 127. Fra. 128. ~ 


173, Find the reactions at A and B on the body shown in Fig. 128. Each division 
on the body is 1 ft. long. Ans. A = 2581b.;B = 360 lb.; 6, = 83°12’. 
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174. The bar shown in Fig. 129 is connected to a fixed support by a smooth pin 
at A and rests on a smooth surface at B. Find the reaction at B and the magnitude 
and direction of the pin pressure on AB at A. 


Wo SOow 


Fig. 129. Fia. 130. 


175. In Fig. 180 is shown a frame subjected to 3, horizontal load of 600 Ib. and a 
uniformly distributed vertical ioad of 100 Jb. per ft. Find the reaction at B and the 
horizontal and vertical components of the reaction at A. 


Ans. B = 10501b.; Az =— 600 lb.; Ay = 150 1b. 


176. A bar (Fig. 131) leans against a smooth vertical post and rests with its lower 
end on a smooth horizontal plane, slipping of the lower end being prevented by the 
cord as shown. If the weight of the bar is neglected, find the reaction of the plane at 
A and of the post at B and also find the tension in the cord. 


UY EPEEC|e@qeH@##@##@#U7 th 


Inices, alile 


177. Find the pull of the cable at # on the crane shown in Fig. 132. Find also 
the horizontal and vertical components of the reaction at A due to the 1000-lb. load. 


Ans. T = 8841b.; Az = 625 lb.; Ay = 1625 1b. 


178. The truss in Fig. 133 is loaded as shown. Find the reaction at D and the 
magnitude and direction of the pin reaction at G, neglecting the weight of 
the truss. Are the reactions in a rigid structure influenced by the way in which 
the loads are transmitted to the supports? For example, if the 6000-lb. load 
were applied at / and the 1500-lb. load applied at H, would the reactions be altered? 
Or if the truss were replaced by a solid (weightless) block would the reactions be 


altered? 
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179. In Fig. 134 find the reaction on the truss at G and the horizontal and vertical 


components of the reaction at H due to the loads shown. 
Ans. G = 13,860 lb.; Hz = 12,000 1lb.; Hy = —.1730 lb. 


2400 Th, 


4000 Ib, 
Fra. 188. Fia. 134. 


180. The weight of the cylinder B in Fig. 135 is 200-lb. Assuming that all sur- 
faces of contact are smooth and that the weight of the bar AC is negligible, find all 
forces acting on the bar. 


yFie.135. Fia. 136. 


181. Find the reactions of the smooth pins at A and C on the bar AC of the pin- 
connected frame shown in Fig. 136. Neglect the weights of the members. 
Ans. A = 2691b.; 02 = 26°35’; C = 84-8 1b: 


45. Graphical Solution of a Typical Problem.—Any problem which 
involves a balanced, non-concurrent, non-parallel force system in a plane, 
in which not more than three characteristics of the forces are unknown 
may be solved graphically as well as algebraically. A graphical method 
of solution making use of force and string polygons, for one typical 
problem will here be discussed. In the force system considered, all of 
the forces will be assumed to be known completely except two, the 
action line of one of these two being known and also one point on the 
action line of the other. The three unknown characteristics, then, are 
the magnitude of one of the two forces and the magnitude and the 
direction of the other. 


PROBLEMS 39 


As an example of such a force system, consider the forces acting on 
the beam shown in Fig. 137(a) which is supported by a smooth surface 
at the left end and a smooth pin at the right end. The unknown ele- 
ments are the magnitude of the vertical reaction at the left end of the 
beam and the magnitude and the direction of the reaction at the right 
end of the beam. 

The force and string polygons are shown in Fig. 137. In constructing 
the force polygon AB, BC, and CD are first drawn to represent the three 
known forces (Fig. 137b). Since the magnitude of the force DE is 
unknown the location of E# is not known, but it must lie in a vertical 


Fia. 137. 


line through D. The rays OA, OB, OC, and OD are then drawn from O, 
after which the string polygon is constructed (Fig. 137a). Since the 
point V is the only known point on the action line of the force HA, the 
string polygon must be started at this point. The strings oa, ob, oc, and 
od are drawn as shown. Since the string oe must intersect od on de 
and must also intersect oa on ea, its position is determined. The ray 
OE must be parallel to the string oe. Hence £ is the point of intersec- 
tion of a vertical line through D and a line through O parallel to oe. 
DE then represents the left reaction, and the right reaction is repre- 
sented in magnitude and in direction by HA. 


i PROBLEMS 


182. The Fink truss shown in Fig. 138 is subjected to wind loads as indicated, 
the loads being perpendicular to the upper chord AD. The truss rests on a smooth 
plate at the left end, and hence the reaction at that end is vertical. Determine 
completely, by use of a force and a string polygon, the reactions R; and Re. 

Ans. Ry; = 3460 lb.; Re = 3460 lb.; 6 = 30°. 


183. Find graphically the reactions of the supports on the pins at A and J of 
the truss shown in Fig. 1389, due to the loads indicated. 
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184. Find by means of a force and a string polygon the reactions at A and B 
on the bar shown in Fig. 87. Ans, A = 4938 Ib 6; —Asal pi ba le 


12,000 Ib, 3000 Ib, 


Fra. 138. Fria. 139. 


185. Solve Prob. 170 by use of a force and a string polygon. 


186. Solve Prob. 178 by use of a force and a string polygon. 
Ans. D = 8000 lb.; G = 2500 Ib.; 0, = 126° 52’. 


46. Procedure in the Solution of Problems in Equilibrium.—Before 
proceeding to problems that are somewhat more complicated than those 
considered in the preceding articles it will be desirable to review and 
to outline in a logical and formal way the steps that have already been 
used in the solution of problems of equilibrium of forces, and to extend 
or generalize the procedure so that the reader may have available a 
concise statement of the general algebraic method of attack for use in 
the solution of all problems in the equilibrium of forces. The main steps 
in the procedure may be stated as follows: 


1. Determine carefully (a) what is given in the problem and (6) what is required 
in the problem. Many of the student’s difficulties arise from failure to observe this 
preliminary step. To make the given and the required quantities definite they should 
be listed or in some other way isolated. 

2. Draw a complete free-body diagram of the body, or of part of the body, or of 
a group of the bodies, on which are acting the forces required to be found. It will 
be found helpful to show all unknown forces in color or as dashed lines and known 
forces in black or as solid lines, thereby further emphasizing what is known and what 
is unknown. Further, it is desirable to show coordinate axes in each free-body 
diagram particularly if the directions of these axes are not the same in the several 
diagrams. Sie) 

3. Observe the type of force system shown in the free-body diagram, and write 
the equations of equilibrium for this type of force system. 

4, Then observe whether or not there are a sufficient number of equations of 
equilibrium to solve for all the unknown forces. If so (that is, if the force system 
is statically determinate), apply the equations and solve for all the unknown forces. 
If the force system is statically indeterminate, one or more (but not all) of the 
unknown forces may sometimes be found; but in order to reduce the number of 
unknown forces so that the force system becomes statically determinate the follow- 
ing step is necessary. 

5. Draw a complete free-body diagram of one of the other bodies, or of part of 
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a body, or of a group of the bodies on which are acting one (or more) of the unknown 
forces that acts on the first free body and apply the equations of equilibrium to the 
forces in this second free-body diagram. This force system does not necessarily 
have to be statically determinate since a solution giving all the unknown forces in 
it is not required; only those particular forces that will make the force system in the 
first free-body diagram statically determinate are required. In some problems more 
than one additional free-body diagram must be used in order to determine a sufficient 
number of forces to make the forces in the first free-body diagram statically 
determinate. 

6. Return now to the first free-body diagram and its equations of equilibrium and 
complete the solution, making use, of course, of any additional equations other than 
equations of equilibrium that apply to the problem such as the defining equation 
for coefficient of friction (F’ = uN), ete. 

The procedure is illustrated in the solution of the following problem. 


ILLUSTRATIVE PROBLEM 


Problem 187.—Find the pull of the tie rod AB and the x- and y-components of 
the pin pressure of D on the member HH of the frame shown in Fig. 140. The 
cylinder C has a radius of 1 ft. and weighs 100 lb. Assume that there is no friction 
at surfaces of contact of the various members. Neglect the weight of all members 
of the frame, and also neglect the width of members HH and FG in calculating 
distances. 


Fra. 140, 


Solution.—The forces required are acting on HH, and therefore a free-body 
diagram of EH is drawn as shown in Fig. 140(6). All five forces are unknown, and 
there are three equations of equilibrium for the type of force system involved. 
Therefore, the forces P and H must be found by considering the equilibrium of one 
or more of the other bodies or group of bodies before the three required forces can 
be found. H may be found by considering the equilibrium of all the bodies, treated 
as one body, as shown in Fig. 140(c). The three forces constitute a parallel system 
for which there are two equations of equilibrium. Without formally applying these 
equations, it is obvious by inspection of Fig. 140(c) that 
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Furthermore, P (reversed in sense) is a force acting on the cylinder C. Therefore, 
by drawing a free-body diagram of C as shown in Fig. 140(d) and applying the two 
equations of equilibrium for the concurrent force system we haye: 


ZF, = P cos 80° — Q cos 30° = 0, “b= @ 
2F, = P sin 30° + Q sin 30° — 100 = 0, 


or 
ZF, = 2P sin 30° — 100 = 0, oP =100 ib. 


Now returning to Fig. 140(b), P and H may be put in as known forces; then by 
writing the three equations of equilibrium we may find B, Dz, and Dy as follows: 


=Mp = —B X 3cos 30° + 50 X 5sin 30° +100 X V3 =0, + B=115|b. 
ZF, = Dy — 100 sin30° + 50 = 0, “. Dy =0. 
=F, = D; — B —100cos30 = 0, “. Dz = 201 Ib. 


PROBLEMS 


188. In Prob. 187, instead of drawing a free-body diagram of EH alone, draw a 
free-body diagram of EH and C considered as one body, and then from Fig. 140(c) 
and (d) find H and Q, respectively. Now return to the free-body diagram of HH 
and C and find D;, Dy, and B. 

189. Find the z- and y-components of the reaction of the pin C on member BE 
in Fig. 141. The pulley at D is frictionless and has a diameter of 2ft. Neglect the 
weights of the members. Ans. Cz = 3000 lb., Cy = — 4000 lb. 


Fia. 141. Fie. 142. 


190. Find the z- and y-components of the reaction of the pin at A on the member 
AB in Fig. 142. The drum D is frictionless and has a radius of 2 ft. Neglect the 
weights of the members. ; 

191. In Tig. 148, find the reaction of the pin at C and of the roller at D on 
member M, assuming the weight of H to be 200 Ib. and neglecting the weights of 
the other bodies. ‘ 

192. Find the magnitudes of the reactions of the pins at A, B, and C on the 
member AC of the frame shown in Fig. 144. 

Ans. A = 5001b.; B = 4950 lb.; C = 4030 lb. 

193. In the hydraulic crane shown in Fig. 145 the weight of the boom ABC is 
500 Ib., as shown in the figure, and the weights of the members AD and BD may 


PROBLEMS 93 


be neglected. In raising the boom the hydraulic pressure from the cylinder trans- 
mits a pressure P to the pin at D. Neglecting the frictional resistance, find the 
value of P required to raise the boom when loaded as shown. Find also the stresses 


/ 


U 


o 
Seong =-— e--8 


< 


Fie. 148, Fia. 144. 


in BD and AD and the pressures of the rolls at A and at D against the vertical post. 
Ans. P = 2500 lb.; D = A = 5540 1b.; DB = 6550 lb. tension; 
AD = 760 lb. compression. - 
J } 


500 lb. 


2000 Ib. 
Fia. 145. Fig. 146. 


194. The power press shown in Fig. 146 has the following dimensions: AB = 
9.5 fic BC =BD=1ft. DE=1.3ft. FC =8ft. The points B, H, and F are 
on the same vertical line. The line CBD makes an angle of 60° with the horizontal 
and the line AB makes an angle of 30° with the horizontal. What force P is required 


to cause a pressure of 2000 lb. between the jaws of the press if friction be neglected? 
Ans. P = 1065 lb. 
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195. In the crane shown in Fig. 147, the post AH weighs 1600 Ib. and the member 
CH weighs 1200 lb. The remaining members are cables the weights of which may 
bé.neglected. The member CH passes through a slot in the post AH and does not 
touch the post. Determine the external reactions at A and E and the tensile stresses 


in the members BC, CD, and DH. Assume the reaction at E to be horizontal. ' 


lites, aye Fira. 148. 


196. In Fig. 148 is shown a shear for cutting steel bars in a repair yard. What 
force P perpendicular to the handle is required to give a pressure of 7000 lb. on 
the anvil when the 3 ft 6 in. arm is vertical, assuming the length of the bar con- 
necting the arm to the handle is such as to make the handle also vertical. Hint: 
Draw a free-body diagram of the arm and also of the handle, and in applying the 
equation 2M = 0 to the forces in each diagram use the fixed point on each body 
as the moment center. Ans. P = 34 lb. 


197. Two uniform bars AB and BC (Fig. 149) are connected by a smooth pin at 


Fira. 149. Fia. 150. 


B and their lower ends rest on a smooth horizontal surface, slipping on the surface 
being prevented by a cord which connects the ends A and C. The weight of AB is 
120 lb. and the weight of BC is 180 lb. The bar BC also carries a concentrated load 
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of 450 lb. as shown. Find the reactions of the surface, the tension in the cord, and 
the pin reaction at B on either bar. 
Ans. Ra = 372 lb.; Ro = 878 lb.; T = 234 1b.; Rg = 344 Ib. 
198. Three rods each of length / rest on each other (Fig. 150) in such a way as 
to form a central equilateral triangle each side of which is 31. A load P is applied 
at one corner as shown. Find the reactions Ri, Re, and R3 in terms of P. Neglect 
the weights of the rods. Hint: The force system shown in Fig. 150 is a non-coplanar, 
parallel system, for which the equations of equilibrium h&ve not yet been discussed. 
It will be necessary, therefore, to consider as free bodies the three rods separately 
and to apply the equations of equilibrium for the coplanar, parallel force systems 
involved. Ans. Ri = gP; Ro = sP; Rs = PsP. 


§6. EQuILIBRIUM oF TRUSSES AND CABLES 


47. Stresses in Trusses——Important examples of coplanar force 
systems in equilibrium are met in the analysis of the internal forces 
(stresses) in trusses. In determining the stresses in trusses, only those 
trusses will here be considered for which the following assumptions may 
be made: 

(1) The members of the truss lie in one plane and the external 
forces acting on the truss lie in the same plane, and hence the forces 
involved in the determination of the stresses in members of the truss 
form coplanar systems. 

(2) The members of the truss are rigid and are connected at their 
ends by means of smooth pins that fit perfectly to the members. 

(3) The applied loads and reactions on the truss act only on the 
pins, that is, at the ends of the members. 

(4. The weights of the members are neglected, since the stresses 
due to the weights are assumed to be small in comparison with the 
stresses due to other loads. 

It follows from (3) and (4) that each member is a two-force member 
(see Art. 41), which means that the stress in each member is directed 
along the member and is equal to the pin pressure at either end. (See 
Fig. 96 and Prob. 140.) The stress in the member is a tensile stress 
if the pin pressures at the ends act outward or away from the member, 
or tend to pull the member apart, and a compressive stress if the pin 
pressures act toward the member. 

The usual methods of indicating the kind of stress (tension or com- 
pression) in a member is to indicate a tensile stress by a plus sign or by 
the letter 7, and a compressive stress by a negative sign or by the letter C. 

In the analysis of the stresses in a pin-connected, pin-loaded structure 
algebraically, by use of the equations of equilibrium two methods may 
be used: namely, the method of joints and the method of sections. In both 
methods a section is passed through the structure to obtain the part 
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of the structure that is to be taken as the free body, but the difference 
in the methods lies chiefly in the type of force system acting on the 
portion of the structure that is considered as the free body. In the first 
method a concurrent force system is involved and in the second method ay 
non-concurrent, non-parallel system is dealt with. 

Method of Joints.—In determining the stresses in the members of a 
pin-connected, pin-loaded truss by the method of joints, a section is 
passed through the truss cutting members that are attached to a com- 
mon pin; one such section is indicated as aa in Fig. 151(a). The portion 
thus severed from the truss by this section (consisting of the pin and 
attached parts of the members) is then treated as a free body in equilib- 
rium under the action of any known external forces that act on this 
body (such as the reaction at A) in Fig. 151(a) and the forces (stresses) 
exerted at the cut sections by the other portions of the members. A 
free-body diagram for the joint A in Fig. 151(a) is shown in Fig. 151(6). 

It will be noted that the method of joints involves the equilibrium 
of a concurrent force system, and since there are two equations of 
equilibrium for such a force system, the section passed through the 
truss must not cut more than two members in which the stresses are 
unknown. (It is assumed that all external loads and reactions are 
known.) 

Instead of selecting the free body as discussed above, it is sometimes 
convenient to treat the pin alone as the free body in equilibrium under 
the actions of the pressures of the members on the pin and any known 
loads or reactions, as shown in Fig. 151(c). As already noted the stress 
in each member is numerically equal to the pin pressure at either end of 
the member so that the two free-body diagrams lead to the same solution. 

In determining the stresses in all members of a truss by the method 
of joints, the equations of equilibrium must be applied to the joints in 
turn and in such an order that not more than two unknown stresses 
occur in each free body diagram. Thus, if the stress in a single member 
near the center of the truss is required, it is usually necessary to start 
at the end of the truss and consider the equilibrium of the joints in order 
until a joint is reached which involves the particular member. By the 
method of sections, discussed in the next paragraph, the stress in a 
single member may frequently be found by use of one free-body diagram 
and by the use of only one equation of equilibrium. 

Method of Sections.—In determining the stresses in the members of a 
pin-connected, pin-loaded truss, by the method of sections, a section 
is passed through the truss cutting members that are not attached to a 
common pin; two such sections are indicated as bb and cc in Fig. 151 (a). 
The part of the truss on either side of this section is then treated as a 
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free body in equilibrium under the action of the known external forces 
that act on that part and the forces (stresses) which the members of the 
other part exert, at the cut sections, on the part considered as the free 


40,000 Ib, 


20,000 Ib. 
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(7) Summary of 
results 


Fig. 151. 


body. Free-body diagrams are shown in Fig. 151(d) and (e) for the 
portions of the truss to the left of sections bb and cc, respectively, in 
Fig. 151(a). 
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It will be noted that the method of sections involves the equilibrium 
of a non-concurrent, non-parallel force system, and since there are three 
equations of equilibrium for such a force system, the section passed 
through the truss must not cut more than three members in which they 
stresses are unknown. By a proper choice of moment centers and of 
directions of resolution, as discussed in Art. 44, each of the three equa- 
tions may often be made to give the value of one unknown stress and 
thus the solution of three simultaneous equations is avoided. 


ILLUSTRATIVE PROBLEM 


Problem 199.—Determine the stresses in the members of the Howe truss loaded 
as shown in Fig. 151(a). 


Solution.—By considering the equilibrium of the whole truss, the reactions Ry 
and R2 are found to be 40,000 lb. each. To find the stresses in members AB and AC 
the joint method will be used. A free-body diagram of joint A is shown in 
Fig. 151(6); it will be noted that the stress in a member is denoted by the same let- 
ters as is the member itself. 


Convention Used in Designating Kind of Stress—In drawing the free-body diagram 
the question arises as to whether an unknown stress should be shown as a tensile 
stress or as a compressive stress. One method of procedure is to show the stress 
with its correct sense if the sense can be determined by inspection (or if the sense is 
not evident from inspection it is shown with a sense that seems the most plausible). 
If an unknown stress is shown with its correct sense the stress will always be found 
to be positive whether the stress is tension or compression. This procedure has the 
advantage of requiring the student to visualize the forces as they act in the structure. 
However, it has a disadvantage in that a positive sign does not always indicate ten- 
sion and a negative sign compression as is the case in the following method. Another 
method of procedure is to show all unknown stresses as tension even though it is 
evident from inspection that some of the stresses are compression. Then, in the 
solution, all stresses that are found to be positive are tension as assumed and all 
stresses found to be negative are compression, that is, opposite to that assumed. 

In Fig. 151(b) and (c) the senses of the unknown forces AB and AC are correctly 
indicated and hence will be found to be positive although one of the stresses is a 
compressive stress and the other a tensile stress. By applying one set of equations 
of equilibrium for the concurrent force system shown in Fig. 151(6) and (c), the 
stresses AB and AC are found as follows: 


2Mz = — 40,000 X 20 + AC Xx 30 = 0 . AC = 26,670 Ib. T. 


_ 40,000 


ZF, =— AB cos ¢ + 4000 = 0 - AB = 
0.833 


= 48,000 lb. C. 


To find the stresses in members BC and BD let a section bb be passed (Fig. 151a) 
through the truss. The forces acting on the part of the truss to the left of this sec- 
tion form a non-concurrent force system (Fig. 151d) and all three stresses could be 
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found fromthe three equations of equilibrium. But since the stress in AC has alreacy 
been found, only two of the three equations need be applied. Thus 


2Mc =— 40,000 x 20 + BD x 30 = 0 “. BD = 26,670 lb. C. 
ZF, = 40,000 — 20,000 — BC = 0 “. BC = 20,000 lb. 7. 


In a similar manner the stresses in CD and CE may be found by the method of 
sections. By considering the part of the truss to the left of the section cc (Fig. 151e) 
the stresses in these two members may be found. Thus 


Mp =-— 40,000 X 40 + 20,000 x 20 + CE X 30 =0 
“. CE = 40,000 lb. 7 
Fy = 40,000 — 20,000 + CD cos ¢ = 0 
.. CD =— 20,000 X sec ¢ = — 20,000 X 1.20 = — 20,000 lb. C. 


It will be noted that all the stresses except CD (Fig. 15le) are assumed to act in 
the correct'directions, and hence are found to be positive whether they are tensile 
or compressive. The stress in CD is assumed to be tension and hence the negatiye 
sign indicates that it is compression. 

In considering the equilibrium of the forces which act on the pin # (Fig. 151f), it 
is evident that the stress DH is zero, and that CH equals HG. Furthermore, since the 
truss is symmetrical with respect to the center line DE and the loads are also sym- 
metrical with respect to this line, it is obvious that the stresses in the members of 
the right half of the truss are equal to the stresses in the corresponding members of 
the left half. 

It is well to note that the stresses in the members of a truss are internal forces in 
considering the whole truss as a free body but the stresses in members that are cut 
by a given section passed through the truss are external forces with respect to the 
portion on either side of that section. Therefore, the portion of the truss on one 
side of the section may be considered to be a weightless rigid body of any shape pro- 
vided the (external) forces acting on it have the same relative positions (and the 
same magnitude, of course) as in the actual body. Thus the free-body diagrams in 
Fig. 151(d) and (e) could be replaced by Fig. 151(g) and (h). 

Summary of Results.—The results are summarized in Fig. 151(¢) where the kind 
of stress (tension or compression) in each member is indicated by the sign + or — 
before the value of the stress, as well as by the letter 7’ or C after the value of the 
stress. A third method of indicating the kind of stress makes use of arrows on each 
member which show the directions of the pressures of the member on the pins at its 
ends (not the pressures of the pins on the member); thus a compressive stress is rep- 
resented by an arrow at each end of the member directed towards the pin at the end. 
Similarly a tensile stress is indicated by arrows directed toward the center of the 
member, that is, away from each pin, 
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200. In Fig. 151(a) let it be assumed that the stresses in AB and BC have been 
found to be 48,000 lb. C. and 20,000 lb. 7., respectively. Pass a section cutting the 
members AB, BC, CD, and CE and then draw a free-body diagram of the portion of 
‘he truss to the left of this section and solve for the two unknown stresses, 
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201 In the Fink truss shown in Fig. 152, BC is perpendicular to AD and B is the 
mid-point of AD. Find the stresses in the members BC, BD, CD, and CEH. 
Ans. BC =—1730lb.; AB =— 6000 lb.; CD = +1730 lb.; CH =+ 3465 lb. 


}2000 Ib. 
2000 Ib. 


Fre. 152. Fi. 153. 


202. Find the stresses in the members DF, DG, and FG of the Howe truss shown 
in Wig: 153, 
203,Find, by the method of sections, the stresses in members CH, CF, and DF of 
the-pin-connected structure shown in Fig. 154. 
Ans. CE =+ 8000 lb.; CF =— 5655 lb.; DF =— 4000 lb. 
204. Find the stresses in members BD, CD, and CE of the truss shown in Fig. 155. 


4000 ib, 
— 


10' 


001, : 2000 Ib. 
Fria. 154. Fie. 155. Fia. 156. 


205. Find, by the method of joints, the stresses in the members BC and CD of 
the“pin-connected truss shown in Fig. 156. Find, by the method of sections, the 
stresses in DG, DF, and EHF. 

Ans. BC = 1000lb.; CD =— 1415 lb.; DG =— 1500 1b.; DF = 707 lb.; EF = 0. 

206. Find the stresses in the members BD, BE, and CE of the truss shown in 
Vig. 134. Note that it is not necessary to determine the reactions at H and @ to 
solve the problem. 


207. Kind, by the method of sections, the stresses in the members BC, BE, and 
AE of the truss shown in Fig. 157. 


208, Find the stresses in the members AC, BC, and BD of the truss shown in 
Fig Ad8. Ans. AC = 0; BC = 1465 lb.; BD = — 4000 Ib. 
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209. The truss shown in Fig. 159 is supported at A and H#. Find the stresses in 
the members BD, CD, and CE. 


4000 Ib. 


3600 Ib. 2000 Ib, 


Fia. 157. Fra. 158. Fira. 159. 


ae the truss shown in Fig. 133 find the stresses in HG, CH, CF, and DF. 
Would the truss be improved by omitting the member CB and adding a member AD? 


48. Graphical Analysis of Trusses—The graphical method of 
analysis of a truss is sometimes simpler than the algebraic method. 
This is particularly true when the form of the truss is such that a con- 
siderable amount of calculation is necessary to determine the directions 
and moment-arms of the forces involved. The graphical method 
consists essentially in constructing the force polygon for the concurrent 
forces at each joint and superimposing these polygons. The method 
will be explained in detail with reference to the Howe truss shown in 
Fig. 160(a). The truss is assumed to be subjected to known equal loads 


X4 
Fig. 160. 


at the upper panel points, and hence the reactions at the ends of the 
truss are each equal to one-half of the sum of the loads. 

Convention Used in Designating Stresses in Members.—It is con- 
venient to use the Bow system of notation (Art. 8). In this system, the 
regions on either side of the action line of a force (either external or 
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internal) are denoted by numbers or letters as shown in Fig. 160(a), 
and the force is denoted by the two numbers or letters adjacent to the 
action line of the force. The convention usually followed is to denote 
a force acting at any joint by the letters or numbers in the order in 
which they occur in passing around the joint in a clockwise direction. 
Thus, the left reaction is denoted by Y — X,; the force exerted by the 
member between the regions X; and 1 is denoted by X; — 1 when 
considered as acting at the lower-left panel point and by 1 — X; when 
considered as acting at the upper-left panel point, and so on. The 
importance of this convention lies in the fact that the nature of the 
stress (whether tension or compression) in any member may be deter- 
mined at once by inspection from the force polygon, as will be seen in the 
following discussion. 

The force polygon (Fig. 160b) for the truss in Fig. 160(a) is con- 
structed as follows: First consider the three concurrent forces acting on 
the pin at the lower-left panel point; as previously explained, these 
forces are equal to the stresses in the members that exert the forces on 
the pin. Of these three forces the left reaction Y — X, is completely 
known and the directions of the other two, X; — 1 and 1 — Y, are 
known. Since the three forces are in equilibrium their force polygon 
must close. This polygon is constructed by first laying off to scale the 
vector YX, that represents the force Y — Xj, since the force polygon 
must be started with the known force, and then drawing from X, a 
line X,1 parallel to X; — 1 and from Y a line Y1 parallel to Y — 1. 
These two lines intersect in the point 1 and hence the polygon for the 
lower-left panel point is YX,1Y. Since X,1 (Fig. 1606) is downward to 
the left, the member X, — 1 exerts on the lower-left pin a force down- 
ward to the left and hence the stress in the member X, — 1 is a com- 
pressive stress, and similarly the stress in 1 — Y is a tensile stress. 

In like manner the force polygon for the forces exerted on the pin at 
the upper-left panel point is next constructed. In constructing this 
force polygon the vectors that represent the known forces (1 — X; 
and X,; — X») must first be laid off because the known forces must be 
laid off first and in the order that the members are cut by a section in 
passing clockwise around the pin. But since the vector LX, is already 
in the diagram it is only necessary to lay off to the same scale the vector 
XX; then from Xp a line X»2 is drawn parallel to X» — 2, and from 1 
a line 1 2 is drawn parallel to 1 — 2. The polygon for this panel point 
then is 1X,X221. From the convention noted above it is evident that 
the stress in X_y — 2 is a compressive stress and that in 2 — 1 is a tensile 
stress. In a similar manner the remaining joints are considered and 
the entire polygon shown in Fig. 160(b) is completed; the length of any 
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line in the polygon represents to scale the magnitude of the stress in the 
corresponding member. 

It should be noted that the joints must be taken in such order that 
at no joint are there more than two unknown forces; otherwise it would 
be impossible to complete the polygon for the joint. 


ILLUSTRATIVE PROBLEM 


Problem 211.—Find the stresses in the members of the truss shown in Fig. 


161(a). The members X; — 1 and 2 — 3 are parallel, and the members xi- y 
and Y — 1 are parallel. 


(a) 


Xe 
Fia. 161. 


Solution.—The force polygon for the ferces acting on the pins (that is, for the 
stresses in the members) is drawn to scale in Fig. 161(6). The magnitude of the 
stresses'is found by measuring the lengths of the lines in the force polygon and the 
kind of stress in each member is determined by the convention explained in Art. 48. 
The magnitudes of the stresses are shown on the members in Fig. 161(a), the plus or 
minus sign indicating whether the stress in the member is tension or compression. 
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212. Find, by the graphical method, the stresses in the members of ithe truss 
shown in Fig. 162, the value of P being 10,000 Ib. 


@ 20=12 


Fia. 162. Fia. 163. 


213. A total wind pressure of 4000 lb. acts on the upper cord ABD of the truss 
shown in Fig. 163, the pressure being normal to the surface. Assuming. that this 
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pressure is equivalent to a load of 2000 lb, at B (normal to ABD) and loads of 1000 lb. 
each at A and D, determine the reactions at A and G by either the algebraic or 
graphical method and then find the stresses in the members of the truss by the 


graphical method. ' 
214. Determine graphically the stresses in the members of the truss shown in 


Fi 4 due to the 2000-lb. load. 


{ee Ib. 
C 


Fia. 164. Fig. 165. 
\ x 
215, The members of the crane shown in Fig. 165 are connected by smooth pins. 
Find by the graphical method the stresses in the members due to the 4-ton load. 


216. Find, by the graphical method, the stresses in the truss shown in Fig. 152. 
217.-Find, by the graphical method, the stresses in the truss shown in Fig. 188. 


218. Find graphically the stresses in all of the members of the truss shown in 
Fig. 139. 


49. Flexible Cables.—In the following two articles the equilibrium 
of flexible cables or cords will be discussed. A cable is said to be per- 
fectly flexible when it can offer no resistance to bending. A flexible 
cable, then, can transmit a stress only along its axis; that is, the stress 
at any point of a flexible cable is tangent to the curve assumed by the 
cable. Although physical cables and cords are not perfectly flexible the 
resistance they offer to bending is generally so small that it can be 
neglected without serious error. In the discussion of cables it will be 
assumed that the cables are perfectly flexible and inextensible. 

50. The Parabolic Cable.—If a flexible cable is suspended from two 
points and carries a load that is distributed uniformly horizontally 
(Fig. 166), the curve assumed by the cable is a parabola, as will presently 
be shown. In the present discussion the points from which the cable is 
suspended will be assumed to be in the same horizontal plane. An 
example of a cable carrying a load which closely approximates that above 
indicated is the cable of a suspension bridge, since the weight of the 
roadway is distributed uniformly horizontally and the weights of the 
cable and hangers are small in comparison with the weight of the road- 
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way and therefore may be neglected. Another example is that of a 
tightly stretched cable (that is, one in which the sag is small as com- 
pared with the span) which carries no load except its own weight, as, 
for example, the cable of an electric transmission line, a telegraph wire, 
etc. In this case the load carried by the cable (its weight) is distributed 
uniformly along the curve assumed by the cable, but since the sag is 
small the horizontal projection of an arc of the curve is approximately 
equal to the length of the arc, and hence the load is distributed approxi- 
mately uniformly in the horizontal direction. 


A 


= ee ee 
One ASe 
YY UI. 
Z AMM ttttttitss 


Fia. 166. 


In the solution of problems involving the parabolic cable, use is made 
of the equation of the curve assumed by the cable (parabola) and of 
equations which express relations between the span, sag, length of the 
cable, tension, etc. In order to determine the equation of the parabola a 
portion AB of the cable will be considered as a free body (Fig. 1666). A, 
the lowest point of the cable, will be taken as the origin of coordinates, 
and the tension at this point will be denoted by H. ‘The tension at any 
point, B, will be denoted by T. The portion of cable AB, then, is in 
equilibrium under the action of the three forces H, T, and the vertical 
load wx which acts through the point D midway between A and C. 
Since these three forces are in equilibrium they must be concurrent, and 
hence the action line of 7 passes through D. The equations of equi- 


librium are: 
2 te Te COs —- LT =. Oe emcee eee el) 


Sie [usin o's On he, a Aly AMD) 
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Eliminating 7’ from (1) and (2), we have 


Wx y 
tana = FP, but tan a = —. 
Hence 
2y wax an 


“aT a 


The curve, then, is a parabola with its vertex at A and its axis vertical. 
Eliminating a from (1) and (2), we have 


TeV A? 4a) 6 ee 


In applying the above equations we are concerned with the tension at 
the point of support since at this point the tension is a maximum. 
Hence, if the span be denoted by a and the maximum value of y (that 
is, the sag) by f, equations (3) and (4) reduce to 


fe) 4 6495 eee 


and 


1 a? 
in which 7 represents the tension at the points of support. 

The length of the cable will now be determined in terms of the span 
and sag. In any curve the length of an arc is obtained from the equation 


ifn Oe 


d wr 
- = ra Hence, if the length of the cable be 


denoted by 1, we have 


From equation (3), 


2 wa 
=2 if J 1 = den. 
i x2 72 xv 


Substituting for H from equation (5), this equation becomes 


- 4 F242 
1-2 f Nee 
0 a 


The exact expression for /, obtained from this integral, involves a loga- 
rithmic function and is difficult to apply. A simpler expression for | 
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may be obtained by expanding the expression under the integral into a 
series and integrating the series term by term. This method leads to 
the following equation: 


2 4 
OCS <6 


Since the sag ratio f/a is generally small, the series converges rapidly 
and it is sufficient in most practical computations to use only the first 
two or three terms of the series to obtain a close approximation to the 
value of l. 
ILLUSTRATIVE PROBLEM 
Problem 219.—The horizontal load carried by each cable of a suspension bridge 
is 1000 lb. per ft. The span of the bridge is 800 ft. and the sag is 50 ft. Determine 


the tensions at the ends and at the middle of the cable and also find the length 
of the cable. 


Solution.—From equations (5) and (6), 


= 100 800)? 
pe 1,600,000 Ib. 
8 x 50 


1 (800)? 
= % 1000 < 800 4/1 + —-—. = 1650, 000 Ib. 
Be ss + T6 x (50)2 ow 


The length of the cable may be determined by using equation (7). Thus 


1 = 800 awe ad) 2 (2 “| = sos.2ase 
7 3 \800 5 \800 ae ail ; 


a“ PROBLEMS 


and 


IP 


220. A telegraph wire weighing 0.1 lb. per ft. is stretched between two poles 
150 ft. apart. The tension in the wire at the insulators (which are in the same hori- 
zontal plane) is 500 lb. Find the sag, assuming that the weight of the wire is uni- 
formly distributed horizontally. Find also the length of the wire. 

Ans. f = 0.562 ft.; 2 = 150.005 ft. 

221. Hach cable of a suspension bridge carries a load of 1200 Ib. per ft. uniformly 
distributed along the horizontal. The span is 1000 ft. and the sag is 50 ft. Find the 
maximum stress in the cable and the length of the cable. 

222. A cable 100 ft. in length is suspended from two points in a horizontal plane 
which are 99 ft. apart. If the cable carries a load that is uniformly distributed along 
the horizontal what is the sag of the cable? ANS, jf = Gil) iki, 


61. The Catenary.—The curve assumed by a flexible cable of uniform 
cross-section which is suspended from two points, and which carries no 
load except its own weight (Fig. 167), is called a catenary. The load 
which causes a cable to assume the form of a catenary, then, differs 
from that which causes the form of a parabola in that the load is dis- 
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tributed uniformly along the cable in the former case, whereas in the 
latter case the load is distributed uniformly horizontally. 

The discussion of the catenary is of practical importance only for 
cables in which the sag ratio is large, since for a small sag ratio the curve 
assumed by a cable may be regarded with small error as being a parabola, 
as discussed in the preceding article. 


Fie. 167. 


In order to determine the equation of the catenary and also to find 
certain important relations between such quantities as the sag, span, 
length of cable, tension, etc., the equilibrium of a portion, OA, of the 
cable (Fig. 167) will be considered, O being the lowest point of the cable 
and A any other point. The point O will be taken as the origin of 
coordinates, the weight of the cable per unit of length will be denoted 
by w, and the length of the arc OA will be denoted by s._ The portion, 
OA, of the cable is in equilibrium under the influence of three forces, 
namely, the tension H at the point O, the tension 7 at the point A, and 
the weight ws. The angle which T makes with the horizontal will be 
denoted by @. The equations of equilibrium for the concurrent force 
system are: 


M4 
e| 
8 

I 


Toone — HH =O, 2 7 cosy fe eee 
2Fy,=Tsné@—ws=0, . Tsn@=ws. . . (2) 
From (1) and (2) we have 


H 
— = ¢ (a constant). 
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Hence 
dy 
SeeeG Vane Olt WC AN gs 4 ee 8) 
dx 
This equation is the intrinsic equation of the catenary. The cartesian 
equation will now be found. In any curve, 


ds Re Vite 


Therefore 


Integrating, 


Veta settee 


where A is a constant of integration. If now the origin is transferred 
to O’, where OO’ = c, then y = c when s = 0 and hence A = 0. The 
last equation, therefore, becomes 


VE ON 52 ach.G aly oer oe ging a ee) 


Eliminating y from (8) and (4), 
d cds 
= Ce SSS St 
Vets 
Integrating this equation, 


2+Be=clog,.(s+Vs?+0). 


Since s = 0 when z = 0, B = ¢ log. c, and hence the last equation 
becomes 


VJ 2 2 
w= ¢ loge = clogs. AP ey) 


Equation (5) can also be written in the form, 
Na gle rah OH See al ee eR Ur i(;) 


By inverting each side of (6) and rationalizing the denominator of the 
left side, the following equation is obtained: 


Ni Stal Ge Su Cl Ne. ee CT) 
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Adding (6) and (7) and using (4), 


y= 5 (e7/° + e-*/*) = ¢ cosh 


ae l8 


5 acu ae 

1 
This is the cartesian equation of the catenary. Subtracting (7) from 
(6), we have 


8s = 


(el — e-*!*) = esinh = . 5. ee ee) 


Squaring and adding (1) and (2), we have 


T? = H? + west = we? + ws? = wy?. 
Hence 
T= apy. 2.2” = Sl re 


In summarizing, then, the following important properties of the 
catenary may be stated: 


(1) The horizontal component of the stress at any point is constant 
and equal to we. : 

(2) The vertical component of the stress at any point is equal to ws. 

(3) The total stress 7 at any point is equal to wy. 


In engineering problems which involve the catenary we are con- 
cerned particularly with the tension at the points of support, since at 
these points the tension is a maximum. Hence, in the above formula, 
T will be regarded as the tension at the points of support and the values 
of x, y, and s will be regarded as the values of the variables at these 
points. Therefore, if the length of the cable be denoted by J, the span 
by a, and the sag by f, then the values of x, y, and s in the above equa- 
tions become a/2, f +c, and 1/2, respectively. 

The formulas of Art. 50 are generally used when the sag is small, 
since they are much easier to apply and the results obtained are suf- 
ficiently accurate for practical purposes. When the sag is large com- 
pared with the span, however, the above formulas should be used. 

Since the relations between the quantities as expressed by the above 
equations are complicated, many of the problems which involve the 
catenary can be solved only by trial. 


ILLUSTRATIVE PROBLEM 


Problem 223. A cable weighing 4 lb. per ft. is stretched between two points in the 
same horizontal plane. The length of the cable is 600 ft. and the tension at the points 


of support is 2000 lb. Find the sag and also the distance between the points of 
support. 
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Solution.—From equation (10) 


From equation (4) 


c= Vie ae = VO GOOF = 400 
Hence 


From equation (5) 


V8 +e ROTA: 
r=c Ge ees = AN loge (300) + (400)? + 300 
g 400 
= 277.2 ft. 


Hence 
a@ = 25 = bbe4 tt. 
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224. A cable 100 ft. long is suspended between two points which are in the same 
horizontal plane and 80 ft. apart. What is the sag at the mid-point of the cable? 
Ans. f= 26:54 it 


225. A cable weighing 2 lb. per ft. is stretched between two points in the same 
horizontal plane which are 150 ft. apart. If the sag is 5 ft. what is the length of the 
cable and the tension at the points of support? Ans. J = 150.44 ft.; 7 = 1180 lb. 


§7. NON-copLANAR, CONCURRENT, NON-PARALLEL FORCES 


52. Equations of Equilibrium.—A non-coplanar, concurrent, non- 
parallel system of forces is in equilibrium if the algebraic sums of the 
components of the forces along any three non-coplanar lines through the 
point of concurrence of the forces are equal to zero. As a matter of 
convenience the three lines will be taken as a set of rectangular axes 
through the point of concurrence, in which case the equations of equi- 
librium may be written: 


SF, =0, =F, =0, =F, = 0. 


Proof.—If a concurrent system of forces in space is not in equilibrium, 
the resultant of the system is a force (Art. 32). If the forces of the 
system satisfy the equation 2/, = 0, the resultant, if there be one, 
must lie in the yz-plane. In order to satisfy the equation ZF, = 0, the 
resultant must lie in the xz-plane, and in order to satisfy the equation 
2F, = 0, the resultant must lie in the zy-plane. It is impossible for a 
force to lie in the three planes simultaneously, and hence, if the forces 
of the system satisfy the above equations, the resultant cannot be a 
force and, therefore, the system must be in equilibrium. 
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ILLUSTRATIVE PROBLEM 


Problem 226. The wall bracket (Fig. 168) is composed of two flexible cables, AC 
and BC, anda stiff rod DC, which is pin-connected at Dand C. The points A, B, an 
C lie in a horizontal plane and A, B, and D lie in a vertical plane, D being vertical 
beneath E, the mid-point of AB. Find the stresses in the three members due to the 
100-Ib. load shown. 


24" C 


(c) 


re (b) cos a= 


Fia. 168. 


Solution—The pin C is in equilibrium under the action of the 100-lb. load and 
the reactions of the three members, these reactions being equal to the stresses in the 
corresponding members. ‘The forces acting on the pin at C are shown in Fig. 168a, 


By selecting axes as indicated and applying the equations of equilibrium, the follow- 
ing equations are obtained: 


ZF, = DC cos 45° — 100 = 0, DE = 141.42 ih 
ZF, = AC sine — BC sina = 0, eel ee ae 
ZF, = DC cos 45° — AC cosa — BC cosa = 0, 


“. DC cos 45° = 2AC cosa, 
and 
DC cos 45° ~—- 141.4 X 0.707 


2 cos a 2 X 0.894 


= 55.9 lb. 


Hence there is a compressive stress of 141.4 lb. in the rod DC and a tensile stress of 
55.9 Ib. in each of the cables BC and AC. 


PROBLEMS 113 


PROBLEMS 


227. In Fig. 169, AC and AB are flexible cables attached to pins at points B and 
Cin the xy-plane and AF is a stiff pole connected to a fixed support at Z by a smooth 
pin. Find the stresses in AB, AC, and AE due to the 1000-lb. load shown. 


Fia. 169. Fig. 170. 


228. In Fig. 170, AD is a flexible cable and BD and CD are stiff members. The 
members are attached to a smooth pin at D and to the wall at A, B, and C by smooth 
pins. Find the stresses in AD, BD, and CD due to the 400-lb. load shown. 

Ans. AD = 985lb.; BD = CD = 475 |b. 


/ 229. Figure 171 represents a stiff-leg derrick. The member AC lies in the zz- 
plane and the members BD and BE lie in vertical planes making angles of 45° with the 
xz-plane. The weight carried is such as to produce a tensile stress of 5000 Ib. in the 
member BC. Find the stresses in the members AC, BD, and BE. 

Ans. AC = 5670lb.; BE = BD = 4910 lb. 


linet, 1eAb. Hirq@, 172, 


230. Find the stresses in the legs AB and AC of the shear-legs derrick shown in 
Fig. 172 and also the tension in the guy AD. Neglect the weights of the members. 
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§8. Non-copLanaR, NON-CONCURRENT, PARALLEL FORCES 


53. Equations of Equilibrium.—A system of parallel forces in space 
is in equilibrium if the algebraic sum of the forces is zero and if the 
algebraic sum of the moments of the forces with respect to each of the 
two non-parallel lines is equal to zero, provided that neither one of the 
lines is parallel to the forces of the system. It will be convenient to 
select a set of rectangular axes so that one of the axes (the z-axis, say) 
is parallel to the forces. If the axes are so selected the equations of 
equilibrium may be written: 


=F =0, =M,=0, =M, =0. 


Proof.—The resultant of a system of parallel forces in space which is 
not in equilibrium is either a force or a couple (Art. 33). If the forces of 
the system satisfy the equation ZF = 0, the resultant cannot be a force. 
If the resultant is a couple it must lie in a plane parallel to the xz-plane 
in order that the forces shall satisfy the equation >M, = 0, and in 
order that the forces shall satisfy the equation 2M, = 0 the resultant 
must lie in a plane parallel to the yz-plane. A plane, however, cannot be 
parallel to both the xz- and yz-planes, and hence, if the two moment 
equations are satisfied, the resultant cannot be a couple. Therefore, 
if the forces of the system satisfy the three above equations, the force 
system is in equilibrium. 


ILLUSTRATIVE PROBLEM 


Problem 231.—In Fig. 173, ABC represents a triangular plate, the sides of which 
are each 2 ft. in length. It is held in a horizontal position by vertical cords at the 
vertices. A weight of 200 lb. is suspended from the point HE which lies on the median 
AD, the distance DE being 6 in. Find the stresses in the cords neglecting the weight 
of the plate. af 


Solution.—The stresses may be found by applying the equations of equilibrium 
to the forces shown in the free-body diagram of the plate. Thus 


=M, = Ts X 2sin 60° — 200 x 4 = 0, 
100 
fa t—4 = 
So ee lb. 
2M,=T2X1-T1X1=0, 
T. = Th 
»2 = 71+ T: + Ts; — 200 =0, 
Fia. 173. oo, LPT le dds 
and 
a TY te er ee 
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232. In Fig. 174, the side of each square is 1 ft. long. If the four parallel forces 
shown are in equilibrium, what are the magnitudes of Pi, Pe, and P3? 
233. The system of non-coplanar parallel forces shown in Fig. 175 is in equi- 
librium. The side of each square is 1 ft. Find the magnitudes of Pi, P2, and P3. 
Ans. Py, = 300 lb.; Pe = 233 lb.; P3 = 5338 lb. 


Fig. 174. Fra. 175. Fra. 176. 


234. A horizontal plate shown in Fig. 176 rests on three posts A, B, and C. 
Material of uniform density is piled on the plate at a depth increasing uniformly 
from zero at the right edge of the plate to a maximum at the left edge. If the total 
weight of the material is 1000 lb., find the pressures of A, B, and C on the plate 
due to the weight of the material. As will be shown later, the resultant weight of the 
material acts at a distance of } the width of the plate from the edge where the 
depth of the material is zero. 

235. A square table weighing 50 lb. stands on four legs at the mid-points of the 
sides. Find the greatest weight that can be placed on one corner of the table without 
causing* it to overturn. Ans. W = 50 |b. 

236. The crank-pin pressures, P; and P», on the crank shaft shown in Fig. 177 
are 6000 Ib. and 4800 lb., respectively. Find the bearing reactions Ry and Re (Fig. 
177b) and the resisting moment Qq required for equilibrium of the shaft. 


1 


! ' 
t<—g 7 aut git 


Fia. 177. 


237. A uniform circular plate weighing 200 Ib. is supported in a horizontal posi- 
tion at three points on its circumference. Find the reactions at the supports if the 
points divide the circumference into ares of 90°, 135°, and 135°. 

Ans. Ri = 82.8lb.; Re = R3 = 58.6 lb. 
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§9. Non-copLaANaR, NON-CONCURRENT, NON-PARALLEL FORCES 


54. Equations of Equilibrium.—A system of non-coplanar, non- 
concurrent, non-parallel forces is in equilibrium if the algebraic sum of 
the components of the forces in each of three directions is equal to zero ; 
and if the algebraic sum of the moments of the forces with respect to 
each of three axes is equal to zero, provided that the directions of reso- 
lution are so chosen that lines drawn through any arbitrary point in 
these three directions are not coplanar, and that the moment axes do 
not lie in a plane, and that no two of them are parallel. It will be con- 
venient to take the coordinate axes for the axes of resolution and for the 
moment axes, in which case the equations of equilibrium may be written 
as follows: 


IF, = 0, =M, = 0, 
=F, = 0, =M, = 0, 
=F, = 0, =M, = 0. 


Proof.—The resultant of a non-concurrent, non-parallel system of 
forces in space is, in general, a force and a couple (Art. 36). If the forces 
of the system satisfy the first three equations, the resultant force must 
vanish, and if the last three equations are satisfied the couple must 
vanish. If, therefore, the forces of the system satisfy the six equations 
the force system is in equilibrium. 


ILLUSTRATIVE PROBLEM 


Problem 238.—Figure 178 represents a windlass used in lifting weights. The 
end bearings will be regarded as smooth, and the force P applied to the crank will be 
assumed to be perpendicular to the axis of the cylinder and also perpendicular to the 
crank. Find the value of P required to hold the 450-lb. weight, and also find the 
reactions at the bearings, assuming that the crank is inclined 30° to the vertical. 


Fia. 178. 


Solution.—The coordinate axes will be taken as shown in the figure. There are 
four forces acting on the windlass, namely, the weight of 450 lb., the force P, and 
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the reactions at the bearings. Since the bearing reactions are unknown in direction 
as well as in magnitude it will be convenient to resolve them into horizontal and 
vertical components; Hy, Vi and He, Ve, as indicated in the figure. Applying the 
equations of equilibrium to the system of forces acting on the windlass we have: 


phere F008 S0° ey ote = 0) 6 a FE olen eel ene CB) 
SF eV VE ait 30 AKO Oona wD) 
Veo Lea hon As == OP.) tae, tue Me ee a he.) eee) 
2M, = P sin 30° X 62+ 450 X80 —50V1 30 ..... (4) 
LM gee bOLg a P Com 30 xX 62) =O 9 ie ns (5) 


The solution of these equations gives the following values: 
P = 120 1b., Hy = —128.8 Ib., Vi = 344.4 lb., He = 24.92 lb., Vo = 165.6 lb. 


PROBLEMS 


239. In Fig. 179 is shown a vertical shaft AD that weighs 100 lb. and is sup- 
ported by a smooth step bearing at D and a smooth journal bearing at B. Pulleys 
having a diameter of 1 ft. and a weight of 40 lb. each are keyed to the shaft at A 
and C. To the pulley at A are applied two forces parallel to the z-axis and to the 
pulley at C are applied two forces parallel to the y-axis as shown. If the shaft is 
in equilibrium, find the magnitudes of P and the z-, y-, and z-components of the 
bearing reactions at B and D. 

Ans. P = 200 lb.; Bz =’—400 lb.; By = 22.9 lb.; Bz = 0; Dz = 120 Ib.; 
; Dy = 17.1 \b.; Dz = 180 lb. 


Fia. 179. Fra. 180. 


240. In Fig. 180 is shown a vertical shaft AD that weighs 80 lb. and is supported 
by a smooth step bearing at D and a smooth journal bearing at A. A pulley weighing 
10 lb. and having a diameter of 1 ft. is keyed to the shaft at B. To this pulley a 
force of 60 lb. is applied parallel to the y-axis. A pulley weighing 40 lb. and having 
a diameter of 1 ft. is keyed to the shaft at C. To this pulley two forces P and 120 lb. 
are applied parallel to the z-axis. If the shaft is in equilibrium, find the magnitudes 
P and the «-, y-, and z-components of the bearing reactions at D and A. 
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REVIEW QUESTIONS AND PROBLEMS 


241. Is the following statement correct? A force system is in equilibrium when 
the forces of the system have no resultant. : 


242. If a coplanar, non-concurrent force system is in equilibrium, what two 
graphical conditions must the forces satisfy? Explain. 


243. Prove that, if the forces of a coplanar, parallel system satisfy the equations 
DM, = 0 and 2Mz = 0, the forces must be in equilibrium; make clear the restric- 
tion on the choice of the points A and B. 


244. What is meant by a statically indeterminate force system? 


245. What is wrong with the following statement? A free-body diagram isa 
diagram showing the body and some (but not all) of the forces that the body exerts 
on other bodies. 


246. Given the following equations of equilibrium for a coplanar, non-concurrent, 
non-parallel force system: 


pa, == (0). 2M,=0, Z2Mez = 0. 


(a) What are the restrictions placed on the selection of the points A and B? 
(b) What conclusion can be drawn regarding the resultant of the given force system 
if the forces of the system satisfy the first of these equations? (c) What conclusions 
can be drawn regarding the resultant if the forces satisfy the first two equations? 
(d) If they satisfy all three equations? 


247. What is the essential difference between two-force members and members 
that are acted on by more than two forces? Which of these two classes of members 
occurs in a pin-connected pin-loaded truss? 


248. Correct the errors in the following statement: If the method of joints is 
used in determining the stresses in members of a pin-connected, pin-loaded truss, 
non-concurrent force systems are involved and hence the unknown stresses in three 
members that meet at any joint can be found. 


249. Is the graphical method of determining stresses in trusses (Art. 48) based on 
the method of joints or the method of sections? 


250. Is the following statement correct? In determining stresses in trusses alge- 
braically by the method of sections, each section used may cut more than three 
members but cannot cut more than three members in which the stresses are unknown. 


251. Write the six equations of equilibrium for a non-coplanar, non-concurrent, 
non-parallel force system and show what equations of equilibrium are obtained from 
these by imposing the conditions (a) that the forces are coplanar; (6) that they are 
non-coplanar but parallel; (c) that they are non-coplanar but concurrent; (d) that 
they are coplanar and parallel. 


252. In Fig. 181, A and B are smooth cylinders weighing 100 lb. each. Find the 


pressure, R, of one cylinder on the other and the pressures of the vertical walls on 
the cylinders at points C and D. Ans. R = 115.5 1lb.; C = D = 57.7 lb. 


253. In Fig. 182, D is a cylinder weighing 100 Ib. Find the reaction of the pin 
at B on the member AB. Assume all surfaces smooth and neglect the weights of 
AB and BC, Ans.) B= 25 lb: 
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254. In the crane shown in Fig. 183, assume that the weights of AD and CH are 
negligible and that the pin at Cis smooth. Find the reaction of the pin at C on the 
member CH and find also the stress in the rod BE. 

Ans. C = 4070 lb.; BH = 3555 Ib. 


Fia. 181. Fia. 182. Fig. 183. 


255. Find, by the method of sections, the stresses in the members CH, DE, and 
DF of the Howe truss shown in Fig. 184. 
Ans. CH = —20001lb.; DE = —2500 lb.; DF = 4000 lb. 


6000 Ib, 


Fia. 184. Fig. 185. 


256. In Fig. 185 is shown a pin-connected, pin-loaded truss. Find the stresses in 
GH and FH due to the loads shown, using the method of joints. Find the stresses 
in CH, DE, and DF by the method of sections. 

Ans. GH = —2250 lb.; FH = 3750 lb.; CH = —6750 lb.; DE = 3750 |b.; 
DF = 46500 lb. 


Fig. 186. Fig. 187. 


257. Find the stresses in all members of the truss shown in Fig. 184 by the 
graphical method. 
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258. In the derrick shown in Fig. 186, find the stresses in the flexible cables 
AB, AC, and AD due to the 2-ton load. The points C and D where the cables are 
attached lie in the xy-plane. Ans. AB = 6665 lb.; AC = AD = 6160 lb. 


259. The plate shown in Fig. 187 lies in a horizontal plane and is suspended by 4 
three flexible vertical cables which exert pulls 71, T2, and T3 on the plate as shown. 
If the weight of the plate is 100 lb: per sq. ft. of area, find the stresses in the cables. 

Ans. TT, = 800 lb.; 72 = 1600 lb.; T3 = 2400 lb. 


CHAPTER IV A 
FRICTION 


55. Friction Defined.—If two bodies slide or tend to slide on each 
other, the resisting force tangent to the surface of contact which one 
body offers to the other is defined as friction. 

Friction is of great importance in engineering practice. Since it 
always opposes motion, it is an undesirable and expensive factor in the 
operation of many machines and in such cases is reduced as much as 
practicable by means of lubricants. In other machines it becomes a 
very desirable and useful element, as in various forms of brakes, friction 
drives, etc. In fact, many of our normal physical activities, such as 
walking, would be impossible without the aid of friction. 

If the resistance between two bodies prevents motion of one body 
relative to the other, the resistance is called static friction; the frictional 
resistance between two bodies which move relative to each other is called 
kinetic friction. If the friction is static, the 
amount of friction developed is just suffi- 
cient to maintain equilibrium with the 
other forces acting on the body. That is, 
static friction is an adjustable force, the 
magnitude of which is determined from the 


BN 


! 
equations of equilibrium for all the forces R | 
which act on the body. Thus, let Fig. 188 nj \ 
represent a body in equilibrium on a rough ues 
horizontal plane under the action of a Fra. 188. 


horizontal force P, which tends to move 

the body, the reaction, R, of the plane, and the weight, W, of the 
body. Let the reaction R be resolved into two components F and N 
parallel and perpendicular, respectively, to the plane. The compo- 
nent F along, or tangent to, the plane is the frictional force as defined 
above. The component N is called the normal pressure and RF is called 
the total reaction. Since the body is in equilibrium, the equation of 
equilibrium ZF, = 0 must be satisfied, and hence F is equal to P; 
the equation >F, = 0 must also be satisfied, and hence N= W. If 
the force P is gradually increased, / must increase in the same ratio 
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in order to maintain a condition of equilibrium. There is a definite limit, 
however, to the amount of frictional resistance that can be developed, 
and when the value of P exceeds this limiting value motion will ensue. 
The limiting or maximum value of the frictional force is called limiting \ 
friction and is denoted by F’. Its value depends on the normal pressure 
and on the roughness of the surfaces of contact. 

In Fig. 188 it was seen that the frictional force F was equal to the 
applied force P and that the normal pressure N was equal to W, the 
weight of the body. However, the student should not make the mis- 
take of assuming that in all cases in which one body tends to slide over 
another F is equal to P or to the component 
of P parallel to the plane, and that N is 
equal to W; it is important to note that in 
all cases both the static friction and the 
normal pressure are determined by the con- 
ditions of equilibrium for all the forces acting 
on the body. Consider, for example, the 
body shown in Fig. 189 and assume that 

Fia. 189. motion of the body is impending up the 

plane under the influence of the applied 

force P and the other forces acting on the body. By applying the 

equations of equilibrium, =F, = 0 and ZF, = 0, it is seen that F’ = 
P cos 6 — W sin a and N = W cosa — Psiné. 

56. Coefficient of Friction—In order to compare the frictional 
properties of various pairs of materials or of the same pair of materials 
under varying conditions of their surfaces of contact, and in order 
to calculate the maximum frictional force corresponding to any normal 
pressure, a certain experimental constant, called the coefficient of friction, 
is used, 

The coefficient of static friction for.any two surfaces is defined as the 
ratio of the limiting friction to the corresponding normal pressure. Thus, 
if the coefficient of static friction is denoted by u, it may be expressed as 
follows: 


/ 


jest i or Ff’ = pN, 


It is important to note that F’ in the above equation is the maximum 
friction which the surfaces can develop, that is, the friction corresponding 
to impending motion. ‘Thus the maximum frictional force which any 
two surfaces can develop is equal to uN. 

The value of » must be determined experimentally, and, as stated 
above, it is a constant for any two materials for a definite condition of 
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the surfaces of contact. It varies considerably, however, for different 
conditions of the surfaces, and it varies widely for different pairs of 
materials, as is shown in the following table, which gives the values of the 
coefficient of friction for dry surfaces as determined by Morin and others. 


CoEFFICIENT oF Static FRICTION 


WiOOUOnSWOOG sinter tire eee. hae 0.25 to 0.50 
IMetaltonewood sntimnrcthe oink eater creer. .20 to .60 
Mietaltonemetal sera Oe. cnt seer ate tone »15 to’ 430 
Wetallongleathenrmeanmicmnie once eke ce dean .30 to .60 
NV-COCON: LGA th eLAwewe manta teep euek Terie aula PAD WH Ail) 
DCOMCZONSSUONG mentite orm a eet acta sens wit ie 40 to .65 
IMetalront stoner nrwncn ic. ainsi skeen ae .30 to .70 
Rarthronveart linemen rs aver ney ee .25 to 1.00 


If two surfaces move relative to each other, the ratio of the friction 
developed to the corresponding normal pressure is defined as the coeffi- 
cient of kinetic friction. ‘The value of the coefficient of kinetic friction 
for two surfaces is influenced by more factors than is the value of the 
coefficient of static friction. A brief discussion of the influencing factors 
is given in Art. 58. For values of the coefficient of kinetic friction for 
various conditions of rubbing surfaces the reader is referred to Good- 
man’s ‘‘Mechanics Applied to Engineer- 
ing.” 

57. Angle of Friction——The angle of 
static friction for two surfaces is defined as 
the angle between the directions of the total 
reaction and the normal pressure when 
motion is impending. Thus in Fig. 190, if 
the force P is just large enough to develop 
the limiting friction, the angle which Rh, the Fie. 190. 
reaction of the plane on the body, makes 
with the normal pressure, N, is the angle of static friction and is 
denoted by ¢. 

Since the components of #, parallel and perpendicular respectively 

/ 


. : F 
to the plane, are F’ and N, it is evident from the figure that tan ¢ = va 


Hie : are 
But since the ratio vs defined as the coefficient of static friction, yu, 


the following important relation may be written: 
b= tan >, 


that is, the coefficient of static friction is equal to the tangent of the angle 
of statec friction. 
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If the two surfaces move relative to each other, then the angle 
between the total reaction and the normal pressure is called the angle 
of kinetic friction. Its value is somewhat less than the angle of static 
friction, since the frictional force after motion ensues becomes less than \ 
the limiting friction. The relation » = tan ¢ also holds for kinetic fric- 
tion, the value of u for kinetic friction being somewhat less than for static 
friction. The angle of friction (for both static and kinetic friction) is 
convenient to use particularly in the solution of problems by graphical 
methods. 

Angle of Repose-—If a body rests on an inclined plane, as shown 
in Fig. 191, and is acted on by no forces except its weight and the reaction 
of the plane, and if a, the angle of inclination of the plane to the horizon- 

tal, is such that motion of the body impends 
« $ 3S down the plane, the angle a is defined as the angle 
EN of repose. 

Since the body is in equilibrium under the 
action of the two forces R, the reaction of the 
a W plane, and W, the weight of the body, these 
forces must be equal, opposite, and collinear. 
Hence the reaction FR is vertical. Furthermore, 
the angle which R makes with the normal to the plane is ¢, the angle 
of friction. It is evident from the figure that the angles a and ¢ are 
equal. The angle of repose for two surfaces can be found easily by 
experiment, after which the coefficient of friction for the surfaces 

may be found from the relation u» = tan ¢ = tan a. 

58. The Laws of Friction—One of the earliest contributions to our 
knowledge of the laws of friction was made by Coulomb, who published, 
in 1781, the results of experiments on the friction of plane dry surfaces. 
Later experiments by Morin confirmed, in the main, the results obtained 
by Coulomb. The results of the experiments of Morin on dry surfaces, 
published in 1831, may be stated as follows: 


Tig. 191. 


1. The friction between two bodies when motion is impending (lim- 
iting friction) is proportional to the normal pressure; that is, the coeffi- 
cient of friction is independent of the normal pressure. 

2. The coefficient of static friction is independent of the area of 
contact. 

3. The coefficient of kinetic friction is less than the coefficient of 
static friction and is independent of the relative velocity of the rubbing 
surfaces. 


Although these laws are probably correct for the conditions under 
which the tests were made, they must be modified in order to apply to 
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friction which is developed under conditions quite different from those 
found in the experiments. The pressures used in the experiments of 
Morin varied from 34 lb. per sq. in. to 100 Ib. per sq. in. It has been 
found in later experiments that for pressures less than 34 Ib. per sq. in. 
the value of the coefficient of static friction increases somewhat. For 
very great pressures the coefficient also increases. The highest velocity 
used in Morin’s experiments was 10 ft. per sec. For greater velocities 
than this it has been found in later experiments that the coefficient 
of kinetic friction decreases with the velocity. The experiments of 
Jenkin show that for extremely low velocities (the lowest velocity 
measured was 0.0002 ft. per sec.) there is an increase in the coefficient 
of kinetic friction. These experiments indicate that the value of 
the coefficient of kinetic friction gradually increases as the velocity 
decreases and passes without discontinuity into that of static friction. 

From experiments made by Tower, Goodman, Thurston, and others, 
on lubricated surfaces, it has been found that the laws of friction for 
lubricated surfaces are almost the reverse of those stated for dry sur- 
faces. For example, it is found that the friction of two surfaces is 
almost independent of the nature of the surfaces and of the normal 
pressure so long as there is a film of lubricant between the surfaces. 
Again, for lubricated surfaces, it is found that the friction is materially 
affected by the temperature, which is not true in the case of dry surfaces. 

59. Types of Problems Involving Frictional Forces.—In the follow- 
ing problems there are two general types: (1) In one type a body is in 
equilibrium under the action of a force system one (or more) of which 
is a frictional force, but motion of the body is impending; in other 
words, the frictional force developed is the limiting friction and can 
therefore be expressed as F’ = uN. It is important to note that such 
a problem is a problem in equilibrium and is no different from those 
treated in the preceding chapter, for, the equations of equilibrium apply 
to all the forces acting on the body (including friction forces and the 
normal pressures). But in addition to the relationship that must exist 
among all the forces as expressed in the equations of equilibrium there is 
a special relationship between two of the forces that act on the body, 
namely, F’ = wpN. This equation then is used together with the equa- 
tions of equilibrium to effect a solution of some of the unknown forces. 
If more than one pair of rubbing surfaces are involved there will, of 
course, be more than one equation of the type F’ = uN. 

(2) In the other type of problem a body is acted on by a force 
system one (or more) of which is a frictional force but it is not known 
whether the body is in equilibrium under the action of the applied forces 
because it is not known whether the frictional force (or forces) required 
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for equilibrium can be developed on the surfaces of contact. One 
method of attacking such a problem is first to assume the body to be in 

equilibrium and then find the frictional force and corresponding normal 
pressure required (with the other forces) to hold the body in equilibrium, 
by applying the equations of equilibrium. This magnitude of the fric- 

tional force is then compared to the value of the limiting friction, F’ = 

uN, and if it is less than F’ the body will be in equilibrium and the 

frictional force will have the value found from the equilibrium equations, 

but if it is greater than F’ the body will not be in equilibrium, and hence 

the problem is one of kinetics instead of statics. 


/ ILLUSTRATIVE PROBLEMS 


Problem 260.—A lift shown in Fig. 192 slides on a vertical shaft having a square 
cross-section 2 in. onaside. Find the greatest distance, zx, from the edge of the shaft 
at which a load W can be placed and still cause the lift to slide on the shaft. Neglect 
the weight of the lift and use 0.2 for the coefficient of friction. 


. Fre. 192. 


Graphical Solution.—Since motion impends, the angle between the reaction Ry 
and the normal pressure N1 of the shaft at A is equal to the angle of friction; that is, 
the tangent of the angle is equal to 0.2. Hence, by laying off ten spaces along the 
normal and two spaces perpendicular to the normal, as shown in Fig. 192, the action 
line of &y is determined. In a similar manner the action line of Re is found. Now 
the three forces Ri, Rg and W must be concurrent in order to be in equilibrium 
(Art. 42) and hence, W must pass through the intersection of Ry and Re. Now the 
intersection of these two forces can never be nearer to the shaft than the point D, 
since the angle @ cannot be greater than tan! 0.2. The distance, x, of D from the 
shaft is found by measurement to be 24 in. 


Algebraic Solution.—The five forces, F"1, Ny, F's, No, and W which hold the lift 
in equilibrium as shown in the free-body diagram (Fig. 192) form a coplanar, non- 
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concurrent force system and hence there are three equations of equilibrium as follows: 


DEeIN we NG 0 Se ee es 
Se WaOONGeO2NE = 0... Ju. & 2) 
SiMe = Wa 10N; —202Ni=0, ..... @) 


in which 
0.2Ny = F’; and 0.2N_ = Fo. 


From (1) and (2) we have 
W = 0.4N, = 0.4No. 


By substituting this value of W in (8) the equation obtained is 


—0.4Ni-x + 10N; — 0.4N; = 0, 
whence 
49 = OHS Thay, 


Problem 261. A body weighing 80 lb. rests on a plane inclined 20° to the hori- 
zontal as shown in Fig. 193(a). The coefficient of friction between the body and 
plane is 0.30. If a horizontal force P of 20 lb. is applied to the body will it slide? 
If so, will it slide up or down the 
plane? If the body does not WV 
slide what is the magnitude and Pom, % 
sense of the frictional force devel- : 
oped? 

Solution.—First it will be as- 
sumed that the body is in equi- 
librium and that the frictional 
force F acts downward along the 
plane; in other words it is assumed Fig. 193. 
that the body would slide up the 
plane if no frictional force existed. The free-body diagram would then be as shown 
in Fig. 193(a). Using one of the equations of equilibrium we have 


DF, = 20 cos 20° — 80 sin20° — F =0 
. F = 20 X 0.940 — 80 X 0.342 =— 8.56 lb. 
Since the sign of F is negative, or in other words, since the z-component of the weight 
of the body is greater than the a-component of P, the direction of F is up instead of 
down the plane. Hence if the body slides, it must slide down the plane. If it does 
not slide down it must be held in equilibrium by the forces shown in Fig. 193(6). 
Applying the equations of equilibrium to this force system, we have 
DF, = F +20 x 0.940 — 80 X 0.342 = 0 “. F =-+ 8.56 lb. 
2Fy = N — 20 X 0.342 — 80 X 0.940 = 0 “ N = 82.04 lb. 
The maximum value that F can have is 
F’ = pN = 0.3 X 82.04 = 24.6 lb. 
and since a frictional force of only 8.56 Ib. is needed to hold the body in equilibrium, 
the body will not slide and the frictional force developed is 8.56 lb. directed up the « 


plane. 
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Problem 262.—Figure 194(a) represents a cotter joint. 
and the angle of friction for all rubbing surfaces is 12°. 


force P required to overcome the 1000-lb. force applied on part A? 


1000 Ib. follows: 


For A 


For C 


Fia. 194. 


R= 


ZF, = 1000 + Ri sin 12° 


— Re cos 27° = 0, 


DF, = Ry cos 12° — Resin 27° = 0. 


DF, = Re cos 27° — R3 cos 12° = 0, . 
2F, = Rosin 27° + R3 sin12° — P = 0. 


By eliminating R; from (1) and (2), the equation 
obtained is, 


a 1000 cos 12° 
cos 389° 


c P cos 12° 
~ gin 39° ° 


By equating values of Rein (5) and (6) the value of P may be found. Thus 


Picosi2e “- 1000 cos 12° 
sin 39° cos 39° 


Therefore 


P = 1000 tan 39° = 810 Ib. 


The angle a equals 15° 
What is the value of the 


Solution.—Free-body diagrams of the block 
A and the cotter pin C are shown in Fig. 194(b) 
and 194(c), respectively. The equations of 
librium for the two blocks may be written as 


equl- 


(1) 
(2) 


(3) 
(4) 


(5) 


By eliminating R3 from (3) and (4) the following 
equation is obtained: 


(6) 


Problem 263.—In Fig. 195 assume that W and a are known; assume also that 
the coefficient of friction » (and hence also the angle of friction #) is known. 


in terms of 6 and the known quantities, the 
value of P that will make motion impend 
up the plane. Show also that P will be 
a minimum when @= 4@, and find the 
minimum value of P. 


Solutton.—The body is in equilibrium 
and hence the equations of equilibrium 
may be applied to the system of forces 
acting on it. In addition to the required 
force P, the forces acting on the body are 
the weight, W, of the body, and the reac- 
tion of the plane. The latter force will be 
resolved into components N, perpendicular 


Fia. 195. 


Find, 


to the plane, and F’ (equal to nN), parallel to the plane, as shown in the free 
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body diagram. If the x-axis be taken parallel to the plane and the y-axis perpen-: 
dicular to the plane, the equations of equilibrium may be written as follows: 


2F, = P cos @ — uN — Wsina = 0, 
2Fy =N+Psiné — W cose = 0. 
Hliminating N from the two equations we have: 


Ei W (sina + pu cos a) 
cos 6 + wsin 6 \ 


If tan ¢ be substituted for » this may be written: 


P — xn (a + 9). 
cos (0 — ¢) 


If.the values of W, a, and ¢ are specified, P may be regarded as a function of 8. 

The value of P is a minimum when @ is equal to ¢, since this value of 6 makes 

cos (6 — ¢) a maximum; the minimum value of P, then, is W sin (a + ¢). If the 
sin (@ + 

force P is applied parallel to the plane its value becomes eens 


PROBLEMS 


264, A block weighing 100 lb. rests on a plane inclined 30° to the horizontal. 
If the coefficient of static friction is 0.3, will a horizontal force of 50 lb. start the body 
up the plane? 

265. In Fig. 196 what must be the magnitude of a horizontal force, P, to cause 
motion to impend? The coefficient of static friction for both pairs of rubbing sur- 
faces is 0.2. Bodies A and B weigh 150 lb. each and the force exerted on A and B 
by the spring S is 200 lb. Is the action line of the force P shown correctly in the 
figure? INGE, IP 0) Woy, 


Fia. 196. Fia. 197. Fig. 198. 


, 


rye 266. The uniform ladder shown in Fig. 197 weighs 50 1b. The coefficient of fric- 


tidn for the ladder and vertical wall is 0.25, and for the floor and ladder 0.5. Find 
the Horizontal force P which will cause motion to impend to the right. 


267.“A load, P, of 80 lb. is applied to the arm (Fig. 198) at a distance of 2 ft. 
fron the axis of the shaft. If = 0.15 will the arm slide on the shaft? Ans. Yes. 


268. If the angle @ in Fig. 101 is 45° when motion impends, what is the coefficient 
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of friction for the 60-Ib. body and the horizontal plane? Assume the pulleys to be 
frictionless. 
269. If the weight W in Prob. 260 is 500 lb. and z is 24 in., what vertical force P 
applied at E will be just sufficient to start the lift up? Ans. P = 862 lb. 
270. A body weighing 200 Ib. rests on a plane inclined 30° to the horizontal and 
is acted-on by a force of 120 lb. as shown in Fig. 199. The coefficient of friction for 
the body and plane is 0.3. Find the friction between the body and plane. 


Fre. 199. . Fra. 200. Fie. 201. 


a Tn Fig. 200 body C weighs 1000 lb. The coefficient of friction between A 
and the horizontal surface is 1/10. Disregard the friction between A and B and 
between B and the vertical surface. What is the least value of P that will raise the 
body C assuming the weights of A and B to be negligible? Ans. P = 831 lb: 


272.-In Fig. 201, body A has been pulled to the right into the position shown 
where it is held in equilibrium by its weight, the tension in the spring S, the tension 
in the cord connecting it to B, and the reaction of the member C. The weights of 
A and B are 20 lb. and 100 lb., respectively, and the coefficient of friction for A and 
Cis 0.5. Find the tension in the spring. Ans, T =*16,7 tb. 


273. The load of 100,000 lb. (Fig. 202) is raised by applying forces P, P to the 


wedges. What is the required value of P if the coefficient of friction is 0.2 for all 
surfaces of contact? 


100,000 lb. 


50 sin 80° 


MULL LLL a 


Fra. 202. Fia. 208. 


- 274, A small body weighing 50 lb. is placed on a rough plane which is inclined 
30° with the horizontal (Fig. 203). The body is acted on by a force P, the action 
line of which lies in the plane and makes an angle of 30° with the line of greatest 
slope in the plane. If the coefficient of friction is 14, find the value of P that will 
just start the block in motion, and find the direction in which the block will begin 
to move. Ans. P = 14.4 Ib. 

275. A homogeneous rectangular prism, the dimensions of which are 1 ft. by 

1 ft.-by 2 ft., stands on end on a flat square board, the edges of the base of the prism 

being parallel to the edges of the board. The coefficient of friction for the board 
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and prism is 0.2. If one side of the board is gradually raised will the prism slide or 
tip? 

276. A horizontal pull is exerted on one handle of a desk drawer a distance w from 
the center line of the drawer. The drawer has a length L parallel to the direction 
of pull. Show that the maximum value x can have and still allow the drawer to~ 
open is L/2u, where wis the coefficient of friction for each side of the drawer. Assume 
that when motion impends the friction and the normal pressure on each side are 
concentrated at the front or back edge of the drawer and that friction on the bottom 
of the drawer is negligible. 


277. A crown friction drive as indicated in Fig. 204 is used on screw power 
-présses, motor trucks, etc. The cast-iron disk B rotates at 1000 r.p.m. and drives 
the crown wheel C which is faced with leather-fiber. The diameter of C is 20 in. 
and the value of p is 0,35. If a turning moment of 100 ft.-lb. is transmitted to the 
crown-wheel shaft when slipping impends, what is the normal pressure between the 
disk and the crown wheel? What is the pressure on the bearings at A and D? 
APS, IN = BAB Mos AL Ss Dir illo. 1D) = 1336) Ilo. 


Fig. 204. Fia. 205. 


le 


-& EB. The weights of the bodies in Fig. 205 are Wi = 60 Ib. and We = 380 Ib. 
/The coefficients of friction are », = 14 and we = 14. What is the least value of P 
that will cause the bodies to move? 


279. Two bodies weighing 50 lb. and 100 lb. rest on an inclined plane and are con- 
nected by a cord which is parallel to the line of greatest slope. The body weighing 
“50 Ib. is below the one weighing 100 lb., and the coefficient of friction for the 50-lb. 
body is 1é and that for the 100-Ib. body is 14. Find the inclination of the plane to 
the horizontal and the tension in the cord, when motion impends. 

Ans. @=13°7'; T = 1.61 Ib. 


280. A cone clutch as shown in Fig. 206 is used to connect two shafts. If the 
normal pressure between the two surfaces of contact is 15 lb. per sq. in. and the 
coefficient of friction is 0.25, what is the maximum torque the clutch can transmit? 
Assume that the frictional force has a mean arm of 6 in. and that 6 = 12.5°. 

Alsi —=)2545el=in. 
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281. In Fig. 207, find the least value of P that will prevent the 800-lb. weight 
from descending and turning the wheel and axle D. Assume the axle to be smooth 
and disregard the weight of the wheel and axle. Assume the coefficient of friction 
between AC and D to be 0.3 and the thickness of the bar AC to be negligible. 


Fia. 206. Fig. 207 


282./A ladder 14 ft. long is inclined 60° to the horizontal, its upper end resting 
atainst a smooth vertical wall and its lower end on a rough horizontal plane. The 
center of gravity is 6 ft. from the lower end. If the ladder is on the point of slipping, 
what is the coefficient of friction between the ladder and horizontal surface? 

Ans. p = 0.247. 


283. In Prob. 262 assume that A is fixed instead of B and that a horizontal force 
of 1000 lb. is applied to B. Find the value of P required to make motion of B 
impend., 


284. In Prob. 263 determine the force P that will just prevent motion down the 
plane whena > ¢. Find also the value of @ for which P is a minimum and deter- 
mine the minimum value of P. 

W sin (a — 4) 
A - SS |S 6 = ~ = i — 
ns are ¢; P = Wsin (e — 9). 
§ 285. In Prob. 263 determine the force P that will just start the body down the 
plane when a < ¢. Find also the value of @ for which P is aminimum and determine 
the minimum value of P. 
_ Wsin(¢ —a@) | 


Ans. P= coos (04 oye oo met eee 


286. A body weighing W lb. rests on a rough plane inclined at an angle @ to the 
horizontal. What horizontal force must be applied in order to start the body up 
the plane if the angle of friction is ¢? Express the force in terms of W, 6, and ¢ 
and also in terms of JW, 0, and x. 

_sin 6 + neos 0 


Ans. P=Wtan(@+¢) =W . 
cos @ — wsin 0 


60. Pivot Friction.—In Fig. 208 is shown a step bearing. Let it be 
required to find the expression for the frictional moment developed on 
the flat end of the shaft as it turns in its bearing. The assumption will 
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be made that the coefficient of friction, u, for the rubbing surfaces is 
constant, and that the pressure on the bearing 
is uniformly distributed. Let the total axial 
load be denoted by W, the radius of the shaft 
by r, and the bearing area by A. 

Obviously the frictional moment cannot 
be found by obtaining the total frictional force 
F’ from the equation F’ = uN and then multi- 
plying this force by the moment-arm, for the 
resultant of the frictional forces is not a force 
but a couple. However, the frictional force 
dF’ on any small (differential) part dA of the 
area may be found from the equation dF’ = yudN, 
where dN is the normal pressure on the differen- 
tial area, and the moment of this frictional 
force may be found by multiplying the force by its moment-arm p which 
of course varies with the position of dA. Hence we are here dealing 
with a continuously varying quantity and the total or resultant fric- 
tional moment My must be thought of as a summation of the products 
(p-dF’) which involves the method of the calculus. Thus 


Mr = f mar = fan, 


dN = pressure per unit area times the area dA 


= We dA = ue pdpdé. 
Tr 


ar 


EP 2x 4 
2 

My = ae ff db p-dpdd = = uWr. 
Tr 0 0 3 


Nore: The student should note well the method used in the above analysis. 
This method, which makes use of the calculus, will frequently be used in subsequent 
articles in dealing with many different types of problems in which continuously vary- 
ing quantities are encountered, such as a pressure distributed non-uniformly over an 
area, the moment of the mass of a body about an axis through the body, ete. 


Fia. 208. 


But 


Therefore 
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287. Show that the frictional moment for the hollow flat pivot (Fig. 209a) or 
the collar bearing (Fig. 209b) is 
D) Eh aw} 
Veen a ae coy 
3 10 STi 
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288. The weight of the vertical shaft and the rotating parts of a turbine is 100,000 


YA 

YU I MMMM); 
VEL 
(a). 


YL 
Fic. 209. 


61. The Screw.—A screw 
is, in effect, an inclined plane 
wound around a _ cylinder. 
Screws are made with square 
threads and with triangular 
threads, but square-threaded 
screws, only, will be considered 
here. Fig. 210(a) shows a jack- 
screw with square threads 
which is used in raising or lower- 
ing heavy loads. The radius 
of the base of the thread is 
denoted by r; and the outer 
radius by 72; a@ is called the 
pitch angle and p is called the 
pitch of the screw. Let it be 
required to find the force, P, 
which, when applied at the end 
of the lever of length a, is just 
sufficient to raise the load W. 
The forces which hold the screw 
in equilibrium are: the force P; 
the pressure of the cap, C, on 
the head, H; and the reaction 
of the nut, B, on the screw. 
The latter is distributed over 
the area of the threads in con- 
tact with the nut. If the fric- 
tion between the cap and the 


/ 


lb. and the diameter of the shaft 
is 10 in. Assuming the coeffi- 
cient of friction to be 0.015 
and the bearing to be a flata 
ended pivot, find the frictional 
moment. 


289. Find the moment of 
the friction on a collar bear- 
ing, when subjected to a pres- 
sure of 6000 lb., if the radii 
of the collar are 3.5 in. and 4.5 
in. and the coefficient of fric- 
tion is 0.025. 

Ans. Mp = 608 lb.-in. 
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head of the screw is neglected, the pressure of the cap on the head 
of the screw will be a vertical force equal to W; the problem will be 
solved on this assumption. Two of the six equilibrium equations which 
apply to this type of force system will be sufficient for the solution of the 
problem, namely, 27, = 0 and 2M, = 0, where z is taken as the axis of 

‘the screw. The reaction between the nut and the thread of the screw on 
an element of area dA will be denoted by dR. This force may be resolved 
into components dN normal to the thread and dF’ parallel to the thread 
as shown in Fig. 210(b). In taking moments about the axis of the thread 
it will be sufficiently accurate to consider the moment-arm of dF’ to be 
equal to the mean radius of the thread, $(r, + 72), which will be denoted 
by r. The equilibrium equations stated above, then, become: a 


2F, = 2dN cosa — 2dF’ sina — W =), 
=M, = Pa — XrdN sin a — =rdF’ cos a = 05 
Since dF’ = udN, these equations may be written: 
cos aZdN —ysinaXdN-W=0,.... (1) 
EO ar inra 0 Ne ir Costa dV ==3) sa ee er) 
By eliminating =dN from (1) and (2) the equation obtained is, 


sin a + uw cosa 
Pa = Wr 


.. COS a — psina 


By substituting tan ¢ for p this equation may be written in the torm 
- Pos Wrtan(é-a) .... .« +. oA) 


If the pitch angle a is large and the angle of friction is small, the 
load W will cause the screw to run down unless a force is applied to 
prevent it. The force P required to hold the load is found by a method 
of analysis similar to that used above, the only difference being that 
the sense of the frictional force is reversed. The least value of P 
required to prevent the screw from running down is given by the 
equation 

Pa We tana). ee eee ae ee 


If « = ¢ in the above equation, the force P reduces to zero, that is, 
the load will be held by friction alone. Ifa < 4, a force is required (the 
sense of which is opposite to that in the two cases above considered) to 
lower the load. The value of the force required to lower the load is 
given by the equation 

Piece Wann tio.) ears ltt? en) 
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290./"The mean diameter of the screw of a square-threaded jack-screw is 1.8 in. 
The pitch of the thread is 0.4 in. and the coefficient of friction for the screw and nut 
is 0.12. What force must be applied at the end of a lever 18 in. long to raise a weight 
of 5000 Ib.? What force is required to lower the weight? Ans. 48.1 Ib.; 12.4 lb. 

291/ A weight of 1000 Ib. is lifted by applying a couple, Pd, to the hand wheel 
of the apparatus shown in Fig. 211. The diameter, d, of the hand wheel is 20 in.; 
the mean diameter of the screw is 1.5 in.; the pitch of the thread is 44 in.; and the 
coefficient of friction is 0.15. Find the values of the forces of the couple when the 
value of @ is 15°, 


W=1000 Ib, 
Fia. 211. Fig. 212. 


e The shaft-straightening hand press shown in Fig. 212 is used for bending 
or straightening 314-in. steel shafts. What force, P, applied at the end of a 36-in. 
lever is required to produce a pressure, Q, of 24,000 Ib. on the shaft? The threads 
have a mean diameter of 2 in. and there are four threads per inch. Consider friction 
between the screw and nut only, and use a value of 0.2 for the coefficient of friction. 
Ans. P = 161 Ib. 


62. Belt Friction.—Belt friction is important in the transmission 
of power by belt and rope drives and in resisting large loads by means 
of band brakes, capstans, ete. If a belt, rope, or steel band passes over 
a smooth cylinder or pulley that offers resistance to turning, no difference 
in the tensions in the belt, rope, or band on the two sides of the pulley 
can be developed since a difference in the tensions requires that there be 
friction on the surface of contact between the belt and pulley. If the 
cylinder or pulley is rough, however, the tensions will not, in general, 
be equal. In the present article the relation between the tensions in the 
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belt, on the two sides of a rough pulley, when the belt is about to slip, 
will be determined. It is evident that the greater tension must be just 
large enough to overcome the smaller tension in addition to the friction 
between the belt and the pulley. In Fig. 213(a) is represented a belt 
on a pulley, the angle of contact being a and the belt tensions being T; 
and T,. Let 7; be the greater tension, and let it be assumed that the 
belt is about to slip on the pulley. The normal pressure between the 
belt and the pulley per unit length of belt, that is, the intensity of pres- 
sure at any point, will be denoted by p, and the tension in the belt at 


idigey Palsy, 


the same point will be denoted by T. Fig. 213(0) is a free-body diagram 
of an element of belt of length ds. The forces acting on this element are 
the tensions 7’ and T + dT at the ends, and the reaction of the pulley. 
The latter force may be resolved into a component, dN = pds, normal 
to the face of the pulley and a frictional component, dF’ = upds, tangent 
to the face of the pulley. The equations of equilibrium may be applied 
as follows: 


~ dé dé 
LF, = (T + aT) cos ri T cos pan pO Si ee) 
dé dé 
ZF, = pds — (T + dT) sin — Tsin > = 0. = see 


6 dé . : : cue 
Since ae is small, cos 5 is approximately equal to unity and sin 2 is 


dé eu ; 
approximately equal to a The term dT sin 3 8a small quantity of 


the second order and may be neglected. By using these approximations, 
equations (1) and (2) become 
dT — upds = 0, Sh ttle Pehew Geel 3) 


Dd scren | diz (phy Ate hate a) 
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Eliminating pds from equations (3) and (4), we have 


dT 
— = udé. ee ae et Peers 
pF (5) 


\ 
By integrating equation (5) the relation between T; and Tz may be 
found as follows: 


That is 
— x= es or Ti — T,e"* . . . . . . (6) 


where e is the base of natural logarithms and a is measured in radians. 
It should be noted that in the derivation of equation (6) the belt is 
assumed to be perfectly flexible. 


ILLUSTRATIVE PROBLEM 


Problem 293.—In the band brake shown in Fig. 214 the force P is 100 lb., the 
angle of contact, a, is 270° (37 radians), and the coefficient of friction, u, for the 
band and the brake wheel is 0.2. Ii 
the brake wheel rotates in a counter- 
clockwise direction find the tensions 
in the band and the frictional moment 
developed. 


Solution.—Since the operating 
lever ACB is in equilibrium the equa- 
tion Ms, = 0 may be applied, from 
which the band pull at C, that is, the 
tension T'9, is found. Thus 
Fia. 214. 2Mz = 100 X 26 — Te X 2 = 0, 
* Te = 1300 lb. 


Since 72 is now known, the tension 7 may be found from the belt-friction formula. 
Thus 


| 


T1 = To X e#* = 13800 X (2.718)%2X 2" 

log 71 = log 1300 + 0.37 log 2.718 

3.114 + 0.942 X 0.4384 = 3.522. «. 71 = 3330 lb. 
Frictional moment = (71 — T2) X 10 = 2030 X 10 = 20,300 lb.-in. 
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294. A body weighing 2000 Ib. is suspended by means of a rope wound 11% turns 
around a drum. If the coefficient of friction is 0.38 what force must be exerted at the 
other end of the rope to hold the body? Ans. TT: = 118 lb. 
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295. A rope passes over a horizontal circular beam making 114 complete turns 
around the beam. What is the greatest weight on one end of the rope that can be 


supported by a force of 1000 lb. applied to the other end of the rope if the coefficient 
of statie friction is 0.3? 


296. A body weighing 500 lb. is raised by means of a rope which passes over a 
round beam, the angle of contact being 180°. If the coefficient of friction is 0.4, 
what is the least foree P which will raise the body? What is the least force P which 
will hold the body? Ans, P = 1755 lb.; P= 142 Ib. 

297. A body having a weight, W, of 1 ton is sus- 
pended by means of a wire rope which passes over two 
fixed drums, as shown in Fig. 215. If the coefficient of 
friction for the rope and drums is 0.3, what force, P, 
will be required (a) to hold the body; (6) to start the 
body upwards? 

298. A rope is wound twice around a post. If a pull 
of 50 lb. at one end of the rope will just support a force 
of 6000 lb. at the other end, what is the coefficient of 
friction? Ans. pw = 0.38. 

299. A boat is brought to rest by means of a rope 
which is wound around a capstan. If a force of 4000 
Ib. is exerted by the boat and a pull of 100 lb. is exerted 
on the other end of the rope, find the number of turns 
the rope makes around the capstan, assuming the value 
of u to be 0.25. LEE 


300. In Fig. 216 is represented a band brake, the Fia. 215. 
angle of contact of the band on the brake wheel being 
180°. If the coefficient of friction is 0.2, find the frictional moment developed (a) 
when the brake wheel rotates clockwise; (b) when the brake wheel rotates counter- 


clockwise. Ans. (a) 157 lb.-ft.; (6) 84 lb.-ft. 
aN 
P—60'Ib. yP 
> M 
Fre, 216; lites, PAZ, 


301. A body, M (Fig. 217), weighing 500 lb. is suspended by a rope that makes 
11 turns around a fixed cylindrical drum A and then extends horizontally to another 
fixed drum B as shown. A downward force P applied at the end of the rope is just 
sufficient to prevent M from descending. (a) If the coefficient of friction for the 
rope and each drum is 0.20, find the value of P. (b) If the drum B were placed in 
position B’ would the value of P be less? If so how much less? 


302. In Fig. 218 what is the value of P if it just prevents downward motion of 
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the 2000-lb. weight? The rope makes one complete turn around the post. The drum 
turns in a frictionless bearing, and yw for the post and rope is 1/z. 
Ans. P.= 271 Ib. 
303. Solve the presedede problem assuming that the drum 6 cannot turn er: 
that » for the rope and drum is 2/7. 


2000 Ib. : 
Fig. 218. Fig. 219. Fie. 220. 


304. A frictional resisting moment of 760 Ib.-in. is exerted on the drum in Fig. 219 
by the band brake when a load P of 10 Ib. is applied as shown. Find the value of 
the coefficient of friction for the band and drum. Assume the radius of the drum 
to be 4 in. and the drum to be rotating counter-clockwise. Ans. p = 0.367. 


305. In Fig. 220, Q is a force applied at one end of a flexible belt that passes 
around a fixed drum. The body A weighs 200 lb. The coefficient of friction for 
the belt and drum is 1/7 and for the body A and the plane 0.2. Find the value of Q 
that will cause A to have impending motion (a) up the plane and (b) down the plane. 

Ans. (a) Q = 366 lb.; (6) Q = 241 Ib. 


63. Rolling Resistance.—If a rigid wheel or roller which carries a 
vertical load rests on a rigid horizontal surface, a horizontal force, how- 
ever small, will cause the wheel or roller to roll on the surface. If a 
wheel rolls over a yielding surface, however, a resistance to the motion is 
encountered owing to the fact that the surface immediately in front of 
the wheel is being deformed. 

In Fig. 221 is shown a wheel carrying a vertical load W. Let P be 
a horizontal force which causes the 
center of the wheel to move with a 
constant velocity. Since the sur- 
face on which the wheel rolls de- 
forms under the wheel, the pressure 
between the wheel and the surface 
is distributed over the area of con- 
(“aii tack, The resultant pressure or re- 
action of the surface on the wheel 
then passes through some point, B, 

Fra, 221. in the area of contact as shown in 
the figure. Since the velocity of the 
wheel is constant, the three forces acting are in equilibrium and hence the 


OOOO 
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reaction, R, of the surface on the wheel must pass through O, the 
center of the wheel. Taking moments about B we have 


2Mp=WxXAB-—-PXOA=0. 


Since the depression is usually small, OA is approximately equal to r, 
the radius of the wheel. By using this approximation and denoting AB 
by a, the value of P is found to be 


_ Wa 


iP 


The horizontal component of the reaction R is equal to P and is called 
the rolling friction or rolling resistance; the distance a is sometimes called 
the coefficvent of rolling resistance. However, since a is a linear quantity 
and not a pure number it is not a true coefficient. The value of a is 
generally expressed in inches. The laws of rolling resistance are not well 
known, and there is need of further investigation on the subject. It was 
assumed by Coulomb that the coefficient of rolling resistance is inde- 
pendent of the radius of the wheel. Tests by Dupuit indicate that the 
coefficient varies as the square root of the diameter. Whether the con- 
clusion of the latter is correct or not, it seems reasonable to assume that 
the value of the coefficient depends on the diameter of the wheel. The 
values of the coefficient of rolling resistance given by various investi- 
gators are not in close agreement and should be used with caution. 


COEFFICIENTS OF ROLLING RESISTANCE 
(Due to Coulomb and Goodman) 


a (inches) 
ionum)-viteo On oak neers rie eee 0.0195 
RUT ONnODK A eae eie iets Senos aie 0.0327 
Stéelsonsteclwnmm- Crete soee i eee 0.007 to 0.015 
Stcaltonmwoodsemaernc meen: amie rats 0.06 to0.10 
Steellon macadam road.............. 0.05 to0.20 
Sieell OM gorge coqasaucucoon woe ST OMmUORoEO) 
Pneumatic tires on good road..... Se aa WHO iy) C27 
Pneumatic tires on mud road......... 0.04 to0.06 
Solid rubber tire on good road........ 0.04 
Solid rubber tire on mud road......... 0.09 to0.11 


PROBLEMS 


306. The rolling resistance for the wheels of a freight car is 3 lb. per ton. Tf the 
diameter of the car, wheels is 33 in., what is the coefficient of rolling resistance? 
Ans. 0.025 in. 
307. An oak beam which carries a load of 5000 Ib. rests on elm rollers the diam- 
eters of which are 6 in. The rollers rest on a horizontal track. What horizontal 
force is required to move the load if the weight of the beam is neglected? 
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308. What is the rolling resistance of a wagon wheel on a macadam road if the 
diameter of the wheel is 4 ft. 6 in.? Assume the coefficient of rolling resistance to 
be 0.2 in. Ans. 14.8 lb. per ton. 


REVIEW QUESTIONS AND PROBLEMS 

309: Show that the angle of static friction is equal to the angle of repose. 

310’ Show that the coefficient of static friction is equal to the tangent of the 
angle of friction. 

. 811, A body rests on an inclined plane. Is the friction of the plane on the body 
necessarily equal to the product of the normal pressure of the plane and the coefficient 
of friction? 

312. Correct the error in the following statement: The angle between the total 
reaction and the normal pressure is always equal to the angle of friction. 

\318/ If relative motion between two bodies is impending and additional forces 
are applied to the bodies causing an increase in the normal pressure, does the angle 
of friction also increase? 

314. If a body rests on a plane and motion of the body is impending what are 
two ways of representing the action of the plane on the body in a free-body diagram? 

315. Correct the error in each of the fellowing statements: (a) The coefficient 
of friction for two surfaces of contact is the ratio of the normal pressure to the limit- 
ing friction. (6) The angle of friction is the angle between the action lines of the 
limiting friction and the normal pressure. (c) The normal pressure of a plane on a 
body that slides or tends to slide on the plane is always equal to the component of the 
weight of the body in a direction normal to the plane. (d) The coefficient of static 
friction for a given pair of rubbing surfaces is not a constant for that pair of surfaces 
because the limiting friction developed varies with the normal pressure. 

316. In obtaining the expression for the frictional moment on a flat pivot bearing, 
why is the moment obtained by first getting the moment of the frictional force on 
an elementary area dA and then finding the sum of all such moments rather than 
by finding the resultant of the frictional forces and then getting the moment of this 
resultant? 

317..In Fig. 222 what is the greatest weight A can have without causing the 
cylinder B to turn? The coefficient of friction for the cylinder and the horizontal 
plane is 0.25 and the vertical surface is smooth. The weight of the cylinder is 120 Ib. 

Ans. W = 120 |b. 


A Bez c 


Fig. 222. Erg. 223: Fie. 224. 


318. In Fig. 223, the coefficient of friction for the wedge and horizontal surface 
is 0.25 and all other surfaces are smooth. Find the least value of P that will raise 
the 1000-lb. load. 7S Oar b- 
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319. A band brake (Fig. 224) prevents the wheel, K, and drum, D, from being 
turned by the weight of the body, M, which is attached to a rope that is wound around 
the drum, D. What is the greatest weight M can have if a force P of 20 lb. applied 
as shown to the arm AC will just prevent the drum from turning? The friction of 
the drum bearing and of the pin at B may be neglected. The coefficient of friction 
for the band and wheel K is 0.40. Ans. W = 800 lb. 


meen rectangular block of wood 10 in. X 10 in. X 20 in. stands on end on a 
horizontal floor. The block weighs 40 lb. and the coefficient of friction for the block 
and floor is 0.20. A horizontal force P is applied to the block through the center of 
the upper base and perpendicular to one side of the block. If the force P is gradually 
increased until motion of the block ensues will it slide or overturn? What is the 
value of P when the block starts to move? Ans. Will slide; P = 8 Ib. 


60 Ib. 


4 
'‘ 


7 ” 
= = --12— 


Fia. 225. 


321. In Fig. 225 the coefficient of friction between A and the vertical post is 0.2. 
Find the distance a of the 60-lb. load from the post when A is on the point of sliding 
down the post. Ans. @ = 28.5 in. 

$322. Two bodies A and B rest upon a plane inclined 30° to the horizontal and are 
connected by a cord parallel to the plane. The lower body, A, weighs 50 lb. and B 
weighs 200 lb. If the coefficient of static friction between A and the plane is 0.25 
and between B and the plane is 0.7, will the bodies slide down the plane? Find the 
tension in the cord. Ans. No; T = 14.2 |b. 


CHAPTER V \ 
FIRST MOMENTS AND CENTROIDS 


64. First Moment.—lIn the preceding chapters, moments of forces 
about points or axes have frequently been considered. In the analysis of 
many problems in engineering, however, expressions are frequently met 
which represent moments of volumes, masses,’ areas, or lines. Since the 
mathematical procedure in determining the moment of a volume, mass, 
or line is precisely the same as that followed in determining the moment 
of an area, the further discussion of first moments and centroids will, 
for the most part, be confined to areas. Since an area, unlike a concen- 
trated force, is a distributed quantity its moment about a line or axis 
cannot be defined as the product of the area and the distance of the area 
from the axis (similar to the manner in which the moment of a force was 
defined), since the different parts of the area are at different distances 
from the axis and hence the distance of the area from the axis is indefinite 
and meaningless. The area may, however, be thought of as being made 
up of very small (differential) elements and the moment of an element 
of area (dA) about an axis can then be defined as the product of the 
area of the element and the distance of the element from the axis. The 
moment of an area about a line or axis in the plane of the area may then 
be defined as the algebraic sum of the moments of the elements of area 
about the axis. Thus the moments about the 2- and the y-axes of an 
area in the xy-plane (denoted by Q, and Q,, respectively) may be defined 


by the equations 
Q: = it ydA and (Qo 4 xrdA. 


In a similar way the moment of an area, volume, mass, etc., with respect 
to a plane may be defined. 

The moment thus defined is frequently called the first moment when 
it is desired to distinguish it from the moment of inertia (or second 
moment), since the distances of the various elements of area from the 

!'The term mass cannot be defined completely nor its physical significance dis- 
cussed until the laws of motion of physical bodies are treated. (See Art. 101.) 
As here used it is sufficient to think of mass as the inert material or matter of which 
bodies are composed, the quantitative expression of which is the volume of the body 


times a density factor. 
144 
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axis or plane with respect to which moments are taken enter into the 
expression for the first moment to the first power and into the expression 
for the moment of inertia or second moment to the second power. The 
first moment of an area is frequently called the statical moment of the 
area. Second moments will be considered in the Appendix. 

Sign, Dimensions, and Units —The sign of the moment of an element 
of an area about an axis may be positive or negative according as the 
coordinate of the element is positive or negative. Likewise, the moment 
of an area about an axis may be positive, negative, or zero according as 
the sum of the positive moments of the elements of the area is larger 
than, smaller than, or equal to the sum of the negative moments of the 
elements. 

Furthermore, the dimensional expression for the moment of a line is 
length squared (L7) expressed in such units as inch”, foot”, etc. Simi- 
larly, the dimensions of the moments of an area and of a volume are, 
respectively, length cubed (L*) and length to the fourth power (L*). 


ILLUSTRATIVE PROBLEMS 


Problem 323.—Find the moments about the x- and y-axes of the area (Fig. 226) 
bounded by the curve y? = 2°, the z-axis, and the line x = a. What are the numeri- 
cal values of the moments if a.= 2 in.? 


Solution. First Method—By taking as the element of area dA = dxdy, the 
moments of the area about the x- and y-axes may be found as follows: 


Second Method.—The moments of the area about the z- and y-axes may also 
be found by selecting as the elements of area dA = (a — x)dy and dA = ydz, 


respectively. 
Thus 
a3Q PE 34 
a= f ya-aay= fo va- vay 
AY) es Gea Ur pe 
= [day? _ sy lo = 570° — 3a = 3? 
and 


When a = 2 in., Qz = 2 in. and Q,y = 3.23 in. Fia. 226. 
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Problem 324.—Find the moment, about the z-axis, of the mass of one-half of the 
homogeneous rim of a wheel (Fig. 227) in which the thickness of the rim is negligible 
compared to the radius r. The moment of the mass of 
the rim may be assumed to be the same as the moment 
of the semi-circular arc (line) times a density factor. 1 


Solution—The element of mass dM, expressed in 
polar coordinates, is the product of a density factor 6 
(mass per unit length of arc) and the length dL = rdé 
Fig. 227. of the element of the are. Hence, the moment of the 
mass of the rim about the z-axis is 


Or = fy am= f r sin 6: 6rd@ = a f sin dé 


A 2 
= — 6r? [cos 6], = 26r? = - Mr 
Tv 


where M = aré is the mass of the rim. 


PROBLEMS 


325. Find the moment of the area of a triangle of base b and altitude h, about 
the base of the triangle. Ans. Q = Gb. 
326. The bending moment at any point in a beam that supports a uniformly dis- 
tributed load is represented by the corresponding ordinate to a parabola whose 
equation is y = Cyt — Cox? which is represented 
by the curve in Fig. 228. The moment of the area Y 
under this curve with respect to the z-axis is used 
in obtaining the stress in the beam. If Cy; = 500 
and C>, = 50 find the moment with respect to the 0 
x-axis of the area under the curve (a) by the first ie 
method used in Prob. 323; (6) by the second method Fia. 228 
used in Prob. 323. ; : 
327. Find the moment about the z-axis of the area of the upper half of the circle 
e+ye=r, Ans. Q, = $7. | 
328. Find the moment of the volume of a right circular cone about the base. 
Express it in terms of r, the radius of the base, and h, the altitude of the cone. 
329. Find the moment about the y-axis of the area bounded by the curve x? = y 
and the lines « + y = Oand z = 6. Ans. Qy = 396. 
330. Find the moment about the z-axis of the area bounded by the curve y? = 4x 
and the lines « = 4 and y = 2. 
331. Find the moment of the volume of a hemisphere, of radius r, with respect to 
the base of the hemisphere. Ans. Q = tart 


65. Centroids.—The centroid of an area is the point in the area 
whose distance from any axis multiplied by the area is equal to the 
moment of the area about the axis. This definition expressed in mathe- 


matical form is 
Ara f xdA and Ag = f wid eee) 
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Where A is the area and & and @ (called centroidal distances) are the co- 
ordinates of the centroid with respect to the y- and x-axes, respectively. 

If the centroidal distances % and 7 for an area are known, the moment 
of the area can usually be found more conveniently from the expression 


Aé& than from i xdA. The centroidal distances for many geometric 


forms of lines, areas, volumes and masses are given in engineering hand- 
books, and it is important that the method of applying equations (1) for 
determining the centroidal distances of such geometric forms as are 
illustrated in the next article be well understood. 

Since A would, by definition, be the moment of the area, A, if all 
the area were located (concentrated) at a point whose distance from 
the axis is , equation (1) may be interpreted as follows: The centroid 
of an area is a point at which the whole area may be conceived to be 
concentrated so that the moment of the concentrated area about any 
axis is equal to the moment of the actual distributed area about the same 
Axis. 

Mass-Center.—Although the term centroid as defined above has been 
used in connection with masses as well as with volumes, areas, and lines, 
it is sometimes used in a restricted sense as applying only to geometrical 
figures (volumes, areas, and lines), in which no idea of mass is involved, 
and the term mass-center or center of mass is used to denote that point of 
a physical body where the mass could be conceived to be concentrated so 
that the moment of the concentrated mass about any axis or plane would 
be equal to the moment of the distributed mass of the body about the 
same axis or plane. Hereafter, then, with reference to physical bodies 
the terms centroid and mass-center will be regarded as synonymous. It 
should be noted that the centroid of a geometrical solid (volume) coin- 
cides with the centroid (or mass-center) of a homogeneous physical solid 
(body) provided the two solids are congruent. 

Center of Gravity —Another term closely associated with centroid and 
mass-center is center of gravity. The center of gravity of a body is gener- 
ally defined as that point in a body through which the weight of the body 
acts, regardless of the position (or orientation) of the body. Now the 
weight of a body is merely the resultant of the parallel forces exerted on 
the particles of the body by the earth, and if the body is reorientated the 
weights of those particles which move nearer to the earth are increased 
and the weights of those particles which move farther from the earth are 
decreased. Hence, in considering two different positions of the body, 
two different force systems are involved, and strictly speaking, there is in 
general no one point in the body through which the resultant weight acts 
regardless of the position of the body. In other words, the center of 
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gravity in general does not exist. From a practical viewpoint, however, 
the variation in the weights of the particles due to a change in the posi- 
tion of the body are extremely small and may be entirely disregarded, in 
which case the weights of the particles are proportional to their masses 
and hence the center of gravity as above defined coincides exactly with 
the mass-center, and hence the terms mass-center and center of gravity 
as applied to a physical body are usually regarded as synonymous and 
will be so used hereafter. The fundamental significance of the two terms 
should, however, be kept in mind, for in finding the mass-center of a 
body, the moment of a mass system is involved; and in finding the center 
of gravity, the moment of a force system is involved. 

By way of summary, then, the x-coordinate, Z, of the centroid of a 
line of length L, an area A, a volume V, or a mass M may be found from 
the following equations, respectively: 


Lz = f xab; Ase f xdd; Vz = f sav; a= f cam 


and the y- and z-coordinates may be found from similar equations. 

66. Planes and Lines of Symmetry.—If a geometrical figure (volume, 
area, or line) is symmetrical with respect to a given plane or axis, the 
centroid of the figure lies in the given plane or axis. This statement is 
evident from the fact that the moments of the parts of the figure on the 
opposite sides of the plane or axis are numerically equal but of opposite 
sign. If a figure is symmetrical with respect to each of two planes or 
lines, the centroid of the figure lies in the line of intersection of the two 
planes or at the point of intersection of the two axes. If the figure 
has three planes of symmetry, the centroid coincides with the point of 
intersection of the three planes. The foregoing statements apply also 
to the centroids of the masses of homogeneous physical solids which are 
symmetrical with respect to one or more planes. The centroids of 
many simple figures may be partially or completely determined from 
symmetry. It is well to note that axes of symmetry are always cen- 
troidal axes, but centroidal axes are not always axes of symmetry, 

67. Centroids by Integration.—In determining the centroid of a 
volume, mass, area, or line by the method of integration, from the equa- 
tions of Art. 65, it is possible to select the element of volume, area, etc., 
in various ways and to express the element in terms of either cartesian 
or polar coordinates. The resulting integral may be a single, a double, 
or a triple integral, depending on the way the element is selected. The 
integral, of course, is a definite integral, the limits of integration depend- 
ing on the boundary curve or surface of the figure or body. In any 
case the element of volume, mass, area, or line must be taken so that: 
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1. All points of the element are the same distance from the line or 
plane about which moments are taken; otherwise, the distance from 
the line or plane to the element will be indefinite. Or so that: 

2. The centroid of the element is known, in which case the moment 
of the element about the moment-axis or plane is the product of the 
element and the distance of its centroid from the axis or plane. 

The centroids of some of the common figures (lines, areas, and 
volumes) will be found in the following illustrative problems. 


ILLUSTRATIVE PROBLEMS 


Find, by the method of integration, the centroids of the following figures with 
respect to the axes indicated. 


Fig. 229. Fie. 230. 


Problem 332.—Arc of a Circle-—The radius which bisects the arc will be taken 
as the %-axis (Fig. 229). By symmetry the centroid lies on this axis. Hence 7 = 0. 
If r denotes the radius of the arc and 2a the subtended angle, then, in terms of polar 
coordinates, the element of arc, dL, and its distance x from the y-axis are dL = rd@ 
and « =rcos@. Thus, the element of arc is selected in accordance with the first 
of the above rules, and # may be found as follows: 


+a 2 +a Shae 
LS = f val =f rcos 6-rd@ =r fa cos 6d@ = 2r* sina. 
ey —a 


or? sina 2r?sina rsina 


Therefore 


2r 
If the are is a semicircle, that is, if a = 90° = ; racine. s— Fa (Fig. 230). 


That is, the distance of the centroid of a semi-circular arc from the center of the 
circle is slightly less than two-thirds of the radius of the circle, 


Problem 333.—Area of a Triangle. First Method.—In accordance with the first 
of the above rules the elements of area will be taken as strips parallel to the base of 
the triangle (Fig. 231). Since each element is bisected by the median drawn from 
the vertex opposite the base, the centroid of each element, and hence of the entire 
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area, lies on this median. If 2 denotes the width of the strip, the area of the strip is 


dA =ady. Chus 
AG =f xydy. 


. 


b 
From similar triangles, the relation between x and yis x = i (h — y). 
Hence 
hie )ydy = ebh? 
as P (h — y)ydy = Goh". 
Therefore 


Fig. 231. Fia. 232. 


The centroid of a triangle area, then, is on a median and at a distance of one-third 
of the altitude from the base. 

Second Method.—In accordance with the second of the above rules the element of 
area will be taken as a vertical strip as shown in Fig. 232. The moment of the element 


h 
is dA - or ydz - = Since y = 5m we have 


ay ie tis 
Ag =f 5 Vat = ons i) tae = Ghib, 


Problem 334.—Sector of a Circle. First Method.—The element of area will be 
selected in accordance with the first of the above rules as indicated in Fig. 233. 
Since the area is symmetrical with respect to the z-axis, the centroid lies on this 
axis and hence y = 0. The value of 2 may then be found from the equation 


r +a 
Az = fxdd -f hs p cos 0+ pdpd@ = Fr’ sin a. 
== 


3 


Therefore 


sina ?rsina 2Qrsina 


Second Method.—In accordance with the second of the above rules, the element 
of area will be selected as a triangle, as indicated in Fig. 234. The area of the tri- 
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angle is $r°d@ and the distance of its centroid from the y-axis is $r cos 6. Hence, the 


lige, Dek}, Fia@. 234. 


moment of the triangle with respect to the y-axis is $r3 cos 6d@ and Z is obtained from 


the equation 


Therefore 
se 2r3 sina _ 2rsine 
- ra Pe 
Ifa = 90° = 3 radians (Fig. 235), that is, if the sector is a 


A 4r 
semi-circular area, = —- 
30 Fia. 235. 


PROBLEMS 
335. Find the z- and y-coordinates of the centroid of the parabolic segment 
shown in Fig. 236. Select the element of area dA as indicated in the figure. 
Ans. £ = 3a; 9 = 3b. 


Fie. 236. Fra. 237. 


336. Find the z- and y-coordinates of the centroid of the area of the quadrant of 


2 2 

the ellipse = - = 1 shown in Fig. 237. Select the element of area dA as indicated 
a 4a 4b 
i Ans. €=—397 =— 
in the figure. nS. 3n? 35 
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337. Find the z-coordinate of the centroid of the volume of the right circular cone 
shown in Fig. 238. Select the element of volume dV as indicated in the figure. 
Ans. = 3h. 


Fia. 238. Fia. 239. 


338. Find the z-coordinate of the centroid of the volume of the hemisphere shown 
in Fig. 239. Select the element of volume dV as indicated in the figure. 
Ans. Z= 4%. 


339. Find the y-coordinate of the centroid of the area under the sine curve 


qT 


y = sin x between ordinates corresponding tox =Oandz=7. Ans. E= 3 


340. A pulley having a thin rim is 2 ft. in diameter. How far from the center of 
the pulley is the mass-center of one-half of the rim? 

341. Find the y-coordinate of the centroid of the area included between the z-axis, 
the curve y? = 2°, and the line x = a. Ans. gy = 30%. 

342. A sector having a central angle of 120° is removed from a circular area of 
radius r. Find the centroid of the remaining area, 

843. Show that the centroid of the surface of a right circular cone is on the axis 
of the cone at a distance of 3h from the apex, where h is the altitude of the cone. 

844. The radius of the base of a right circular cone is 5 in. and its height is 2 ft. 
Locate the centroid of (a) the volume of the cone; (6) the curved surface area of 
the cone. 

345. Locate the centroid of the area included between the y-axis, the line y = b, 


2 


brx 
and the parabola y? = — as shown in Fig. 240. Select the element of area as shown 
a 


in the figure. Ans. 


Fira. 240. Fig. 241. Fig. 242. 


346. Find the centroid of the area (lig. 241) included between the curve y? = az 
and the line y = x. 
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347. Show that the centroidal distances for the area of a quadrant of a circle of 
4 
radius r (Fig. 242) are = 7 = a : 
TT 


348. Find the coordinates of the centroid of the area bounded by the ellipse 


a2 y? 


35 + Tos 1, the line x = 5, and the line y = 4. 
349. Find the centroid of the area bounded by the curve y = 2°, the z-axis, and 
the line x = a. Ans. # = $a; 7 = 30°. 


2 
350. Find the centroid of the area bounded by the parabola 2? = aot the line 
x = a, and the z-axis. 


351. A paraboloid is generated by rotating the parabola y? = px about the x-axis. 
Locate the centroid of the volume included between the paraboloid and the plane 
v=a. Ans. & = 2a. 

352. Find the y-coordinate of the centroid of the area bounded by the curve 
y’ = 4z and the lines x = 4 and y = 2. 

353. Find the y-coordinate of the centroid of the area bounded by the parabolas 
y* = az and x” = ay. Ans. 9 = x54. 

354. The area included between the z-axis, the curve y? = 2%, and the line x = a 
is rotated about the z-axis. Find the centroid of the volume generated. 


355. Find the position of the mass-center of a hemisphere in which the density 
at any point varies directly as the distance of the point from the base. 
Ans. 9 = x5r. 
356. Find the mass-center of a right circular cone in which the density at any 
point varies directly as the distance of the point from the base. 


357. The density at any point of a slender rod of length / varies directly as the 
distance of the point from one end of the rod. Show that the mass-center of the 
rod is #J from that end. 


68. Centroids of Composite Figures and Bodies——As noted in 
Art. 65, if the centroid of a line, area, volume, or mass is known, the 
moment with respect to an axis or plane is most easily found by multi- 
plying the line, area, volume, or mass by the distance of the centroid 
from the axis or plane. Thus, if a given line, area, volume, or mass can 
be divided into parts, the centroids of which are known, the moment of 
the whole line, area, etc., may be found without integrating, by obtain- 
ing the algebraic sum of the moments of the parts into which the line, 
area, volume, or mass is divided, the moment of each part being the 
product of that part and the distance of its centroid from the line or 
plane. Thus, for example, in the case of a composite area, if a1, dg, a3, 
etc., denote the parts into which the area A is divided, and x’o, #9, x’"’o, 
etc., denote the x-coordinates of the centroids of the respective parts, 
then 

(a1 + ag + ag + ++ +)E = aye" + age’ + aga’’9 + +: -, 
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or 
La-& = Lazo), 
Hence, 


A& = L(azo), and similarly, A¥ = D(ayo). 


From similar equations the centroid of a composite line, volume, or 
mass may be found. 


ILLUSTRATIVE PROBLEMS 


Problem 358.—Locate the centroid of the T-section shown in Fig. 243. 


Solution.—If axes be selected as indicated it is evident from symmetry that 
% =0. By dividing the given area into areas a; and a» and by taking moments 
about the bottom edge of the area, 7 may be found as follows: 
Ag = 2 (ayo); 


IX 
x2 £6N2 <7 


ie) 
Fria. 2438. Fia. 244. 


Problem 359.—Locate the centroid of the volume of the cone and hemisphere 
shown in Fig. 244, the values of rand h being 6 in. and 18 in., respectively. 

Solulton.—The axis of symmetry will be taken as the y-axis. From symmetry 
then = 0. By taking the z-axis through the apex of the cone as shown, the equa- 
tion V¥ = Z(vyo) becomes 

(grr2h + 2ar3)g = darth X 8h + 2ar8(h + Sr). 
That is 
gmr-(h + 2r)g = Fnr2(3h2 + Arh + Sr, 
Therefore 
on? + Qrh + 37? 
h + 2r 

2x (18)? +2x6x18+2 x (6)? 


>, 18 +2xX6 AEN 


2 
ll 
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PROBLEMS 


360. A rectangular area 6 in. wide and 12 in. high has cut from it a semi-circular 
area the diameter of which coincides with one long side of the rectangle. Find the 
centroid of the remaining area. 


361. From an area 6 in. square is cut out an isosceles triangle whose base coin- 
cides with one side of the square. If the centroid of the remaining area is at the 
vertex of the triangle, what is the altitude of the triangle? Ans. h = 38.8 in. 


362. Locate, with respect to the axes shown, the centroid of the shaded area in 
Fig. 245. 


: i 12 >| 0 10" us 


Fig. 245. Fig. 246. Fie. 247. 


363. A wire is bent in the form shown by the heavy line in Fig. 246. Locate the 
centroid (or mass-center) of the wire. Ans. ¢ = 442 inj; 7 = 5.62 ine 


364. Find the centroid of the shaded area shown in Fig. 247. 

365. A triangular corner whose area is 25 sq. in. is cut from a square 10 in. on a 
side. What are the dimensions of the triangle if the centroid of the remaining area 
is 4in. from one side of the square? Ans. 83 in. X 6 in. 

366. The area of an isosceles triangle having an altitude h and a base 6 is divided 
into two areas by a line parallel to the base and distant h/2 therefrom. Find the 
distance from the base to the centroid of each of the two areas. 

367. Locate, with respect to the axes shown, the centroid of the shaded area in 
Fig, 248. ANS weCe td: OleIne ieee ale 


Al, 


Fig. 248. Fia. 249. Fia. 250. 


368. Fig. 249 represents the cross-section of the end post of a bridge. The area 
of each channel section is 4.78 sq. in. Find the distance from the top of the cover 
plate to the centroid of the section. 

369. A slender steel rod is bent in the form shown in Fig. 250. Locate the centroid 
of the rod with respect to the axes shown. 

Ans. £= 5.70 in.; 7 = —1.99 in. 
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370. In Fig. 244 let h = 12 in. and r=4 in. Find the y-coordinate of the 
centroid of the lateral area of the cone and hemisphere. 

371. In Fig. 251 find the zcoordinate of the centroid of the lateral area of the 
cylinder and cone. Ans. Z= 4.79 in. 


Fia. 251. Fia,. 252. Fie. 253. 


$72. Locate the centroid of the shaded area shown in Fig. 252. 
373. Locate the centroid of the segment of a circle as shown in Fig. 253. In the 


expression for £ make a = —, and see if the result agrees with the result found in 


Hits 
2, 
Prob. 334 for a semi-circle. 
874. In Fig. 254 is represented a homogeneous solid which consists of a hemi- 
sphere and a right circular cylinder from which a cone is removed. Locate the 
centroid of the solid with respect to the axes indicated. Ans. Z= 6.45in. 


z: 


| 7 
Fia. 254. Fria. 255. Fia. 256. 


875. Locate, with respect to the axes shown, the centroid of the shaded area in 
Fig. 255. 
376. Find the centroid of the area of the channel section shown in Fig. 256. 
Ans. # = 0.79 in. 
377. The radii of the upper and lower bases of the frustum of a right circular 
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cone are 7; and rg and the altitude is a. Find the distance of the centroid of the 
volume above the lower base. 


378. Three particles of equal mass are placed at the vertices of a triangle. Show 
that the mass-center of the particles coincides with the centroid of the area of the 
triangle. 


379. Two homogeneous spheres A and B, connected by a rod, are mounted on a 
vertical axis as shown in Fig. 257. The weights of the spheres are 20 Ib. and 60 lb., 
respectively, and the weight of the rod is 10 lb. How far from the axis is the center 
of gravity of the three bodies? 


Fie. 257. Fig. 258. 


380. If the top of the table (Fig. 258) weighs 40 Ib. per sq. ft., find the reaction 
of the floor on each of the three legs at the corners A, B, and C. Neglect the weights 
of the legs. Ans. A = 8101b.; B = 127.5 lb.; C = 802.5 1b. 


Fig. 259. 


381. Four bodies A, B, C, and D are carried by a rotating shaft as shown in 
Fig. 259. The weights of the bodies are 20, 15, 10, and 8 lb., respectively, and the 
distances of their centers of gravity from the axis of the shaft are 12, 6, 5, and 10 in., 
respectively. Find the center of gravity of the four bodies when in the positions 
shown. 


69. Theorems of Pappus and Guldinus.—I. The area of a surface 
of revolution generated by revolving a plane curve about any non- 
intersecting axis in its plane is equal to the product of the length of the 
curve and the length of the path described by the centroid of the curve. 

Proof.—Let the curve AB (Fig. 260) be revolved about OX. The 
area of the surface generated is given by the equation 


A = f emyat = an f yal = 2ng-L, 
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where g is the distance of the centroid of the curve from OX and L is 
the length of the curve. 

II. The volume of the solid generated by revolving any plane area 
about any non-intersecting line in its plane is the product of the area, 
and the length of the path described by the centroid of the area. 

Proof.—Let the plane area A (Fig. 261) be rotated about the axis OX. 
Each elementary area dA will generate a circular ring the volume of 


Fia. 260. Fia. 261. 


which is 2rydA and hence the entire volume generated is given by the 


equation 
V = f maa = 2n f ya = 2nj-A, 


where 7 is the distance of the centroid of the area from OX. 


ILLUSTRATIVE PROBEEMS 


Problem 382.—Show that the area of the surface of a hemisphere generated by 
rotating the quadrant of a circle (shown in Fig. 262) about the z-axis is 2z7r?. 


Solution.— 


Qur or 9 
A= L-2rj = ea <n a 2mrr* (see Prob. 332). 


Fia. 262. Fra. 263. 


Problem 383.—A V-shaped groove is turned out of a cylinder as indicated by 
Fig. 263. Find the yolume of the material removed. 
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Solution.—The distance of the centroid of the triangle, which generates the 
volume, from the axis of the cylinder is 2.5 in. and the area of the triangle is 1.5 sq. in. 
Hence 

V=A-2nré = 1.5 X 27 XK 2.5 = 23.55 cu. in. 


PROBLEMS 


Solve the following problems by the theorems of Pappus and Guldinus: 

384. Find, in terms of the radius, the surface area and the volume of a sphere. 

385. An area in the xy-plane is bounded by the lines x = 0, 2 = 6, y = 6, and 
2y =a. Find the 2-coordinate of the centroid of the area. Find also the volume 
of the solid generated by rotating the area about the y-axis. 

Ans. £ = 23in.; V = 452 cu. in. 

386. Find the lateral surface and the volume of a cone. Express the results in 
terms of the radius of the base and the altitude of the cone. : 

387. The center of a circle which lies in the zy-plane and has a radius r is at a 
distance a from the y-axis. The solid generated by rotating the circle about the 
y-axis is a torrus (or anchor ring) provided a is greater than r. Find the surface area 


and the volume of the solid. Ans. A = 49’ar;V = 27°ar". 
388. Find the lateral area of the solid generated by revolving the square shown 
in Fig. 264 about the y-axis through an angle of 90°. Ans, A = 603 sq. in. 


Fia. 264. 


Fig. 266. 


389. Find the volume generated by revolving the shaded area shown in Fig. 265 
about the z-axis. 

390. Find the volume of the ellipsoid generated by revolving the right half of the 

2 

a = 1, about the y-axis. Ans. V = $ra’. 

391. Find the y-coordinate of the centroid of the trapezoid shown in Fig. 266. 
Determine the volume of the frustum of a cone generated by revolving the trapezoid 
about the «z-axis. 


me 
ellipse, — + 
a 


70. Center of Pressure.—A point closely associated with the center 
of gravity is the center of pressure. If a pressure is distributed over a 
given plane area the center of pressure is that point in the area at which 
the resultant pressure acts. If the pressure is uniformly distributed 
over the area, the center of pressure coincides with the centroid of the 
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area. If the pressure on the area is produced by the weight of material 
placed on the area, the center of pressure is that point in the area 
vertically below the center of gravity of the material. The center of 
pressure is of special importance in the study of hydraulics. \ 


ILLUSTRATIVE PROBLEM 


Problem 392.—Grayel is piled on a floor 
so that the pressure on the beams which 
support the floor increases in the direction 
of the beams as shown in Fig. 267. The in- 
tensity of pressure varies from zero at the 
left end of the beam to a maximum of 
Dm = 800 lb. per linear foot at the right end. 
Find the total pressure on the floor. Also 
Fia. 267. find the position of the center of pressure. 


800 Ib, per ft, 


P= 


Solution.—Let the intensity of pressure at 
any distance z from the left end of the beam be pz |b. per ft. This pressure may be 
assumed to be constant over a length dx and hence the pressure oyer this length is 


t= pda. But pp — a Dm. Therefore the total pressure on the beam is 


P= frae = [OF 7 Pie = = X 1 = 7200 Ib. 


Hence, the total pressure of the gravel (its weight) is the same in magnitude as it 
would be if the gravel were spread uniformly to a depth equal to one-half that of the 
maximum depth. The total pressure, however, would then act at the center of the 
beam, whereas, according to the above distribution, the center of pressure is at a 
distance Z from the left end of the beam such that 


Therefore 


This result might have been obtained, without taking the above detailed steps, 
from the fact that the gravel may be conceived to be concentrated in a plane (of 
triangular shape), the position of the center of gravity of the gravel then being the 
same as that of the centroid of the triangular area, and as noted above the center of 
pressure is vertically beneath the center of gravity. 


PROBLEMS 


393. A beam is loaded with brick piled so as to produce the distribution of pres- 
sure as indicated in Fig. 268. Find the center of pressure on the beam. 


394. A beam 10 ft. long is subjected to a pressure that varies as the ordinate to 
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the parabola y? = 1000z as indicated in Fig. 269, where y is the pressure in pounds 
per linear foot, and z is the distance in feet from the left end of the beam. Find the 
reactions Ry; and Ro. Ans. ky = 267 lb.; Ro = 400 Ib: 


300 lb. per ft. 


500 lb. per ft. 


Fia. 268. . Fre. 269. 


395. The vertical side of a tank is 8 ft. wide and 6 ft. deep. The tank is filled 
with water. Locate the center of pressure of the water on the side of the tank. 
The pressure at any point in the water is proportional to the depth of ine point 
below the free surface, and is the same in all directions. 


396. A rectangular grain bin is 6 ft. wide and 12 ft. 
long. The depth of grain across one 6-ft. end is 4 ft., 
and the depth increases uniformly to 6 ft. at the opposite 
end. Find the resultant pressure on the bottom of the 
bin and also find the center of pressure, assuming the 
weight of the grain to be 40 lb. per cu. ft. 

Ans. P = 14,400 Ib.; = 6.4 ft. 

397. A semi-circular plate that is supported around 
its semi-circumferential boundary is subjected to a ver- 
tical load (not shown) that produces a uniform pressure 
along=the support as shown in Fig. 270. Find in terms 
of r the distance, Z, of the center of pressure from the 
straight edge of the plate. If a pressure is uniformly 
distributed along a line how is the center of pressure 
related to the centroid of the line? 


Fia. 270. 


71. Graphical Method of Determining Centroids of Areas.—If the 
boundary of an area is an irregular curve which cannot be represented 
by an equation, the centroid cannot be determined by the method of 
integration. In such cases, however, the centroid may be determined 
by a graphical method which makes use of the force and string polygons. 
The irregular area is drawn to scale and is then divided into a large 
number of narrow strips parallel to one coordinate axis, the areas of 
which can be determined or estimated closely. These strips of area are 
then thought of as having weight and are replaced by a parallel force 
system in which the magnitude of each force is numerically equal to the 
area of the corresponding strip and acts vertically downward through 
the center of the strip. Now by use of a force and a string polygon, a 
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point on the action line of the resultant of the parallel force system is 
found as in Art. 25 and the centroid of the area lies on a vertical line 
through this point. The distance of this line from the coordinate axis 
that is parallel to the strips gives one coordinate of the centroid. By, 
dividing the area into strips parallel to the other coordinate axis and 
repeating the process the other coordinate of the centroid is found. 

72. Determination of Center of Gravity by Experiment.—When a 
body is irregular in shape, the center of gravity cannot be determined 
by the method of integration since the limits of the integral cannot be 
determined. The center of gravity of such a body, however, may be 
determined by the following experimental methods. 

Method of Suspension—lIf{ a body be suspended by a cord the center 
of gravity is on the (vertical) line coinciding with the axis of the cord. 
This statement follows from the fact that the two forces which hold the 
body in equilibrium (the upward tension in the cord and the downward 
earth-pull) must be equal, opposite, and collinear, and the earth-pull or 
weight of the body of course acts through the center of gravity of the 
body. Hence if a body be suspended from each of two points, the center 
of gravity will be located in each of two lines in the body and hence is at 
the point of intersection of the two lines. 

Method of Balancing—lIf a body be balanced on a knife-edge the 
center of gravity of the body will be in a vertical plane through the knife- 
edge. Hence if the body be balanced on a knife-edge in three different 
positions, three such planes in the body will be located, and the center 
of gravity of the body is the point in which the three planes intersect. 


REVIEW QUESTIONS AND PROBLEMS 


398. Define the moment of a line about a coordinate axis (a) in words and (6) by 
a mathematical expression. 


399. What is the value of the moment of the surface area of a right circular cone 
that has a base of radius r and an altitude h about a plane in which the axis of 
the cone lies. 

400. What are the dimensions of the moment of an area about an axis? Of a 
volume about a plane? 

401. What is the value of the moment of the area of the base of a right circular 
cone about a plane parallel to the base and passing through the vertex of the cone? 
The known quantities are the radius, r, of the base and the altitude, h, of the cone. 

402. Correct the following statement: The centroid of a plane area is a point in 
the area whose distance from a given axis divided by the area is equal to the moment 
of the area with respect to the axis. 

403. In finding centroids of lines, areas, and volumes by the method of integra- 
tion, what are the two general ways in which the element of the line, area, or volume 
may be selected? 
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404. Explain why the following statement is indefinite and meaningless: The 
centroid of a volume is a point at which the whole volume may be thought of as 
being located or concentrated. 

405. In Fig. 271 show, by integration, that the moments of the areas A and B 
with respect to the z-axis are each equal to 14ab?. 


1-2" >| 
Fie. 271. Tra, 272. Fia. 273. 


406. Find, without integrating, the z- and y-coordinates of the centroid of the 


area shown in Fig. 272. ke Ans. £ = 0.308 in.; 7 = 0.173 in. 
407. The beam AB (Fig. 273) is subjected to a pressure that varies as indicated. 
How far from A is the center of pressure? Ans. # = 4.33 ft. 


408. An isosceles triangle whose two equal sides are each c and whose base is b 
is rotated 360° about the base. Find by the theorems of Pappus and Guldinus the 
surface area generated by the sides of the triangle and the volume generated by the 


area of the triangle. Ta pales Vd a a = CE) 


409. A homogeneous cube each edge of which is 6 in. long rests on a horizontal 
plane. On top of the cube is placed a homogeneous right circular cone having a base 
of diameter } in. and an altitude of 6 in., the base of the cone resting on the upper 
face of the cube. Find the distance of the center of gravity of the two bodies above 
the horizontal plane. Ans. 0.65b. 


PART II. KINEMATICS 


CHAPTER VI 
MOTION OF A PARTICLE 


73. Introduction.—Kinematics treats of the motion of bodies with- 
out considering the manner in which the motion is influenced, either by 
the forces acting on the bodies or by the character of the bodies them- 
selves. That is, the bodies are treated as geometric solids and not as 
physical bodies. When the geometric solids are endowed with physical 
properties, we are led to a study of force, energy, momentum, etc., that 
is, to a study of Kinetics (Part III). 

Kinematics deals with the relation between distance, time, velocity, 
and acceleration. In order to build up the fundamental, conceptions 
which are involved in the study of the motion of bodies, the kinematics 
of a particle (material point) will be treated first. A particle is a part 
of a body the dimensions of which are negligible compared with its 
range of motion. Bodies are made up of particles, and the study of the 
motion of bodies is largely a study of the motion of their particles. 

The study of the motion of bodies will, for the most part, be restricted 
to rigid bodies, and the motions considered will be limited mainly to 
translation, rotation, and plane motion. 

74. Vector Addition and Subtraction.—In discussing the motion of 
a point in terms of the vector quantities displacement, velocity, and 
acceleration, the addition and the subtraction of vectors are involved. 

According to the parallelogram (or triangle) 
law, the swm of two vectors, such as OA and 
OB in Fig. 274, is the diagonal OC of the paral- 
lelogram shown in the figure. The difference of 

Fra. 274. the two vectors OA and OB is the other 

diagonal, BA, of the parallelogram. This fact 

is also in accordance with the triangle law since the difference between 

two quantities is the quantity that must be added to one of the two 

quantities to make the resulting quantity equal to the other. Thus the 

vector BA (not AB) must be added to the vector OB to make the 
resulting vector equal to OA. 

The symbols ++ and — will be used to denote vector addition and 

164 


LINEAR DISPLACEMENT 165 


subtraction, respectively. Hence the above statements, with reference 
to Fig. 274, may be expressed as follows: 


OC = OA+OB and BA =OA—OB 


It will be observed that the vector difference, BA, between OA and 
OB may also be obtained by reversing the sense (changing the sign) 
of vector OB and adding it to OA, which is analogous to the rule for 
algebraic subtraction. It should also be noted that the difference 
between OB and OA is AB (not BA). That is, OB > OA = AB. 

75. Types of Motion.—The motion of a particle along a straight- 
line path is called rectilinear motion. The motion of a particle along a 
curved path is called curvilinear motion. If the moving particle 
describes equal distances along its path in equal periods of time, how- 
ever small, the motion is said to be uniform. If unequal distances are 
described by the moving point in equal periods of time, the motion is 
said to be non-uniform or variable. 

Thus, if the crank shaft of a steam engine revolves at a constant 
number of revolutions per minute, the crosshead of the engine has a 
non-uniform rectilinear motion, the crank pin has a uniform curvilinear 
motion, and any intermediate point on the connecting rod has a non- 
uniform, curvilinear motion. 

76. Linear Displacement.—The linear displacement of a moving 
point is defined as the change of position of the point. The position of 
a moving point, at any instant, may be jy 
specified in a number of ways, as, for 
example, by stating the rectangular co- 
ordinates or the polar coordinates of the 
point. Thus, in Fig. 275 the position, at 
any instant, of the point M as it travels 
along the curve from B to C may be speci- 
fied by the rectangular coordinates (2, y) 
or by the polar coordinates (p, 0). The 
displacement Ac of the point as it moves 
from the position (x1, y;) or (p1, ,) to the position (x2, yz) or (p2, 4) is 
the straight line BC, that is, the vector drawn from B to C. This dis- 
placement may be expressed as the vector sum of its x- and y-compo- 
nents by the vector equation 

Ac = Az + Ay. 


va C 


itiel, Ba, 


The magnitude and direction of Ac may be expressed by the two scalar 


equations 
AY alert: Ay 
Ac = V (Az)* + (Ay)*, tan ¢ = ce 
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The displacement Ac may be expressed also as the vector difference 
of the radius vectors to the two positions of the moving point. Thus 


Ac = p2— 1; 


\ 
that is, Ac is the directed distance which must be added to p; to give pp. 
Or, in other words, pe is the vector sum of p; and Ac. 

The unit of displacement is any convenient unit of length, such as 
the inch, foot, mile, ete. It will be noted, however, that displacement 
is a directed distance or length, that is, a vector quantity. Displace- 
ments, therefore, may be combined and resolved according to the par- 
allelogram (or triangle) law like forces and other vector quantities. It 
is important to note that by one of the above equations the displacement, 
Ac, is expressed as the vector sum of two directed distances, whereas by 
the other equation it is expressed as the vector difference of two directed 
distances. 

If the displacement of the particle is decreased indefinitely, the 
point C (Fig. 275) will approach the point B and, in the limit, the chord 
Ac becomes coincident with the tangent to the path at B. Therefore, 
the direction of motion of the particle at any point on its path is tangent 
to the path at that point. 

77. Angular Displacement.—The angular displacement of a line that 
moves in a plane is the change in the angle that the moving line makes 
with any fixed line or axis in the plane. The angular displacement of a 
moving point with respect to a given point or pole is the angular dis- 
placement of the line joining the moving point to the pole. Thus, in 
Fig. 275, the angular displacement, AQ, 
of M relative to O, corresponding to 
the linear displacement, Ac, is 


Ad = 5 — Gi. 


It is important to note that the 
x angular displacement of a point de- 
pends upon the reference point or pole 
selected. If the point moves on a cir- 
cular are, the center of the circle is 
usually taken as the pole. The unit 
of angular displacement may be any 
Fra. 276. convenient angular measure, such as 

the degree, revolution, a, ete. 
78. Relation between Linear and Angular Dicplacemsnts. —If s 
point moves counter-clockwise along a circular path of radius r, the 
linear displacement, de~ (Fig. 276), corresponding to an nica 
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small angular displacement d@ may be considered to be coincident 
with the are ds, which is subtended by the angle dé. Since the are of 
a circle is the product of the radius and the central angle, when the 
angle is measured in radians, the relation between the linear and 
angular displacements may be expressed by the equation 


ds = rdé. 


For a large angular displacement Aé, the corresponding linear dis. 
placement Ac is not equal to rA@. The distance As along the arc, how- 
ever, 7s expressed by rAé. 

If the moving point does not travel on a circular path, but on a path 
having a variable radius of curvature, the equation ds = rd§ may be 
used, provided that r is the radius of curvature 
wf the path at the given position of the point 
and that d@ is measured with respect to the 
eenter of curvature as the pole. 

If; however, the pole is not chosen as the 
center of curvature of the path (Fig. 277), the 
displacement may then be expressed in terms of 
its two components parallel and perpendicular, respectively, to the 
radius vector as follows: 


TIE, PUP 


ds = pdé + dp, 


in which p is the radius vector to the point and not the radius of curva- 
ture of the path at that point. The components pdé@ and dp are called 
the transverse and radial components of displacement. 

79. Linear Velocity and Speed.—The linear velocity of a moving 
particle is the time rate at which the particle is changing position, or, 
more briefly, the time rate of linear displacement. The direction of 
the velocity of the moving particle at a given point on its path is tangent 
to the path at that point (Art. 76). Velocity, like displacement, 
possesses both magnitude and direction and, therefore, is a vector 
quantity. The magnitude of the velocity of a point is called the speed 
of the point. Speed, therefore, is a scalar quantity. It may be defined 
as the time rate of describing distance (not the time rate of displacement). 
Although the terms velocity and speed are frequently used inter- 
changeably, it is important to associate with the word velocity the two 
properties which it possesses, for a change in the direction of a velocity 
is fully as important in the laws of motion of physical bodies as is a 
change in the speed. 

If a point has a uniform motion along any path, the speed, v, of the 
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point is the ratio of any distance, As, described by the point, to the cor- 
responding interval of time, At. Thus 


It will be noted that if a particle has uniform motion, whether rectilinear 
or curvilinear, the speed of the particle is constant. The velocity, how- 
ever, is constant only in the case of uniform rectilinear motion, since in 
any curvilinear motion the velocity of the particle continually changes 
direction. 

If the motion of the point is non-uniform, the above equation does 
not give the speed of the point at each instant in the interval, but gives 
only the average speed for the time interval, At. The instantaneous 
speed is the average speed over an indefinitely small period of time 
including the instant, or, expressed in mathematical form, the speed at 


any instant is 


ASmaeGs f 
= Jimit —=—. .” 2 yee 
! ae At dt (1) 


The direction of v, as already noted, is tangent to the path at the point 
on the path where the moving particle is located at the instant. In 
order to find the value of v by differentiation, as indicated in equation (1), 
s must be expressed in terms of f. 

The unit of velocity may be any convenient unit of length per unit 
of time; sueh as, foot per second (ft./sec.), mile per hour (mi./hr.), 
centimeter per second (cm./sec.), ete. 

If v is expressed as a function of ¢, the displacement As along the 
path in any time interval tg — t; may be found by integrating v with 
respect to t. Thus from equation (1) 


ds = vdt 
Integrating, 
82 ty 
[ ds = iff vdt 
81 ty 
That is, 


t 
S92 ey S] = As -f[ vdt . . e e e e (2) 


4 


It should be noted that As denotes the distance the point moves 
along its path and not the linear displacement of the point unless the 
path of the point is a straight line. 
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Distance-Time and Speed-Time Curves.—It is convenient to interpret 
equations (1) and (2) graphically. Thus let a distance-time (s-t) 
curve be constructed by plotting a series of points, the rectangular 
coordinates of each point being simultaneous values of s and ¢ (Fig. 281). 
The slope to this curve is represented by ds/dt; but v = ds/dt, and 
hence it follows that the slope at any point of the (st) curve represents 
to some scale (depending on the scales used in plotting the curve) the 
speed of the moving point at the corresponding instant. 

Similarly, if the relation between v and ¢ is shown graphically by 
plotting a speed-time (v-t) curve for the moving point as shown in 
Fig. 278, the area under this 
curve between the ordinates 
Vg and v, represents. to some 
scale (depending on the scales 
used in plotting the curve) 
the displacement As of the 
point along its path in the 
corresponding time _ interval 
ty — ty. This is evident from ~ = ea e Oe hy 
a consideration of equation (2) Fie. 278. 
and Fig. 278. 

80. Angular Velocity.—The angular velocity of a moving line is 
defined as the time rate of angular displacement of the line. The angu- 
lar velocity of a moving point with respect to a given point or pole is the 
angular velocity of the line joining the moving point to the pole. If 
equal=angular displacements occur in equal time intervals, however 
small, the motion is said to be uniform, and the angular velocity, w, is 
expressed as the ratio of any angular displacement, Aé, to the time 
interval, At, during which the displacement occurs. Thus 


3800 


iss) 
S 
oOo 


v, ft. per sec. 


ra 
S 
Oo 


v) 


If unequal angular displacements occur in equal time intervals, the 
motion is said to be non-uniform or variable. For such a motion the 
above equation gives the average angular velocity during the time 
interval At. When the angular velocity varies during the interval, its 
value at any instant is the average velocity over an indefinitely small 
time interval including the instant. Or, expressed mathematically, the 
instantaneous angular velocity is 


(Oh LU eee Oe ee OL) 
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{n order to determine the angular velocity from the above equation, 4 
must be expressed in terms of f. 
The relation between 6 and t and between w and ¢t may be shown 
graphically by curves similar to those discussed in the preceding article. , 
The unit of angular velocity is any convenient unit of angular dis- 
placement per unit of time, such as degree per second (deg./sec.), revo- 
lution per minute (r.p.m.), radian per second (rad./sec.), ete. 


ILLUSTRATIVE PROBLEMS 


0 Problem 410.—In Fig. 279, C is a car (considered as a 
point) moving on a straight road and O is an observer in 

Se a tower directly over the road. If the car moves so 

§ @=0.10 rad that its angular velocity with respect to the observer 
a) is constant and equal to 0.10 rad./sec., find the linear 
velocity of the car when its position is such that 6 is 
0°, 30°, and 60°. 

Solution—From Fig. 279 it is seen that s = 120 tan 6 

and since v = ds/dt we have 

_ d(120 tan 6) 
ae ae: 

= 12 X 1 = 12 ft./sec. when @ = 0° 

= 12 xX $ = 16 ft./sec. when 6 = 30° 

= 12 < 4 = 48 ft./sec. when @ = 60°. 


Problem 411.—The length of the crank, OA, of a steam engine (Fig. 280) is 
denoted by r and the length of the connecting rod, BA, is denoted byl. If the crank 
turns with constant angular velocity, w, determine the velocity of the crosshead, B, 
in terms of r, 1, w, and the angle, 6, which the crank makes with the horizontal. 


|<—s—> Ue 
Fia. 279. 


10 
= 120 sec? bes = 120 sec? 6 X w = 12 sec? 6 


Fia. 280. 


Solution.—The displacement, s, of the crosshead from its extreme position may 
be determined in terms of @, and since @ = wt, s may also be exvressed as a function 
of t, since w is known. ‘Thus 


s=l1+r-—lIcos¢ —rcos @. 
But 
AC =Isin¢ = rsin 8, 


leos¢ = VE —P sin? ¢ = Viz — r sin? 6. 


and 
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By expanding the last expression by the binomial theorem and using only the first 
two terms of the expansion, since r/l is generally small, the last equation may be 
written, with a close degree of approximation, 


re 


Leos? =1 — = sin? 0, 
Therefore al 
= ) ean? 0 
$s =r-—rcos + 5 sin ; 
Hence 
_ ds k Awe re 5 Pid 
I= =rsin ai + io cos a 
r r 
= rw (sin 6+ ] sin 6 cos o) = 70) (si 6+ 2 sin 20) . 
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412. A point moves along a straight line according to the law s = ¢? + 4t? + 2t, 
where's and ¢ are expressed in feet and seconds, respectively. Find (a) the velocity 
of the point at the end of 2 sec., (b) the displacement during the third second, and 
(c) the average velocity during the fourth second. 

Ans. (a) v = 80 ft./sec.; (0) As = 41 ft.; (©) vay = 67 ft./sec. 

_ 413. A point moves along a straight line according to the law v = 3¢7 + 4t + 2, 
where and ¢ are expressed in feet per second and seconds, respectively. Ifs = 20 ft. 
when t = 2 sec., what is the value of s when t = 38 sec.? 

_414, A point moves on a circle whose radius is 5 ft. according to the law 
s =8t? + 8/t, where s and ¢ are expressed in feet and seconds, respectively. Find 
the angular velocity of the point relative to the center of the circle when ¢ = 2 sec. 

Ans. w = 2 rad./sec. 

415. A point moves on a circle according to the law w = ¢ + 4¢ + 2, where w is 
the-angular velocity in radians per second relative to the center of the circle and t 
is expressed in seconds. If @ = 10 radians when t = 2 sec., what is the value of 6 
when t = 3 sec.? 


416. The speed-time curve for the rectilinear motion of a certain point is shown 
in Fig. 278. The scales are: 1 in., vertically, equals 200 {t./sec., and 1 in., hori- 
zontally, equals 20 sec. If the area under the curve between the ordinates corre- 
sponding tot = 10 sec. andt = 35 sec. is 1.2 sq. in., how far does the point travel in 


the interval? Ans. As = 4800 ft. 
: 200 (s- t) graph ‘s fe 
& s 
ia] 
2 A 
FI 
> 
t, seconds Upside, 
Fia. 281. Fig. 282. 


417.1n Fig. 281 is shown the (s — £) curve for a point moving on a straight line. 
at is the velocity of the point when t = 20 sec.? 
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418. Two railway stations are connected by a straight track. A train starts from 
rest at one station and after 12 min. comes to rest at the other station. The (v—1) 
curve for the motion is shown in Fig. 282. Find the distance between the stations. 

419. The crank OA (Fig. 283) rotates with a constant angular velocity w about O. 


Find, by use of equation (1) of Art 79, the linear velocity of B in terms of r, 6, and ws 
Ans. v =— Tw sin 6. 


BIG. 283. Fig. 284. 


420. In Fig. 284 the blocks A and B are pinned together. Block A slides in a 
horizontal slot in D, and B slides in a slot in OC as OC rotates about O. When OC 
is in the position shown (@ = 30°), the angular velocity w is 20 rad./seec. Find, by 
equation (1) of Art. 79, the linear velocity of block A. 


421. If in Fig. 284, the linear velocity of block A is 30 ft./sec. when 8 = 30°, 
find by use of equation (1) of Art. 80 the angular velocity of OC. 
Ans. w = 18.0 rad./sec. 
422. A’ point starts from rest at the origin and moves along the z-axis in such a 
way-that the velocity at any instant is proportional to the elapsed time after starting. 
If s = 8 ft. when ¢ = 2 sec., find the values of s and v when ¢t = 8 sec. 


423. A ship is sailing due east at a constant speed of 20 mi./hr.» At a given 
instant a second ship which is sailing due north at a constant speed of 15 mi./hr. 
is 125 mi. directly south of the first ship. When will the distance between the two 
ships bea minimum? Find the minimum distance. Ans. t = 3 hr.; s = 100 mi. 


81. Relation be- 
tween Linear and 
Angular Velocities.— 
If a point moves on 
a circular path the 
relation between its 
linear and angular 
velocities may be 
found as follows: Let 
a point M move on 
Tia. 285. a circular path of 


radius r (Fig. 285a); 
let v be the linear velocity of the point at any instant and let w be the 
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angular velocity of the point, with respect to the center of the circle, at 
the same instant. By definition, 


But the distance ds traversed in the time dt may be expressed in 
terms of the corresponding angular displacement dé, by the equation 
ds = rdé (Art. 78). Therefore 


tT Ke ee (1) 


Hence, at any instant, the linear velocity of a point moving on a 
circle is the product of its angular velocity (with respect to the center 
of the circle) and the radius of the circle, where the angular velocity w 
is expressed in radians per unit of time. 

If the particle does not move on a circular path, the equation v = wr 
is also true if 7 is the radius of curvature of the path at the given position 
of the particle, and if w is the angular velocity of the particle with respect 
to the center of curvature as the pole. 

Furthermore, if the point moves on a curve of any form and the 
center of curvature is not taken as the pole (Fig. 285b), then the term pw, 
where p denotes the radius vector to the point, gives one component 
only of the linear velocity, as is shown in the next article. 


PROBLEMS 
424. A flywheel 6 ft. in diameter rotates at 120 r.p.m. Find the linear velocity, 
in feet per second, of a point on its circumference. Ans. v = 387.7 {t./sec. 


425. A rod)4-ft, long rotates in a horizontal plane about a vertical axis through 
one end of the rod, so that the linear velocity of its mid-point is 60 ft. per sec. Find 
the angular velocity of the red, in r.p.m. 

426. A disk, A (Fig. 286), rotating with an angular velocity w; of 30 r.p.m. turns 
(without slipping) another disk, B, by means of 
friction at their surfaces of contact. A drum, D, is 
attached to the disk, B, and turns with it, thereby 
raising the body, C., The radii ri, re, and rg are 6 
in., 10 in, and 4 in., respectively. Find the 
velocity of C in ft. per sec. 

Ans. vc = 0.63 ft./sec. 

427. In Fig. 204 the disk B rotates at 200 r.p.m. 
and turns (without slipping) the wheel C by means 
of the frictional force on the circumference of C. 
The distance from the center line of B to the point 
of contact between-B and C is 8 in., and the diameter of Cis 20 in. What is the 
angular velocity of C, in r.p.m.? 

428. A rigid body composed of two disks of different diameters (Fig. 287) turns 


Tria. 286. 
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about the center O with a constant angular velocity of 80 r.p.m. If r1 = 2 ft. and 
rg = 3 ft., what is the velocity of body A and of body B? A unwinds from the large 
disk as B winds up on the small disk. How far will A and B travel in 6 sec.? 

Ans. va = 25.1 ft./sec.; vp = 16.8 ft./sec.; Asa = 150.8 ft.; Asg = 100.5 ft. 
\ 


2! >| 


3 ae ee 
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Fia. 287. Fig. 288. 


429. The rod CD (Fig. 288) is made to oscillate by the crank OA and connecting 
rod AB. The angular velocity » of the crank is 90 r.p.m. In the position shown 
AB is perpendicular to OA and to CD. The length of OA is6in. Find the angular 
velocity of the rod CD and the linear velocity of D. 


82. Components of Velocity.—It is frequently convenient to find the 
velocity of a moving point by de- 
termining its components, or to 
deal with the components of the 
velocity instead of the total veloc- 
ity. 

Two sets of components only 
are here determined; namely, the 
axial components (v,; and vy), 
parallel, respectively, to the z- 
and y-axes, and the radial and 
transverse components (vg and 
vr), parallel and perpendicular, 

Fra. 289. respectively, to the radius vector 
(Fig. 289). 

Thus, since the component, in any direction, of the linear velocity of 
a point is the time rate of the component displacement of the point in the 
given direction, the axial components of the velocity v of the moving 
point M (Fig. 289) are given by the expressions 
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or, if the coordinates, x and y, of the particle change uniformly, then 


Ay Y27 41 
At log — 


Likewise, at any instant, the transverse and radial components of veloc- 
ity, vr and vp, are expressed as follows: 


vr = sndaUZe———— a hry ee he We) 


Lb 
dt 


in which pdé and dp are the components of displacement in the trans- 
verse and radial directions during the time interval dt, as shown in 
Art. 78, and w is the angular velocity of the point with reference to the 
pole O. It will be noted that when O is chosen as the center of curva- 
ture of the path the transverse component of the velocity becomes the 
total velocity, tangent to the path, vg then being equal to zero. 

Since the pole O may be arbitrarily chosen, the components v7 and 
Vp are different for different positions of the pole or origin, whereas 
v, and v, are independent of the origin and depend on the directions only 
of the coordinate axes. 

In obtaining the radial and transverse components of velocity, the 
graphical method of solution is frequently preferable to the algebraic 
method which makes use of Eq. (2) above. The graphical method is 
illustrated in Prob. 431. 


“~« 
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Problem 430.—If the angular velocity of the oscillating arm OM (Fig. 290) is 
40 r.p.m. when 6 = 30°, find, by use of Eq. (2) above, the radial and transverse 
components of the velocity of the block A, referred to O as the pole. Also find 
the total velocity of A. 


Solution.—From Fig. 290 the value of p is 


ms Oe it 
12cos@ 3 


do 40X27 47 ote 
= = — rad./sec. 
u t 60 3 
ence - 


et on 
sec @ tan Fy 


D7) SS eS 


sec 6 tan 0w Fig. 290. 


4 
x <5 x Bo = 4.65 ft./sec. when 6 = 30°. 


ql 


Olen Wie win 


. 
st 
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Also 


z 
3 
: = sili 8.06 ft./sec. when @ = 30°. 1 


v4 = V. 4.65" + 8.062 = 9.31 ft./sec. | 


The student should show vp, vr and v as vectors in Fig. 290. 


Problem 431.—In the quick-return mechanism 
shown in Fig. 291, OO; = 18 in. and the crank OA 
=8 in. If the angular velocity of the crank is 40 
r.p.m., what is the velocity of the block A? Find 
graphically the component of the velocity of A per- 
» pendicular to the rocker arm O,M (the transverse 
component) in the position shown. Find also the 
angular velocity of 01M. 

Solution.—The block moves on the circular path 
of radius r = 8in. Let w denote the angular veloc- 
ity of A with reference to the pole O and w the 
angular velocity of A with reference to the pole O; 
(that is, let #1 denote the angular velocity of O14, 
orp). The direction of the velocity of A is tangent 


lin=4 ft./see. 


0; to the circle and its magnitude is 
Fra. 291. oe ete Bee 
- = = 2. t. ; 
0 = or 60 12 /see 


By resolving v, graphically, into its transverse and radial components as shown in 
the figure, the following values are found: 


op = 1.8ft./sec. and vr = 2.17 ft./sec. 
But 


or = wip = wi X OA. 


By measuring, 014 is found to be 11.7 in. 
Therefore 
_18X 12 


a= —T7 = 1.84 rad./sec. = 17.6 r.p.m. 
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432. The link BC (Fig. 292) is 2 ft. long and has an angular velocity, w1, of 
50 r.p.m. If the link BA is perpendicular to BC, at the instant considered, what is 
the angular velocity of the crank OA if OA is 9 in. long? 


\. 433. An automobile is traveling at 30 miles per hour on a straight road. An 
observer is stationed at O (Fig. 293). Find the angular velocity of the automobile 
with respect to the observer (a) when the automobile is at A, (b) when at B. 

Ans. (a) w = 0.44 rad./sec.; (b) w = 0.352 rad./sec. 


434. In Fig. 204. A is a block that revolves about O with an angular velocity 
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wo = 60r.p.m. OW is a rod that is pivoted at 0; and passes through a slot in A. 


Fig. 292. Fig. 293. 


The lengths of OA and OO; are 12 in. and 6 in., respectively. Find, graphically, the 
radial and transverse components of velocity of A with respect to O1 as a pole. 


a The cam shown in Fig. 295 revolves about the axis O, causing the roller A 
to change its x-coordinate at the rate of 4 in. per second when @ = 30°. Find the 
angular velocity of the bell-crank AO,B if O;A is 18in. Ans. w = 4.247r.p.m. 


436. In Prob. 420, find the radial and transverse components of the velocity of 
the block B with respect to O as a pole. 


ES LA eee 
PM 


Fia. 294. 


Fia. 295. 


\ 487. A point moves on the curve y® = 9x according to the lawa = 4¢? + 1, x and 
y being measured in feet and tin seconds. Find the magnitude and direction of the 
velocity of the point when t = 2 sec. Ans. v = 17.0 ft./sec.; 6, = 20°. 

438. A point moves in the ry-plane according to the law vz = 4t? + 4t, vy = 4t. 
If x = land y = 2 when¢ = 0, what is the equation of the path of the point? 


1 1 
439. A point moves in the ry-plane according to the law x = ¢ + re t— es 


x and y being measured in feet and t in seconds. Show that the path of the pointiis 
a hyperbola and find the magnitude and direction of the velocity of the point when 
t = 4 sec. Ans. Path 2? — y? = 4; = 5.82 ft./sec.; 0, = 121°.” 


83. Linear Acceleration.—The linear acceleration of a moving point, 
at any instant, is defined as the time rate of change of the linear velocity 
of the point at the instant. If the change in the velocity in time Af 
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; aie _ Av 
be denoted by Av, the average acceleration for the time interval is i 


and the limit of this ratio as At approaches zero is the instantaneous 
acceleration. Or, expressed mathematically, 
i 
a = Limit ee . 
at=o At 

Since velocity is a vector quantity, the change, Av, in the velocity 
may be due to a change in the magnitude, only, of the velocity as in 
rectilinear motion with varying speed; or to a change in the direction 
only, as in curvilinear motion with constant speed; or to a change in both 
_ magnitude and direction as in curvilinear motion with varying speed. 
The acceleration of a point having various types of motion will be con- 
sidered in the following articles. 

The unit of linear acceleration is any unit of linear velocity per unit 
of time, such as foot per second per second (ft./sec.”), mile per hour per 
second (mi./hr./sec.), etc. 

84. Acceleration in Rectilinear Motion.—In Fig. 296 let a point 
move so that its velocity changes in magnitude only. That is, let the 
point move on a straight 


v, Path V, : : i 
oo —_ line path with varying 
see AD speed. Let v; be the veloc- 
pier teed ity at one instant and let v9 
Fia. 296. be the velocity after the 


time interval At. If the 
velocity changes uniformly, the magnitude of the acceleration is the 
ratio of any change in the velocity, Av, to the time interval, At, during 
which the change Av occurs. Since v2 and v; have the same direction, 
Av is the algebraic difference of vo and v; as well as the vector difference. 
Hence, the magnitude of the acceleration for uniformly accelerated, 
rectilinear motion is 

Av v2 — vy 


a= ‘ 
i AES 


(1) 


If the velocity of the moving point in Fig. 296 does not change uni- 
formly, then equation (1) gives only the average acceleration during the 
period At. When the acceleration varies from instant to instant, its 
value at any instant is the average acceleration during a very small time 
interval including the instant. Or, expressed mathematically, the in- 
stantaneous acceleration for rectilinear motion is 

Av dv 


= "Limit =e 
leenernc Alea (2) 
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In order to find a from the above equation, v must be expressed in terms 
; ds ; : 
of t. Sincev = A the above expression may also be written 


dy _ ds 
di dt?’ 


(3) 


The direction of the acceleration of the particle is the same as that 
of the change of velocity, Av, but Av is parallel to v, that is, along the 
path. If v2 is smaller than v,, the sense of Av is negative, that is, oppo- 
site to that of v, and hence the acceleration then is negative. A negative 
acceleration is sometimes called a deceleration. 

By dividing numerator and denominator of the right side of equation 
(2) by ds, another form of expressing a is obtained, namely, 


If a is expressed as a function of ¢, the change of speed in any time 
interval tg — t; may be found by integrating a with respect to t. Thus 
from equation (2) 

dv = adt 


V2 to 
fl dy = ifs a dt 
V1 ty 
That is, 


te 
“ m= a= fadt. oo SS SG “os (4) 


ty 


Integrating, 


Speed-Time and Acceleration-Time Curves.—It is convenient to inter- 
pret equations (2) and (4) graphically. The relation between v and t 
for the rectilinear motion of a point may be shown graphically by plotting 
a speed-time (v-t) curve, the coordinates of any point on which represent 
simultaneous values of v and ¢. The slope of this curve at any point is 
represented by 7 - Buta = “ , and hence the slope of the (vt) curve 
at any point represents to some scale (depending on the scales used in 
plotting the curve) the acceleration of the moving point at the corre- 
sponding time. Thus if the rectilinear motion of a point is represented 
by the (v-t) curve in Fig. 297, the acceleration of the point when 
2 X 20 
SB 


t = 15 sec. (corresponding to point A on the v-¢ curve) is 
2 ft./sec.” 
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Similarly, if an acceleration-time (a-t) curve for the rectilinear motion 
of a point is plotted as indicated in Fig. 298, the area under the curve 
between the ordinates aj and a, represents to some scale (depending 
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on the scales used in plotting the curve) the change in speed in the 
corresponding time interval tg — t, as is obvious from a consideration of 
equation (4) and Fig. 298. 


ILLUSTRATIVE PROBLEMS 
Problem 440.—In Prob. 410 find the acceleration of the ear wher @ = 30°. 


Solution.—The velocity of the car corresponding to any value of 6 was found to 
be 12 sec.” @ and hence 


a= pee (12 sec? 0) = 24se\? @ tan @w 
dt at 
= 2.4 sec? 6 tan 0 
= 24 &X £ ~ os = 1.85 ft./sec.” when @ = 30°. 
cere &) 


Problem 441.—Find by use of equation (8) of Art. 84 the acceleration of the 
crosshead of a steam engine in terms of r, 1, 6, and w as defined in Prob. 411. 


Solution.—From Prob. 411 we have 


r 
v= Tw (sin 0 T 7 sin @ cos “). 
Hence 


dv r dé 
eo = . - | 2 — gin? — 
Oe te E 6+ 7 (cos é — sin 0 | 7H 


: r 
= rw" (os 6+ F cos 20) £ 


It may be noted that when the ratio of r to lis small, the second term in the above 
expression becomes small, and hence the acceleration is approximately rw? cos @ and 
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therefore the motion of the crosshead is approximately a simple harmonic motion 
(Art. 86). 


PROBLEMS 


442. In Prob. 412 find the acceleration of the point when ¢ = 2 sec. = 

443. A point moves along a straight line according to the law a = 12/? + 6. 
If $= 12 and v = 0 whent = 0, what is the value of s whent = 2? Ans. s =40. | 

444, In Prob. 419 find the acceleration of B in terms of r, 6, and w. Find also 
the numerical value of a if r = 2 ft., # = 4 rad./sec., and 6 = 60°. 

445. In Prob. 420 find the linear acceleration of the block A when 6 = 30°, 
assuming w to be constant and equal to 20 rad./see. Ans. a = 1067 ft./sec.? 

446. In Fig. 299 are shown the (v-t) curves for three different rectilinear motions 
of ft. Draw the (s-¢) and (a-t) curves for the motions represented in each of 
the diagrams. 
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447, At a given point on the (v-t) curve shown in Fig. 299(c) for the rectilinear 
motfon-of a point, the tangent to the curve makes an angle of 30° with the horizontal. 
If the scales used in plotting the curve are 1 in. = 20 ft./sec. and 1 in. = 2 sec., 
what is the acceleration of the point at the corresponding time? 


= Ans. a = 5.77 ft./sec.? 
448. The scales used in plotting an acceleration-time curve are: 1 in. = 200 
frog aeend 1 in. = 2 sec. If the area under the curve between the ordinates 


corresponding to ¢ = 1.5 sec. and ¢ = 4 sec. is 1.3 sq. in., what is the speed at the 
end of 4 sec. if the speed at the end of 1.5 sec. is 20 ft./sec.? 
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Fig. 300. 


(fs Je railway stations are connected by two straight parallel tracks. Two 
trainsA and B start from rest at one station and reach the second station in 150 sec. 


The speed-time curve for A is shown in Fig. 300(a) and that for B in Fig. 300(6). 
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Draw the acceleration-time curve for each train, and find the distance between the 
two stations. Find also the maximum speed of B. 
Ans. Distance = 1.5 mi.; vmax, = 64.62 mi./hr. 
450.“A point starts from rest and moves on a straight line so that its acceleration 
dt_anty instant is proportional to the time after starting (a = kt). If v = 10 ft./sec. 
when t = 2 sec., find the acceleration and velocity of the point when t = 4 sec. 


451. A point starts at the origin and moves along the z-axis. The initial velocity 
of the point is’20 ft./sec. to the left and the acceleration of the point is constant 
and equal to 10 ft./sec.? to the right. Find the equation of the (st) curve for the 
motion. Ans. s = 5t? — 208. 

452. A point starts at the origin and moves along the y-axis with constant accel- 
eration. When t = 2sec. y =— 8 ft. and whent = 4sec., y = 16 ft. Find (a) the 
initial velocity of the point, (6) the acceleration of the point, (c) the linear displace- 
ment during the first three seconds, and (d) the distance traveled by the point in 
the first three seconds. 


Fie. 301. i 


453. In Fig. 301 is shown the speed-displacement graph for the crosshead, C, of 
a steam engine. If the scale of abscissas is 1 in. = 1.75 ft. and if BC measures 
0.33 in., what is the acceleration of the crosshead in the position shown. How may 
the position of C be found for which C has zero acceleration? 
Ans. a = 448 ft./sec.2 


85. Uniformly Accelerated Rectilinear Motion—Many examples of 
straight-line motion with constant acceleration occur in engineering 
practice, such as the motion of a freely falling body or of a train leaving a 
station under the action of a constant draw-bar pull. The relations 
between the distance, time, velocity, and acceleration, for uniformly 
accelerated rectilinear motion, may be deduced as follows: By definition, 


Av v—U 
0 A ae 
At i 


or 
Ves u+ dt, «fs cele, eee 


in which wu and v are the initial and final velocities, respectively, corre- 
sponding to the time interval At or simply ¢t. Equation (1) may also 
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be obtained from the (v-t) curve shown in Fig. 302. The slope of the 
curve represents the acceleration of the moving point. Hence a = 
v—wu 


slope = 


Since the velocity increases or decreases uniformly, the average 


eee eae) Pena : 
velocity is and the distance, s, traveled in time ¢ is 
us, v 
c= -t . . . . e ° . e ® 
: @) 
Sar ut at P 


2 
UES Sale yr, ee, ok eS) 


Fie. 302. 


This equation also follows from the fact that s is represented by the 
area under the (v-t) curve (Fig. 302). The rectangular part of the 
area is expressed by uf and the triangular part by 4dat?. Hence 
s=ut+4at?. By eliminating ¢t from equations (1) and (8), the fol- 
lowing equation is obtained: 


Uo rue 2aS. so) cae os a re 


The motion of a freely falling body is a special case of uniformly 
accelerated rectilinear motion, in which the acceleration is usually 
denoted by g and is approximately equal to 32.2 ft./sec.” 


ILLUSTRATIVE PROBLEM 


Problem 454.—A projectile is fired from a gun with an initial velocity wu making 
an angle @ with the horizontal (Fig. 303). Find (a) the time of flight to reach the 
level from which it started, (b) the range on 
a horizontal plane through the point of pro-  [y 
jection, (c) the greatest height reached, and u 
(d) the equation to the path of the projec- 
tile. The actual motion of a projectile is 
influenced by a number of conditions such as 
rotation of the projectile due to rifling of x 
the gun barrel, wind velocity, air resistance, ! ; 
etc. The motion of the projectile under ~— 
ideal conditions (in a vacuum and without Fra. 303. 
rotation) will here be considered. 


Solution.—The motion of the projectile may be assumed to be a combination of 
two simultaneous motions, namely, a uniform horizontal (rectilinear) motion with a 
constant velocity of u cos @ and a uniformly accelerated vertical (rectilinear) motion 
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with a constant acceleration which is downward and equal to g (ay =—g = —82.2 
ft./sec.”). Let v denote the velocity after any time?t. Then we may write 


a, = ~— =0 OF vz = Uz = u cos 8, wer ee NE, 
and 
a, = XY =—g or ty=u —gt=usind—g..... . (2) 
The horizontal displacement, x, in any time interval t is 


0 = U CORO» + mS Sue ce ee 


and the vertical displacement, y, in any time interval ¢ is the average velocity times 
the time interval. Hence 
y= wan Ob — gg. 2 5 Gea ee 


Time of Flight—Since y equals zero when the projectile reaches the z-axis, the 
time of flight, ¢,, as found from equation (4), is 


2u sin 6 
. F 


Range.—The range, 7, equals the value of x in equation (3) when¢ = ¢,. There- 
fore 


(5) 


_ uv sin 20 
= 


Time to Reach Greatest Height—When the projectile reaches its greatest height, 
vy = 0. Hence, the time, tr, required for the projectile to reach its greatest height, 
as found from equation (2), is 


(6) 


usin 6 
he . 
g 


Greatest Height —The greatest height, h, will be given by y in equation (4) when 
t has the value f Hence 


(7) 


se u* sin? 0 (8) 
2g . . . . . . . _ . . . 

The equation of the path of the projectile (called the trajectory) may be obtained by 

eliminating ¢ from equations (3) and (4), which gives the following equation: 


2 
gx 
0 OD Oa ne 

Y a 2u- cos~ 0 (9) 

Hence the trajectory is a portion of a parabola with its axis vertical. 
PROBLEMS 
455. Deduce equations (1), (3), and (4) of Art. 85 by calculus methods, starting 
ds 


dv 
with the equati =— =— 
quations a ag ae 
456. A train is moving on a straight track at a speed of 50 mi./hr. toward a 
station at which it must stop. If the brakes can retard the train at the rate of 
1.5 ft./sec. each second, how far from the station should the brakes be applied? 
Ans. s = 1795 ft. 


dv 
, and @ = oF respectively. 
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457. A bullet leaves the muzzle of a gun with a velocity of 2000 ft./see. The 
acceleration of the bullet while traveling in the barrel is not constant but in order to 
obtain an approximate value of the acceleration, it will be assumed to be constant. 
Find the acceleration of the bullet and the time required to travel the length of the 
barrel if the length of the barrel is 3 ft. 

458. The brakes are set on a train running at 30 mi./hr., when 4 mi. from a sta- 
tion. The train slows down uniformly, coming to rest at the station. Find the 
acceleration, and the time in stopping. Ans. a = 0.866 it./sec.? ¢ = 120 sec. 

459. 4f the maximum allowable speed of 
an elevator is 800 ft./min. and if it acquires 
this speed uniformly in a distance of 12 ft., 
what acceleration does it have? : 

460. /A train in starting is uniformly accel- 
4 eae attains a speed of 60 mi./hr. in 
5 min. After running for a certain period of 
time at this speed, the brakes are applied and 
it stops at a uniform rate in 4 min. If the 
total distance traveled is 10 mi. find the total 
time. Ans. ¢ = 14.5 min. 


461. If the cam A (Fig. 304) moves to the Y, 
hoethanging its velocity uniformly 5 in./sec. Fra. 304. 
each second, what is the acceleration of the 
rod B (a) before the pin comes in contact with the cam and (6) while it is in contact 
with the cam? 

462. The speed-time curve for the rectilinear motion of a point is shown in 

i 5. Find (a) the acceleration of the point during the period between 10 sec. 
and 20 sec., (b) between 30 sec. and 60 sec., and 
(c) the distance traveled by the point in 70 sec. 
Ans. (a) a=0; (6) a = — 0.5 ft./sec.?; 


g @©s= Go tte 

g 463._A bullet is projected upward at an angle 
Fe of with the horizontal with a velocity of 
Ss 2000 ft./sec. Find the range and time of flight. 


464. A point starts from rest and moves 
along’ a straight line so that v = 2Vs where v 
is the velocity of the point in feet per second 
and s is the displacement of the point in feet. 
Does the point have a uniform or non-uniform acceleration? Determine the dis- 
placement, velocity, and acceleration of the point at the end of 5 sec. 

Ans. s = 25ft.; » = 10 ft./sec.; a = 2 ft./sec2 

465. A bag of sand is thrown out of a balloon that is rising with a velocity of 
4 ft.¥séc. If the bag reaches the ground in 6 sec., how high above the ground was 
the balloon when the sand was thrown out? 

466. A stone is dropped into a well and the splash is heard 2 sec. later. Assuming 
the ity of sound to be 1100 ft./sec. how far is it to the surface of the water? 


Ans. 60.6 ft. 
467. A shot is fired from a gun on the top of a cliff 400 ft. high, with a velocity 
of t./sec., the angle of elevation of the gun being 30°. Find the range on a 


horizontal plane through the base of the cliff. 
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468, 4 stone is projected from the surface of the earth vertically upwards with a 
velocity of 100 ft./sec. Four seconds later a second stone is projected vertically 
upwards with a velocity of 50 ft./sec. At what distance above the earth will the 


two stones meet? Ans. s = 37.6 ft. 

469. A train starts from a station with a uniform acceleration and attains a speed 
of 40 mi./hr. in 2 min. It runs for 11 min. at this speed and then reduces its speed 
uniformly during the next 3 min. and stops at the next station. Find the distance 
between the two stations. 


\470._Avshell fired from a gun with an initial velocity of 1000 ft./sec. strikes a 
balloon that is 1000 ft. above the earth. If the angle of projection is 45°, what is 
the horizontal distance x of the balloon from the gun? Assume g = 32 ft./sec.* 

Ans. xz = 1035 ft. or 30;200 ff. 


471, A ball is thrown from a bridge at a height of 150 ft. above the water beneath 
the bridge. The initial velocity of the ball is directed upward at an angle of 60° with 
the horizontal. If the magnitude of the initial velocity is 100 ft./sec. find the time 
required for the ball to reach the water. How far above the bridge does the ball rise? 


472. A ball is thrown upward at an angle of 45° with the horizontal. It strikes 
a vertical wall 100 ft. away at a point 10 ft. above the level from which the ball was 
thrown. What was the initial speed of the ball? Ans. u= 59.8 ft./see. 


86. Simple Harmonic Motion.—lIf the velocity of a point does not 
vary uniformly, the acceleration is not constant, and hence the equations 
of Art. 85 do not apply. One special case of rectilinear motion with 
variable acceleration is simple harmonic motion. <A simple harmonic 
motion is defined as the motion of a point in a straight line such that the 
acceleration of the point is proportional to the distance, z, of the point 
from some fixed origin, O, in the line and is directed toward O. Or, 
expressed mathematically, 


where k is a constant and the negative sign indicates that the sense of 
the acceleration is oppcsite to that of the displacement x (Fig. 306), 
that is, a@ is negative when 7 is 


(@) a-=-kiwx ya de tye ens 
——_—_4—_“< ~»_____34 positive, and positive when z is 
negative. 
Fra. 306. One example of a simple harmonic 


motion is the motion of a weight 
attached to the lower end of a helical spring (the upper end being fixed) 
which is allowed to vibrate freely. The motion of the crosshead of a 
steam engine closely approximates a harmonic motion if the ratio of the 
length of the connecting rod to that of the crank is large. The motion 
of an oscillating pendulum also approximates closely a simple harmonic 
motion if the are through which the pendulum swings is small. In fact 
many of the vibrational motions so common and important in engineer- 


- 
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ing problems may be assumed without serious error to be simple har- 
monic motions. 

If a point moves with constant 
speed in a circular path, the motion 
of the projection of the point on 
a diameter of the circle is a simple 
harmonic motion. This statement 
may be proved as follows: In Fig. 
307 let M be a point moving on 
a circle of radius r with constant 
speed vy, and angular velocity w. 
If t is the time required for M to 
move from A to its given position, 
then 


Fia. 307. 


Goin and 90 —t7 COS.6 = 7" COS Wl, co. epee monn 2) 


Hence the velocity of P, the projection of M, is 


dx ; 
Dies rye me OM SID Col = OY, eee AG) 
and 
d? 
a = oy = or 008 wt = — Pe pees) 


Therefore, the motion of P is harmonic and the constant k in equation (1) 
is here equal to w”. It should here be noted that if P were the projec- 
tion of M on the vertical diameter, the expression for the acceleration of 
P would be defined by the equation a = — wr sin wt as in Fig. 308. 

This method of generating a simple harmonic motion is a convenient 
one for studying certain features of the motion. From the definition 
it follows that a simple harmonic motion is a periodic motion. It is 
convenient to study a periodic motion by means of the displacement- 
time, velocity-time, and acceleration-time curves. 

For example, in Fig. 308(a) let a simple harmonic motion of the 
point B be generated by the mechanism shown. The motion of B 
is, of course, the same as that of the projection of C on the vertical 
diameter. A displacement-time (st) curve for the motion of B is shown 
in Fig. 308(6). The time to complete one cycle of the motion is called 
the period of the motion, and one complete cycle is called an oscillation. 
In Fig. 308(b) the period is denoted by 7. The amplitude of the motion 
is one-half of the length of the path and is denoted by A. The frequency 
is the number of complete cycles or oscillations per unit of time and is 
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denoted by f. It will be observed that since the motion of B is the same 
as the motion of the projection of C on a vertical diameter, we may write 


2 
er and «f = — + 14 EE Be EE 


in which w is sometimes called the circular frequency. 

The velocity-time and acceleration-time curves for the motion of B 
are shown in Fig. 308(c). It should be noted that at either end of the 
stroke, v is zero and a is a maximum and that at the center of the stroke a 


T 


ae (s—t) curve 
t 


Displ., & 


a=—ro’ sinwt 
Fia. 308. 


is zero and v is a maximum. Particular attention should be ealled to 
the fact that when v is equal to zero a is a maximum; the student is 
: ; : dv 

likely to make the mistake of reasoning that a = rf. and hence when 


v = 0, a must also be zero. In certain types of rectilinear motion, 
including simple harmonic motion, the velocity may be changing rapidly 


, dv 
through its zero value and hence ff may be large when v = 0. Or to 


state the same idea in mathematical language, the first derivative of a 


function is not necessarily equal to zero when the function is equal to 
zero, 


ILLUSTRATIVE PROBLEM 


Problem 473.—A body having a weight W is supported by a helical spring as 
shown in Fig. 309. The body is pulled down a distance of 4 in. from its equilibrium 
position OX and is then released, allowing it to oscillate about the equilibrium posi- 
tion with a simple harmonic motion. The weight of the body and the stiffness of the 
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d 
spring are such that the acceleration of body for any value of y is a = 2 =— 60y. 
Find the amplitude A and the period 7 of the motion. Find dt 
also the maximum velocity and maximum acceleration of the 
body. 


Solution.—The amplitude is obviously A = 4 in. The value 
of w in equation (4) is 1/60 = 7.75 rad./sec. and hence 


Qa 
1 ———s =) Si sec; 
775 0.81 sec. 


The maximum values of v and a occur when the values of 2 and 
y in equations (3) and (4) are maximum, that is, when « and 


y are each equal to 4in. Hence the maximum values of v and a 
are 


Umax. = 4w = 4 X 7.75 = 31.0 in./sec. = 2.58 ft./sec. 


Qmax, = 4w* = 4 X (7.75)? = 240 in./sec.2 = 20 ft./sec? 


Fia. 309. 


PROBLEMS 


474. A point moves along a straight line so that its distance s from a fixed point 
in the line is s = bsin pt where b and p= are constants and / is the time. Find the 
velocity and acceleration of the point in terms of 6, p, andt. Ifb = 2ft.andp = \% 
rad./sec., find the velocity and acceleration of the point when t = 3 sec. 

Ans. v = bpcos pt; a =— bp’ sin pt; v = 0.366 ft./sec.; a = — 0.085 ft./sec.? 

475. If the body in Prob. 473 is pulled down 3 in. instead of 4 in. and then 
released, what will be the period and the frequency of the motion? 


476. A point moves with a simple harmonic motion the amplitude of which is 
10 in. If the period is 2 sec., determine the maximum velocity and maximum 
acceleration. Ans. v = 2.62 ft./sec.; a = 8.22 ft./sec.? 


477. In Fig. 310 the body Cis raised by the pressure of the roller A on the cam B 
as the crank OA rotates at a constant angular velocity w of 20 r.p.m. The length 
of OAis 16in. What is the acceleration of C (a) when 6 = 30°, 
and (6) when @ = 60°? 

478. The maximum velocity of a point which has a simple 
harmonic motion is 10 ft./sec. and the period is 44 sec. Deter- 


mine the amplitude of the motion and the maximum acceleration. 
Ans. r = 0.53 ft.; a = 188 ft./sec.? 


479. The drivers of a Mikado locomotive are 60 in. in diam- 
eter and the length of the crank is 15 in. If the speed of the 
locomotive is 30 mi./hr., determine the maximum velocity and 
the maximum acceleration of the crosshead and piston relative 
Fia. 310. to the engine frame, assuming that the connecting rod is so 
long that. the motion of the crosshead is harmonic. 


480. A point moves with a simple harmonic motion such that its speed is 
90 in./sec. when it is 4 in. from the center of its path and 80 in./sec. when it is 6 in. 
from the center. Determine the period and the amplitude of the motion. Deter- 
mine also the maximum velocity and the maximum acceleration of the point. 

Ans. T = 0.68sec.; A = 10.56 in.; v = 97.5 in./sec.; a = 897 in./sec.? 
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87. Acceleration in Curvilinear Motion. Tangential and Normal 
Components of Acceleration—Let a point 


ot move with varying speed along the curved 
\\ path shown in Fig. 311(a) and let it be required \ 
Se 1Ad\ v, to find the magnitude and direction of the 
a S linear acceleration of the moving point, at the 
oe. \B (a) instant it is at any point A on the path, from 
. v the equation 


ere 
B a = Limit —- 


Vi fs At=o At 
Peo 
0 0 A’ (0) Let the time required for a small displace- 
Wie. 311. ment AB (or As) be denoted by At, and let the 
velocities at A and B be denoted by v and 2), 
respectively. Also let the radius of curvature at A be denoted by 7 and 
the angular displacement with respect to the center of curvature, O, be 
denoted by A@. Nowif, in Fig. 311(b), O’A’ and O’B’ be laid off to rep- 
resent in direction and magnitude v and v, respectively, the change in 


velocity, Av, is represented by the vector A’B’ (Art. 74). The average 


/ / 


acceleration during the time interval At is therefore cea , and the instan- 


taneous acceleration at A is the limit of this ratio as At (and also As 
and A@) approaches zero. If, in Fig. 311(b), O’C is laid off equal to 
O'A’ (or v), A’B’ may be expressed as the vector sum of A’C and CB’, 
and hence the acceleration may be expressed as the vector sum of two 
component accelerations as follows: 


Rr A cs! AOS Ce 
) = \bikeawnr = Limit ——————_ 
At=0 At=0 At 
Are Ree : 
= Limit b Limit : 
At=0 At=0 


Since A’C would represent the change in the velocity if the velocity , 
were constant in magnitude and changed only in direction, and since 
the length of CB’ represents the change in the magnitude, only, of the 
velocity, it is evident that the first of the two components is the accelera- 
tion due to a change in the direction, only, of the velocity, and the second 
component is the acceleration due to a change in the magnitude, only, of 
the velocity. 

The direction and magnitude of each of these two component accel- 
erations defined by the last two terms of the above equation will now be 
found. 
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The direction of the fizst of the two components is the limiting direc- 
tion of A’C as At (and A@) approaches zero. As A@ approaches zero, the 
angle O’A'C approaches 90° and hence in the limit A’C is perpendicular 
to O’A’ (or v), and therefore the first term represents the component of 
acceleration normal to the path at A. This component is toward the 
center of curvature and is denoted by ay. Similarly, the direction of the 
second component is the limiting direction of CB’ as A§@ approaches 0 
and therefore is in the direction of O’A’ (or v). Hence the second term 
represents the component of acceleration tangent to the path at A and 
is denoted by ay. 

The magnitudes of a, and a; may be found as follows: 


ee ee _ .. 2vsin 4A0 
a, = Lamit =] ha ——— 
At=0 At=0 At 
6 dé 


I 
cS 
ee 
at 

I 
S 

| 

| 
S 
= 


where w is the angular velocity of the point relative to the center of 
curvature O. And since v = rw, dn may also be expressed as rw* or v?/r. 
The magnitude of the tangential component is 


CB: vy —v dv 
a; = Limit = Limit = 
é azo At At=0 At ah 
. ds 2 
and since v = ae a; may also be expressed as ore 


Summarizing; the two following important theorems may be stated: 


I. When the velocity, v, of a particle changes in magnitude, an accel- 
| 


Be UE, ee ee 
eration is produced the value of which is Fie its direction at any instant is 


parallel to that of the velocity, that is, tangent to the path at the point 
at which the particle is located at the instant. Thus 


II. When the velocity, v, of a particle changes in direction, an accel- 
2 


eyes v : ; 
eration is produced the value of which is ww = wr = ae its direction, at 
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any instant, is perpendicular to the velocity, towards the center of curva- 
ture of the path, at the point where the 
particle is located at the instant. Thus 


vy? 


T 


. 


a, = lo = oT = 


The total acceleration of a point that 
moves on a curved path with varying speed 
is the resultant, or vector sum, of the 
normal and tangential components of accel- 
eration as shown in Fig. 312. The mag- 
nitude and direction of the acceleration 
may be found from the following equations: 


a= d,Ha; = Va? +a? 


at 
tan ¢ = — 
an 


Fia. 312. 


ILLUSTRATIVE PROBLEM 


Problem 481.—A point P moves clockwise on a circular path of radius 2 ft. The 
angular velocity of the point with respect to the center of the circle is proportional 
to the square of the time after starting, that is w = ki? where k is a constant and 
w and ¢ are expressed in radians per second and seconds, respectively. If the speed 
of the point is 64 ft./sec. when ¢ = 2 sec., what is the linear velocity and the linear 
Ea of P when t = ¥ sec. Assume P to be at the top of the circle when 

= % sec. 


Solution.—The linear velocity is v = rw = 2w = 2kt?, and since v = 64 ft./sec. 
when t = 2 sec., we have 
Cre aor shia S * 9 = 160 
Hence when ¢ = y sec., 
vp = 16 X (3)? = 4 ft./sec. 


And the tangential and normal components of the acceleration of P are 


d 
=— =— (160 
(ap), di ai 6t*) 
= 32t = 16 ft./sec.2 whent = 3} sec, 
2 ne 
(>), =— = aie 8 ft./sec.? when t = 4 sec. 


. ap = V 16? + 8? = 17.9 ft./sec.? 


Also tan ¢ = 78, “ b = 26° 34’, Fia. 313. 


88. Angular Acceleration.—The angular acceleration of a line is the 
time rate of change of the angular velocity of the line. The angular 
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acceleration of a moving point with respect to a fixed point or pole is 
the angular acceleration of the line joining the moving point to the pole. 
If the angular velocity, w, of the point changes uniformly, the angular 
acceleration, a, is expressed by the ratio of any change, Aw, in the 
angular velocity to the corresponding time interval, A¢. Thus 


If the angular velocity of the point does not change uniformly, the 
acceleration at any instant is the average acceleration during an indefi- 
nitely small time interval including the instant. Or, expressed mathe- 
matically the instantaneous angular acceleration is 

Aw dw 


a = Limit — = — 
ato Al dt 


dé : 
And since w = ae the above expression may also be written, 
dw d’0 
a = —_- = ae 
ane tah 


In order to find a from the above equations, w and @ must be expressed 
in terms of ¢. The relations between 6, ¢, w, and a may be shown graphi- 
cally by diagrams similar to those used in Arts. 84 and 85 for s, ¢, v, and a. 

The unit of angular acceleration is any convenient unit of angular 
velocity per unit of time; such as, degree per second per second 
(deg./sec.”), revolution per minute per second (rev./min./sec.), radian 
ver second per second (rad./sec.”), etc. 

89. Uniformly Accelerated Circular Motion.—Many problems involv- 
ing the motion of a point on a circular path with constant angular 
acceleration occur in engineering practice. The following relations 
between the angular displacement, angular velocity, angular accelera- 
tion, and time may be deduced in a manner similar to that used in 
Art. 84: 


®o=o tat. . . ° ° . ° . ° (1) 
ga eg, Se te ae) 


Gant esate re, Fe. ees) 
wo” = wo” + 200, . e ° ° ° ° e ° (4) 


where wo and w denote the initial and final angular velocities, respectively, 
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corresponding to any time interval t, and @ and @ denote the angular 
displacement and ‘angular acceleration, respectively. The derivation of 
the above equations will be left to the student. 

90. Relation between Linear and Angular Accelerations.—The 
relation between the linear and angular accel- 
erations of a point that moves on a circular 
path may be found as follows: In Fig. 314 
let a point move on the circular path shown, 
O being the center of the path and r the 
radius. If the magnitude of the velocity of 
the point changes (assumed to increase) 
there is, at any instant during the change, a 
tangential acceleration given by the equation 


dv 
Fia. 314. ay = Bie ® 


= 7 = rw and therefore a; = 


d d 
4 (rw) = 7 a . And since = is the angular acceleration a of the point 


at the instant, we have 
a; = 7a. 


Therefore the tangential acceleration, at any instant, of a point 
moving on a circular path is equal to the product of the radius of the 
circle and the angular acceleration of the point about the center of the 
circle at the same instant. 

If the particle does not move on a circular path, the equation is also 
true provided that r is the radius of curvature of the path at the given 
position of the particle and that a is the angular acceleration of the par- 
ticle with reference to the center of curvature. 

The normal acceleration, rw”, of the particle (not shown in the above 
diagram), unlike the tangential acceleration, is independent of the 
angular acceleration. It depends on the angular velocity at the instant, 
and not on the rate at which the angular velocity is changing at the 
instant. 

PROBLEMS FOR ARTICLES 86 TO 89 


482,/A particle moves on a circular path according to the law @ = 3/2 + 2¢ where 
6 and / are measured in radians and seconds, respectively. What is the angular 
velocity and the angular acceleration of the particle at the end of 4 sec.? 

483,/A point moves on a circle according to the law s = ¢ + 2¢?, s and t being 
measured in feet and seconds, respectively. If the acceleration of the point is 
16 +/2 ft./sec.? when t = 2 sec., what is the radius of the circle? Ans. r = 25 ft. 


484. Derive equations (1) and (3) of Art. 89 by calculus methods, starting with 


th ti lt eho 
a =—g = —. 
e equations a = ~~ anda = — R 


_ 
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485. A bell-crank operated by a cam (see Fig. 295) rotates so that its angular 
acceleration a follows the law a = 4t?+6. If its initial angular velocity is 
2 rad./sec., what is the angular velocity of the bell-crank at the end of 0.5 sec.? 

Ans. w = 5.17 rad./sec. 


486. A rod 8 ft. long is rotated in a horizontal plane about a vertical axis through 
one end of the rod so that the angular velocity increases uniformly from 10 to 40 
r.p.m. in 3 sec. Find the tangential acceleration of the mid-point of the rod. 

487. A quarter-mile track is made up of two straight parallel sides connected at 
the ends by two semi-circles, each having a radius of 100 ft. A boy runs the quarter 
mile in 50 sec. at uniform speed. What is the acceleration of the boy (a) when on 
the straight track and (6) when on the curved portion? 

Ans. a = 0; a = 6.97 ft./sec.” 


488. A flywheel 8 ft. in diameter turns so that its angular velocity changes uni- 
formty from 100 r.p.m. to 40 r.p.m. during a period of 4 sec. Find the tangential 
acceleration of a point on the rim during the 4-sec. period. Find the total accelera- 
tion of a point on the rim at the end of the period. 


489. Two pulleys are connected so that they turn together about the center O 
(Fig. 315), causing the weight A to unwind and the weight B to wind up. If the 
angular velocity of the points M and P change uniformly from 10 r.p.m. to 60 r.p.m. 
during a period of 2 sec., find: (a) the tangential acceleration of each of the two 
points at any instant during the 2 sec.; (b) the acceleration of A and of B; (c) the 
total acceleration of M at the beginning, and of P at the end, of the 2-sec. period. 
Assume that M at the beginning of the 2-sec. period and P at the end of the period 
are in the positions shown. 

Ans. (am); = a = 1.96 ft./sec.”; (ap), = ap = 2.62 ft./sec.?; 
am = 2.12 ft./sec.?; ap = 39.5 ft./sec.? 


490. As the drum (Fig. 316) turns, the weight A is wound up with decreasing 
speed. If its speed decreases 20 ft./sec. each second, what is the angular acceleration 


Co. 
Z\ |Z 
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al 
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of a point on the rim of the drum? What is the tangential component of the accel- 
eration of a point on the rim? 


491, Tf at a certain instant the velocity of A in Fig. 317 is 4 in./see. and is chang 
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ing uniformly at the rate of 5 in./sec.’, find the linear acceleration of C, the angular 
acceleration of the drum D, and the linear acceleration of L. 
Ans. ac = 2.5in./sec.2; a = 0.208 rad./sec.?; ag = 0.104 ft./sec.? 
492. A train, while traveling on a curve of 14-mi. radius, changes its speed 
uniformly from 20 mi./hr. to 30 mi./hr. in 20 sec. What is the total acceleration 
of the train at the beginning and at the end of the 20-sec. period? 


493. What is the angular acceleration, with respect to the center of the curve, of 
the train having the motion described in Prob. 492? Ans. a = 0.000555 rad./sec.? 


494, A point moves on a circular path having a radius of 2ft. If its speed changes 
uniformly from 100 ft./min. to 240 ft./min. during a period of 3 sec., what are the 
tangential and normal accelerations (a) at the beginning of the period, (6) at the end 
of the period? 

\ 495. If in Fig. 288 the angular velocity of the crank OA is 6 rad./sec. and the 
angular acceleration is 9 rad./sec.”, what is the angular acceleration of CD? Find 
also the tangential and normal components of the linear acceleration of the point D. 
Assume the length of OA to be 6 in. 

Ans. acp = 1.5rad./sec.”; az = 7.5 ft./sec.?; an = 5 ft./sec.? 

_ 496. A point starts from rest and moves on a circle whose radius is 400 ft. in 
such a way that the rate of change of speed at any instant is proportional to the 
time after starting. If v = 18 ft./sec. when ¢ = 3 sec., find the magnitude of the 
velocity and of the acceleration at the end of 8 see. 

(497. A point moves on a circle with a constant angular acceleration, with respect 
to the éenter, of 2 rad./sec.? At a certain instant the angular velocity is 30 r.p.m. 
Find the angular velocity of the point after it has made 50 revolutions. 

Ans. w = 3401r.p.m. 

. 498. The total acceleration of a point on the rim of a pulley, at a given instant, 
is 40.{t¢/sec.? in a direction making an angle of 20° with the radius to the point. 
If the radius of the pulley is 18 in. what are the angular velocity and the angular 
acceleration of the point at the given instant? 


499./A wheel starting from rest turns so that its angular velocity is increased 
un y to 200 r.p.m. in 6 sec. After it has turned for a certain period of time at 
this speed a brake is applied and the wheel stops at a uniform rate in 5 sec. If the 
total number of revolutions is 3100, find the total time. Ans. t = 15.6 min. 


, 600. A point starts from rest and moves on a circle whose radius is 64 ft. with a 
constant angular acceleration with respect to the center of the circle. When it has 
moved along the circle 32 ft. from its initial position the speed is 32 ft./see. Find 
the magnitude of the linear acceleration of the point in this position. 

501. A flywheel having a radius of 4 ft. rotates with constant angular acceleration 
through 2 radians in a time interval of 2g sec. If the angular velocity at the end 
of the interval is twice that at the beginning, find the linear acceleration of a point 
on the rim at the beginning of the interval. Ans. a = 20 ft./sec.? 

502. A point P moves along a certain curve according to the law s = 3/2 + 2. 
At the end of 2 sec., P is at a point on the curve for which the radius of curvature is 
27 ft. Find the magnitude of the linear acceleration of P at that instant. 


91. Axial Components of Acceleration.—In Art. 87 the acceleration 
of a point was determined as the vector sum of the components of 
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acceleration tangent and normal, respectively, to the path of the point. 
It is sometimes more convenient, however, to determine the accelera- 
tion of a point as the vector sum of the components of acceleration, 
a, and a,, parallel to the coordinate axes. 

Since the component, in a given direction, of the acceleration of a 
point is the rate of change of the component of the velocity of the point 
in the given direction the axial components of acceleration (Fig. 318) are 


dv, dv 
ay and a, = are 
d d 
And since v; = = and vy = - ' 
we have 
d?x d’y 
a, = de and a, = ory 


Fig, 318. 


In order to determine the axial 
components from the above equations v, (or x) and vy (or y) must be 
expressed in terms of ¢, unless v; and v, change uniformly, in which case 


Roe Ui ia Us IN roe NOL Seka OE 
a, = ss and a, = — = —— 
ak At feats IN (att 


where v’ and v” are the velocities at the beginning and end of the time 
interval At(= t2 — t,). 

It is important to note that, although the component of velocity in a 
given direction may be zero, it does not necessarily follow that the com- 
ponent of acceleration of the point in that direction is zero. For exam- 
ple, a ball thrown horizontally from a window has no vertical velocity 
just as it leaves the window, that is, v, = 0, but the ball has an accelera- 
tion, the vertical component of which is a, = 32.2 ft./sec.” In other 
words, v, is changing through its zero value at the rate of 32.2 ft./sec.? 
Likewise, the velocity of the crosshead of a steam engine is zero at the 


; : dv 
end of the stroke, but its acceleration, i’ has a large value as the 


velocity changes through its zero value; also a point moving on a 
circular path has no velocity component normal to the path, but there 


is a normal acceleration the magnitude of which, as shown in Art. 87 
2 


: a 
and also in the following illustrative problem, is re 
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ILLUSTRATIVE PROBLEM 


Problem 503.—A point moves with constant speed on a circle of radius r as 
indicated in Fig. 319. Let the directions parallel and 
perpendicular to the velocity v at B be denoted by 4 
and y, respectively. Derive expressions for az and 
dy, the rates of change in the x- and y-directions of 
the velocity, as the point moves from A to C. From 
these expressions find the accelerations in the z- and 
y-directions when the point is at B. 


Solution—When the moving point is at A, the 


Fia. 319. - components of its velocity in the z- and y-directions 
are vz = v sin 0and vy =—vcos 4. Hence the z- and 
y-components of acceleration of the point are 
apy ia! ee r dé ; 
az = — =— (vsin 0) = v cos @— = vw cos 
Te ad oe 
dy d ar ; 92 Me 
=— =— (—v cos #) = vsin?— = vw sin 0. 
ble Fc aeeny 


Now when the point is at B, cos 6 = 0 and sin 6 = 1, and hence 


nm 


@,=0 and dy =v =re =—- 
i‘ 


PROBLEMS 


sr, A ball is thrown from a room through an open window. As the ball passes 
over the window sill its velocity is 40 ft./sec. in a horizontal direction. What is the 
radius of curvature of the path of the ball at this point? Ans. r = 49.7 ft. 


505. Find the magnitude and direction of the acceleration of the point whose 
motion is described in Prob. 439 when t = 3 sec. 
x 
(506.A point moves along the curve y = we according to the law = ¢, x and y 


being expressed in ft. and¢in sec. Find the magnitude and direction of the accelera- 
tion of the point when ¢t = 2 sec. Ans. a = 2.83 ft./sec.*; 6, = 45°. 

(607,-A point starts from rest and moves in the xy-plane in such a way that the 
x-component of its acceleration is proportional to the time after starting, and the 
y-component of its acceleration is constant and equal to 3 ft./sec.2 If the linear 
acceleration of the point is 5 ft./sec.” when ¢ = 4 sec., find the linear velocity when 
t = 6 sec. ‘ 

508. A particle starts from the point « = 0, y = 3 and moves in the zy-plane 
according to the law v; = 4cost, x» =—38sint. Find the equation to the path of 


the particle and determine the acceleration when ¢ = 4 


dn. pt eee es 

tac yaa Sieh 3 5h ./see. 
509. A particle moves on the path xy = 4 according to the law x = 2é. (a) Find 
the xw- and y-components of the velocity and of the acceleration when ¢ = 2. 
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(6) Determine the total acceleration by combining the components graphically. 
(c) Find the tangential and normal components graphically by resolving the total 
acceleration in the tangential and normal directions. 


92. Relative Motion.—In the preceding articles, the motion of a 
particle is defined or described with reference to a point or a set of axes 
assumed to be fixed. All points and bodies, however, are in motion, 
but in most practical problems it is convenient to consider the earth to 
be fixed. Therefore a set of axes passing through any point on the earth 
will be regarded as a fixed reference frame. The motion of a particle 
described with reference to a point on the earth is called its absolute 
motion. The motion of a particle described with reference to a point 
that is moving with respect to the earth is called its relative motion. It 
will be observed that the absolute motion of a particle is its relative 
motion with respect to the earth. 

In considering the motion of two moving particles, the motion 
of one particle relative to the other particle is often required. The 
relation between the absolute and relative motions of two particles A and 
B (assumed, for convenience, to be moving in a plane) may be expressed 
by an important theorem which may be stated in two forms as follows: 

I. The absolute displacement, velocity, or acceleration of A ts the 
geometric or vector sum of the relative displacement, velocity, or acceleration, 
respectively, of A with respect to B and the absolute displacement, velocity, or 
acceleration, respectively, of B. 

II. The relative displacement, velocity, or acceleration of A with respect 
to B is the vector difference of the absolute displacement, velocity, or accelera- 
tion, respectively, of A and the absolute displacement, velocity, or accelera- 
tion, respectively, of B. 

This theorem may be expressed in the form of equations as follows: 


84 = 84H8B Or Sy = SA SB. 
B Zsa [Pee B 5 

VA =VgaHVB OL Vg = VA— UB. 
B B 

a4 =a,4Hag or 44 =—a4— 4p, 
B . B 


where s4 denotes the absolute displacement of A, sg denotes the abso- 
lute displacement of B, and s4 denotes the relative displacement of A 
B 
with respect to B, and similarly for velocities and accelerations. 
Relative Displacement.—As applying to displacements, the above 
theorem is nearly self-evident. To illustrate, let A and B be two par- 
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ticles which have the same initial position as shown in Fig. 320. Let the 
point A be given a displacement s4 = AAj, and the point B a displace- 
ment sp = BB;. The displacement of A relative to B, then, is repre- 
sented in direction and magnitude by the vector B,A,, and it is evident 


that Sa.= Sa Sp OY, (54 = S47 Sp> Cea ae (1) 


B B 


Fig. 320. Fig. 321. 


If the points A and B do not have the same initial position, the 
reasoning is changed but little, the final conclusion being the same as 
stated above as will be evident from a study of the diagram in Fig. 321. 


ILLUSTRATIVE PROBLEM 


Problem 510.—The current in a river with parallel sides is 4 mi./hr. A motor 
boat starting from one side keeps headed perpendicular to the sides and moves at 
a rate (relative to the water) of 6 mi./hr. If the river is 1 mi. wide, what is the abso- 

lute displacement of the boat after reaching 
By the other side? 

Solution—Let B (Fig. 322) represent 
the boat and W the water that is in contact 
with the boat when the boat starts. Then 

8B = sy bsp. 
Ww 
The displacement of the water while the 


W Wi boat is moving across is 
Fira. 322. 


sw = WW, = 2 mi. 


After the boat has reached the other side its displacement relative tc the water 
(now at Wj) is 


8p = WiB, = 1 mi. 
Therefore Ww 
sp = 143 = V(1)? + (3 = 12 mi 
and 
8B 
we 8 
tan @=—==- .. @= 56°20’, 
Sr 2 
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Relative Velocity —The above theorem, as applying to the velocities 
of two moving particles, may be proved by making use of an important 
principle of kinematics, namely, that the relative motion of two par- 
ticles is not affected by any motion that they have in common. _If, then, 
equal velocities | are imposed_on the motions of two particles, the relative 
velocity of one with respect to the “other will not be changed. Further, 
“if the velocities imposed cause the 
velocity of one particle to become zero, 
the resulting velocity of the other par- 
ticle is then by definition its velocity 
relative to the one. It may be noted 
that the relative velocity of one point 
with respect to another point is the 
velocity that the first point would appear 
to have to an observer moving with 
the second point. 

Let A and B (Fig. 323) be any two 
moving particles (assumed to move in a plane), let the absolute velocity, 
va, of A be represented by AAy, and let BB; represent the absolute 
velocity, vg, of B. Let a velocity equal to vg but reversed in direction 
be given to each point. The velocity of the point B will then be zero 
and hence the resulting velocity of the pomt A is the velocity of A 
relative to B. Hence it is evident from the diagram that 


Fia. 323. 


V4 = V4 Ug or Va = Ug Ug eter ry (2) 
B B 
The above method could also be used 
in finding the relation between the absolute 
and relative displacements of two par- 
ticles, as expressed in equation (1). 


ILLUSTRATIVE PROBLEM 


Problem 511.—In the shaper mechanism shown 
in Fig. 324, let A be the sliding block and let B be 
the point on the rocker arm OiBM which is coin- 
cident with A at the instant. The distance OO; is 
20 in. and @is 30°. Ifw = 20r.p.m. andr = § ft., 
find vg, the absolute velocity of B, and v,, the 
relative velocity of A with respect to B. B 

Solution.—Since the block A moves on a cir- 
cular are at constant speed, its velocity is given in 
magnitude by the equation 


20 G2 wee 
= = ILO Rs, : 
60 >< 9 t./see 


Wh Sop = 
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and its direction is perpendicular to r, as shown in Fig. 324. The direction of the 
absolute velocity of B is perpendicular to 0;BM and its magnitude is unknown. 
Likewise, the direction of the velocity of A relative to B is known since it is 
along (parallel to) the rocker arm. By applying the equation 
VA = V4 + vg, \ 
B 


the magnitudes of v, and vg are determined by the intersection of the lines that 


B 
represent their directions. By scaling off the magnitudes, the following values are 


found: 
v, = 0.70 ft./sec. and vg = 0.79 ft./sec. 


B 


In the illustrative Prob. 431 the method of solving this problem by use of radial 
and transverse components of velocity is given. 


PROBLEMS 


512. Two trains A and B travel on parallel straight tracks. The speed of A is 
40-mi-/hr. and that of B is 50 mi./hr. in the same direction. What is the velocity 
of A relative to B? Of B relative to A? 

Ans. », 


— 10 mi./hr.; », = 10 mi./hr. 


by] 
b| 


513. A train A travels with a velocity v4 = 40 mi./hr. and another train B 
travéls with a velocity vg = 50 mi./hr. in the directions shown in Fig. 325. What 
are the magnitude and the direction of the relative velocity of B with respect to A? 


Up 
vi 45° 
30° 
B 
Us 
Fia. 325. Fia. 326. 


514. In Fig. 326, let A be a block which revolves about O at a constant angular 
velocity # = 80 r.p.m. and let B be the point on the arm 0,BM coincident with A 
at the instant. If r= OA =9 in., OO, = 3 in., and 6 = 45°, find the absolute 
velocity of B. Ans. vp = 2.27 ft./sec. 

515. A point A moves along the parabola 4? = 9x according to the law z = 2, 
x and y being expressed in ft., and tin sec. At the same time a point B moves to 
the right along the x-axis with a constant velocity of 8 ft./sec. Find the velocity of 
A relative to B when t = 2 sec. 
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516. A car A is moving north on a straight road at a speed of 60 mi./hr. and at 
the same time another car B is moving southeast on a straight road at a speed of 
30 mi./hr. Find the velocity of B relative to A. 

Ans. vp = 84.0 mi./hr.; 0, = 284° 38’. 
A 
ce If, in Fig. 288, » = 120 r.p.m. and OA = 0.5 ft., what is the velocity of D 
rela to A? 

518. Solve Prob. 420 by use of the principle of relative motion. See solution of 
Prob. 511. 

519. A point P moves on a circle with constant speed. A and B are the pro- 
jections of P on any two perpendicular diameters of the circle. Prove that for all 
positions of P the magnitude of the velocity of A relative to B is constant and equal 
to the speed of P. 


Relative Acceleration.—In order to prove the above theorem as it 
relates to accelerations, it will be assumed thatthe relative accelera- 
tion of two particles is not changed if equal additional velocities and 
accelerations be given the two particles. This is similar to the assump- 
tion made in the discussion of relative velocities. Consider, then, two 
particles A and B which move along paths as indicated in Fig. 327. 
Assume that a velocity equal and opposite to the velocity of B(—vg) 
is imposed on each particle (not shown at A in Fig. 327). Assume also 
that accelerations equal to the 
acceleration of B but of oppo- 
site sense are imposed on the 
two particles. This will not 
change the relative motion of A 
with respect to B. Imposing 
a velocity of —vg and an 
acceleration of —ag on the 
particle B will make its position 
‘fixed. Now since, by definition, 
the acceleration of A relative to 
B is the acceleration that A Sant 
would have if B were fixed, it “Us f 
follows that the resulting accel- 
eration of A after imposing the Fia. 327. 


acceleration —ag on A is the 
acceleration of A relative to B. Hence, as indicated in Fig. 327, 


Path of B 


G4 = Q,+>ag Or G4 =a4->ag. . - - - (3) 


B B 
which are in accordance with the principle stated at the beginning of this 


article. 


204 MOTION OF A PARTICLE 


ILLUSTRATIVE PROBLEM 


Problem 520.—Two friction disks (Fig. 328) rotate with constant angular 
velocities. Let A and B be points on the circumferences of the large and small disks, 
respectively. If w1 = 40 r.p.m., r1 = 9 in., and rz = 8 in., find the magnitude and 
the direction of the acceleration of A relative to B. 


i, = 13.2 
ve 
% 
ll 
3 ye 
Solution.— 
wir 40 X9 
WI", = woale. OS ee p.m., 
T2 3 
40 X 2r\?_ 9 
= wry = | ——— — = 13.2 ft./see? 
G4 > OFTs ( 60 | xe 2 ft./see.*, 
120 G27 Ne 
aB = wre ( 60 ) x 12 seat ft./sec. 
Therefore R a7 
a, =4a— 4B 
B 
= "V (13.2)? + (39.5)? = 41.5 ft./sec.2, 
and 
a4 13.2 
t = — = —— = 038. ae = 18° 25’. 
a? ae a a 
PROBLEMS 
,. 521. What is the relative acceleration of Ai (Fig. 328) with respect to B, the data 
being the same as in the preceding problem? Ans. a Pili. 52.6 ft./sec.? 
B 


522. Two trains A and B travel in the same direction on parallel tracks; A 
increases its speed uniformly 10 mi./hr./min. and B decreases its speed uniformly 
5 mi./hr./min. What is the relative acceleration of A with respect to B? 


523. An automobile, A, is traveling on a straight road, increasing its speed at the 
rate-of 300 ft./min./see. when in the position shown (Fig. 829). At the same time 
another automobile, B, is traveling in a circular path increasing its speed at the rate 
of 5 ft./see.” Its speed when in the position shown is vg = 12 mi./hr., and the 
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radius of the circular path is 40 ft. What is the relative acceleration of A with 
respect to B? Ans. a, = 12.3 ft./sec.?; 0, = 41°41’. 
B 


Fia. 329. Fia. 330. 


524. A point P (Fig. 330) moves on a circle of 2-ft. radius with a constant speed 
of 4 ft./sec. Another point A moves at the same time on the horizontal diameter 
from M toward N with a constant acceleration of 10 ft./sec.* towards N. Find the 
acceleration of P relative to A (a) when P is in the position shown, (6) when P is 
in position P’. 

525. In Fig. 317 assume the velocity of C to be 2 ft./sec. upward and the accelera- 
tion to be 2 ft./sec.? upward. Find the acceleration of A relative to E. 

Ans. a, = 3.61 ft./sec.?; 0, = 16° 5’. 
E 

526. In Fig. 325 assume that v4 is increasing uniformly at the rate of 4 ft./sec.? 
and that vg is decreasing uniformly at the rate of 2 ft./sec.2 Find the acceleration 
of B relative to A. ¢ 

527./Two points A and B move Gon ter loci ise with constant speeds on a 
eee radius 2 ft. that lies in a vertical plane. At a given instant A is at the 
right end of the horizontal diameter and B is at the upper end of a vertical diameter. 
Tf the speed of A is 4 ft./sec. and the acceleration of A relative to B is 10 ft./sec.?, 
what is the speed of B? Ans. vp = 3.46 ft./sec. 

528. A point P moves on a circular path of radius r. The angular velocity of P 
relative to the center of the circle is constant. Points A and B are the projections 
of P on the horizontal and vertical diameters, respectively, of the circle. Show that 
for all positions of P the magnitude of the acceleration of A relative to B is constant 


and equal to the magnitude of the acceleration of P. 
3 


m2 particle P moves along the curve y = oT according to the law x = 2, 


xz and y being measured in feet and ¢ in seconds. The projections of P on the z- 
and y-axes are A and B, respectively. Find the magnitude and direction of the 
acceleration of A relative to B when ¢t = 2 sec. 


CHAPTER VII 
MOTION OF RIGID BODIES 


93. Introduction.—In the preceding chapter the motion of a point 
or particle and the relation between the motions of two particles have 
been considered. In engineering problems in general, however, the 
motion of bodies, not particles, must be considered. In some prob- 
lems, the dimensions of the body may be small in comparison with its 
range of motion, and hence the body may be treated as a particle with- 
out introducing a serious error. In such problems, the methods and 
equations of the preceding chapter apply directly to the motion of the 
body. In general, however, the motion of bodies as met in engineering 
practice is such that the various points of a body have different motions. 

The object of this chapter is to analyze certain commen types of 
motion of a rigid body so that the displacement, velocity, and accelera- 
tion, both linear and angular, of any point in the body may be found 
from the methods and equations developed in the preceding chapter. 
The motions considered are translation, rotation, and plane motion. 

94. Translation.—Translation of a rigid body is a motion such that 
no straight line in the body changes direction, that is, each straight line 
remains parallel to its initial direction. Hence, all points in the body 
move along parallel paths and have, at any instant, the same velocity 
and acceleration. If the particles move ‘on curved paths the motion 
is called curvilinear translation, as, for example, the motion of the 
parallel rod of a locomotive. If the particles move on straight-line 
paths the motion is called rectilinear translation. The body may have 
a uniformly or non-uniformly accelerated motion. Hence a point in a 
translating body may have any of the motions treated in the preceding 
chapter. Furthermore, since all particles in the body have the same 
displacement in any time interval and have, at any instant, the same 
velocity and acceleration, the displacement, velocity, and acceleration 
of the body are described by the displacement velocity, and accelera- 
tion of any particle of the body. 


PROBLEMS 


530. The crank OA in Fig. 331 rotates with a constant angular velocity w of 
20 r.p.m., causing the jointed frame CDFE to oscillate. In the position shown AB 
206 
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and DF are horizontal and OA, CD and EF are vertical. The length of OA is 6 in. 
and the length of CD and of HF is 4 ft. Bis the mid-point of CD. Find the accel- 
eration of G, the mid-point of DF, in the positionshown. Ans. ag = 1.10 ft./sec.? 


Fia. 331. Fia. 332) 


531. A-locomotive is running on a straight track at a constant speed of 
i/hr. The diameter of the drivers is 6 ft. and the radius of the crank-pin 
circle is 15 in. What is the magnitude and the direction of the velocity and of’ 
the acceleration of the parallel rod, relative to the engine frame, when the rod is 
in the position shown in Fig. 332? What is the absolute velocity and the absolute 
acceleration for the same position? 


95. Rotation.— Rotation of a rigid body is a motion such that one 
line in the body (or body extended) remains fixed in space while all 
points of the body not on the line describe circular paths having centers 
on the fixed line. The fixed line is called the azis of rotation, and the 
plane in which the mass-center of the body moves is called the plane of 
motion. The point of intersection of the axis of rotation and the plane 
of motion is called the center of rotation. It will be noted that any line 
parallel to the plane of motion changes direction. This motion is some- 
times called a pure rotation in contrast to rotation in plane motion 
(Art. 96) in which all lines in the plane of motion change direction but 
no line perpendicular to the plane of motion remains fixed. 

The motion of a body having rotation cannot be defined or described 
by stating the linear displacement, velocity, and acceleration of any 
point in the body, as was the case for translation, since all points in the 
body do not have the same linear motion. However, the angular dis- 
placements, velocities, and acceleration, respectively, about the axis of 
rotation, are the same for all particles in the body. Hence the motion 
of a rotating rigid body may be described by the angular motion, about 
the axis of rotation, of any point in the body not on the axis of rotation. 
Thus all the equations in the preceding chapter dealing with the angular 
motion of a point moving on a circular path, in which the radius vector 
is the radius of the circle, apply to the motion of a rotating rigid body, 
as well as to each point in the body. The linear displacement, velocity, 
and acceleration of any point may also be found from the equations in 
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the preceding chapter, that deal with the linear motion of a point 
moving on a circular path. 


PROBLEMS \ 


532. A straight stick 4 ft. long rotates in a horizontal plane about a vertical axis 
through one end of the stick. Its angular velocity changes uniformly from 20 to 
50 r.p.m. in 5 sec. What is the linear velocity of its mid-point at the end of 2 sec.? 

Ans. v = 6.7 ft./sec. 


533. The flywheel of a punching machine fluctuates from 100 r.p.m. to 80 r.p.m. 
at a uniform rate when a hole is punched. If the flywheel makes 1/4 revolutions 
while this change of speed takes place, how long does it take to punch the hole? 


534. e flywheel of a rolling-mill engine is 14 ft. in diameter. Just before the 
steeris fed in the rolls the speed of the flywheel is 90 r.p.m. As the steel enters the 
rolls the speed decreases uniformly during 14 sec., before the governor can operate. 
If the angular acceleration (negative) of the flywheel is 20 r.p.m. per sec., what is 
the decrease in the speed of the flywheel, expressed in revolu- 
tions per minute? Ans. Aw = 10r.p.m. 


\535, A-rod AB which is 2 ft. long rotates clockwise about 
a horizontal axis that passes through the mid-point of AB and 
is perpendicular to AB. When AB is in a horizontal position 
its angular velocity is 2 rad./sec. and its angular acceleration 
is 4 rad./sec.2 Find the relative velocity and relative accelera- 
Fia. 333. tion of A with respect to B. Assume A to be the left end of 
the rod. 


536. The circular disk in Fig. 333 rotates about an axis through O perpendicular 
to the plane of the disk. If = 2 rad./sec. and a = 4/3 rad./sec.”, find the linear 
acceleration of A relative to P. Ans. a, = 16 ft./sec.?; 6, = 30°. 


ie 


96. Plane Motion.—Plane motion of a rigid body is a motion such 
that each point in the body remains at a constant distance from a fixed 
plane. The motion of the connecting rod of a steam engine is an example 
of plane motion. The wheels of a locomotive running on a straight 
track also have plane motion. The plane in which the mass-center of 
the body moves is called the plane of motion. It is evident that a pure 
rotation is always a special case of plane motion, whereas a translation 
may or may not be a plane motion. 

In plane motion, in general, a straight line in the body lying in the 
plane of motion changes direction and, hence, the body rotates, but not 
about a fixed axis. The body, therefore, has angular motion, and its 
angular displacement, velocity, and acceleration are the same as that of 
any straight line in the body, in the plane of motion, since all such lines 
have the same angular motion if the body is rigid. The angular motion 
of the body, therefore, may be studied by means of the same equations 
that apply to the rotation of a rigid body about a fixed axis. 
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Rotation, however, is only one part of the motion of a rigid body 
having plane motion (except in a special case as noted in the next article). 
Plane motion of a rigid body may be resolved into two component 

motions, a rotation and a translation, according to the following theorem: 


Plane motion of a rigid body, at any instant, is a combination 
of: (1) a pure rotation of the body, about an axis (perpendicular 
to the plane of motion) passing through any point B in the body, 
with an angular velocity and acceleration the same as that which 
the body has at the instant; and (2) a translation of the body 
which gives to each point the same linear velocity and accelera- 
tion that the point B has at the instant. 


The point B is called the base point. It is evident that all points 
except the base point have two motions: a rotation about the base point, 
and a motion the same as that of the base point. From the analysis of 
the motion according to the above theorem, the displacement, velocity, 
and acceleration of any point, A, in the body may be found from the 
equations developed in Art. 92 of the preceding chapter. 

To arrive at the above theorem, consider the motion of the connecting 
rod of a steam engine (Fig. 334). Let P denote the position of the cross- 
head and Q that of the crank pin. When the crank moves from position 
OQ to position OQ, the connecting rod moves from position PQ to posi- 
tion P\Q;. This change of position can be given the rod by first 
rotating the rod about P, until it becomes parallel to its new position, 
and then giving the rod a translation such that each point receives a 
displacement equal to PP;. By this combination of motions the point 
P moves along its actual 
path but any other point 
does not travel in its actual 
path. The point Q, for 
example, moves along the 
path QQ’Q, instead of its 
actual circular path QQ. Fre, 334. 

However, as the change of 

position is made smaller and smaller, the path QQ’Q: approaches the bie 
cular path QQ; and, in the limit, as the two motions are generated simul- 
taneously, each point is made to move on its actual path by successive 
combinations of a proper rotation and a proper translation. The 
rotation, at any instant, must give the body its actual angular velocity 
and acceleration at the instant, since the translation does not influence 
the angular motion of the body. The translation must give all points of 
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the body the same motion that the base point has at the instant, since 
the base point receives its total motion from the translation. 

By the above method, the rod is given a rectilinear translation, since 
the point P moves on a 
straight-line path. : 
however, another base 
point is chosen, as, for 
example, the point Q, the 
change of position from 
PQ to P,Q; may then 

Fic. 335. be made by: (1) a rota- 
tion about Q (Fig. 335); 
and (2) a curvilinear translation giving to each point the same motion 
that Q has. By this combination of a rotation and a translation the 
point P is made to take the path PP’P, instead of its actual path PP, 
but, reasoning as above, if the change of position is made smaller and 
smaller, the path PP’P, approaches the path PP, and, in the limit, as 
the two motions are imposed simultaneously, each point in the body is 
given its exact motion at any instant. Likewise, any other point in the 
body may be selected as the base point. And the plane motion of any 
other rigid body may be treated in like manner. Hence, a plane motion 
of a rigid body may be considered, at any instant, as a combination of a 
rotation of the body about any base point in the body, with an angular 
velocity and acceleration equal to the angular velocity and acceleration 
that the body has at the instant, and a translation of the body that 
gives to each point the same linear velocity and acceleration that the 
base point has at the instant. 
In applying the equations 


vp = vp Hvg and ap=apHag 
Q Q 


to the motion of any two points in a rigid body having plane motion, the 
point Q represents the base point. 

Since any two points in a rigid body remain a fixed distance apart, 
thé relative velocity of either point with respect to the other is perpen- 
dicular to the line joining the two points. This is not true, however, of 
the relative acceleration, since it is made up of a tangential and a normal 
component, the normal component having a direction along the line 
joining the two points. The principles discussed in this article are 
involved in the solution of the following problem. ey 


ILLUSTRATIVE PROBLEMS 211 


ILLUSTRATIVE PROBLEMS 


Problem 537.—A circular disk of radius r rolls without slipping on a horizontal 
straight track. If vp and ao denote the linear velocity and linear acceleration of the 
center, O, of the disk, and w and @ denote the angular velocity and angular acceleration 
of the disk, show that vp = rw and ao = ra. 


Solution—The angular displacement of the disk. (Fig. 336) corresponding to 
any linear displacement OO’ (or s) of its center is 
the angle @ through which the radius OB turns in 
moving from the position OB to O’B’. Hence from 
the figure we have 


s = AB’ = arc AB = 6, 


and therefore 


ds dé 
vo = = ie rw 
and A B’ 
d’s a6 Fra. 336. 
ao = ie = ar Ses 


Problem 538.—A cylinder whose radius is 2 ft. (Fig. 337) rolls without slipping 
down an inclined plane with an angular acceleration of 6 rad./sec.2 At a given 
instant the angular velocity is3rad./sec. Find the linear velocity and linear accelera- 
tion of the point A at the instant. 


12 ft. per sec? 


Fig. 337. 


Solutton.—The velocity of O is 19 = rw = 2 X 3 = 6 ft./sec. parallel to the 
inclined plane. The velocity of A may be found from the equation v4 = v4/0 4 vo 
in which v4jo = wr = 6 ft./sec. perpendicular to OA, as shown in Fig. 337(a), since 
O and A are points on a rigid body. It should be noted that v4/0 is the velocity that 
A receives owing to the rotational component of the plane motion of the cylinder, 
using O as the base point, and vo is the velocity that A receives due to the transla- 
tional component of the plane motion. Hence the magnitude and direction of the 
velocity are given by the equations 


vA = v4jo v0 = V (6)? + (6)? = 8.48 ft./sec. 
tane=$=1 “ 0 = 45° 
The acceleration of A may be found from the equation a4 = a4jo+> ao. The 


acceleration a4/o is the acceleration given to the point A by the rotational component 
of the plane motion of the cylinder, and ao is the acceleration given to A by the 
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translational component of the plane motion. It is convenient to replace a4/o by 
its normal and tangential components as shown in Fig. 337(b). Hence 


a4 = a4joP ao = (a4jo)n 1 (aajo)t 20 
DUK ae Ue oe 

= V (30)? + (12)? = 32.8 ft./sec? 
tan ¢ = 33 =0.4 Jp oo 21° 43/, 


Problem 539.—A 50-h.p. engine has a cylinder 10 in. in diameter and a stroke of 
10 in. The engine runs,at a constant speed of w = 300 r.p.m. The ratio of the 
length of the connecting rod to that of the crank is 5. Find the velocity and the 
acceleration of the crosshead when the crank angle is 30°. 


Fia. 338. 


Solution—Let P be the crosshead and Q the crank pin. Then in Fig. 338 PQ 
represents 25 in. and OQ or r represents 5 in., according to the scale used. The 
velocity of P may be found from the equation 

vp = vp + 0g. 
Q 
Six elements are involved in the equation, namely, three magnitudes and three 
directions, four of which must be found before the equation can be used to determine 
the other two. The direction of the velocity of Q is perpendicular to OQ, and its 


magnitude is 
300 X 27 . p 13.1 ft 
v => r= can to —< . le is 
aa 60 12 ps9 


The direction of v, is perpendicular to the line joining P and Q, and its magnitude 


Q 
is unknown. The direction of vp is horizontal. Hence by laying off vg to a conve- 
nient scale in the proper direction from P, and by drawing a line from the end of vg, 
perpendicular to the connecting rod, until it intersects a horizontal line through P, 
the magnitudes of v, and vp are determined by the intersection. By sealing off the 


Q 
values of », and vp, the following results are found: 


Q 
vp, = 11.4 ft./sec. and vp = 7.7 ft./sec. 


Q 


If the plane motion of the connecting rod is thought of as a combination of a 
rotation and a translation, v, is the velocity which P is given by the rotation of the 


ray 
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rod about Q, and vg is the velocity given to P by the translation of the rod. The 
two velocities produce the resultant velocity vp. 
The acceleration of P is given by the equation 


ap = ap + ag. 
Q 
For convenience, a, will be replaced by its tangential and normal components. 


Q 
ap = (“z) ae (2 +b ag. 
Q/t Q/n 


Hight elements are involved in the equation, namely, four magnitudes and four 
directions, six of which must be found before the graphical construction representing 
the equation can be completed. ag is directed from Q toward O, and its magni- 
tude is 


Hence 


300 X 2r\? 5 
dy =p = ( Pi *) x oo 412 ft./sec.? 


ap is known in direction, being parallel to PO (horizontal), since vp changes in 
magnitude only. f: ) is directed from P toward Q, and its magnitude is 


2 
(2) 2 () S ue = 624 fice? 


12 
(° ) has a direction perpendicular to PQ. The two unknown elements are, 


Heirs, the magnitudes of ap and € r)- 


In Fig. 339, starting at P, the vectors are laid off to a convenient scale. Thus 
ag and aes r). (both of which are completely known) are drawn, and then, from the 


end of G r): , a line is drawn that represents the direction of fe )? that is, it is 


drawn perpendicular to PQ. The intersection of this line with Hite line PO (which 


Scales: 
2) lin. =10 in. 
x lin. = 400 tt. /sec? 


cry 


Fia. 339. 


represents the direction of ap) determines the lengths of the vectors that represent 
(“ r) and ap. By scaling off the values, the following results are obtained: 


(¢ P) = 200 ft./sec.2 and ap = 404 ft./sec.? 
Q/t 
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PROBLEMS 


540. Af A and B are any two points in the plane of motion of a body that has 
plané motion, and C is a point midway between A and B, show that the velocity 
and acceleration of C may be expressed in terms of the velocities and accelerationsl 
of A and B as follows: 

vg = (va vp), and ac = 3(aa + az). 


541. In Fig. 340, one end A of a bar AB that is 5 ft. long moves downward 
along OM and the other end B moves along ON. When the bar is horizontal the 
velocity of A is 10 ft./sec. Find the linear velocity of B and the angular velocity 
of the bar at this instant. Ans. vp = 5.77 ft./sec.; w = 2.31 rad./sec. 


90 on } , 
We EEE: M7, UML LLL D 


Fia. 340. Fia, 341. Fie. 342. 


542. A wheel 4 ft. in diameter rolls, without slipping, on a horizontal track 
(Fig. 341). The velocity of its center, at a given instant, is 4 ft./sec. to the right, 
and the acceleration of the center is 6 ft./sec.2 in the same direction. Find the 
velocities and the accelerations of the points A and B. 


548. In Fig. 342 » = 4 rad./sec., AB = 0.5 ft., and BC = 1.5 ft. Find the 
angular velocity w; of DC and the angular velocity w2 of BC. 
Ans. w, = 4rad./sec., w. = 1.33 rad./sec. 


\\.644, An elliptical disk whose principal axes are 8 in. and 6 in. long rolls clock- 
wise, without slipping, on a straight line, the plane of the disk being vertical. When 
the major axis is vertical the angular velocity of the disk is 2 rad./sec. If A is the 
forward end of the minor axis and B is the upper end of the major axis, find the 
velocity of A relative to B. 


\, 645. A circular disk whose diameter is 4 ft. rolls, without slipping, on a straight 
horizontal track, the plane of the disk being vertical. The center of the disk moves 
with a constant acceleration of 12 ft./sec.2 At a given instant the acceleration of 
the highest point of the disk is 30 ft./see.? Find the velocity of the center of the 
disk at that instant. Ans. v = 6 ft./sec. 


546. A disk whose radius is 3 ft. rolls, without slipping, in the xy-plane and along 
the z-axis to the right. The angular velocity of the disk is 2 rad./see. and its angular 
acceleration is 4 rad./sec.” Find the linear acceleration of the point whose coordi- 
nates with respect to a set of rectangular axes through the center of the disk are 
c=2,y=-1. 

547. Sane disk 4 ft. in diameter rolls, without slipping, to the right on a 
stratghtorizontal track. The angular velocity of the disk is 2 rad./sec. and the 
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angular acceleration is 4 rad./sec., both clockwise. Find the acceleration of the 
point on the disk 1 ft. below, and 1 ft. to the right of the center of the disk. 
Ans. a= 0. 


, 548, The horizontal bar AB (Fig. 343) rotates about a vertical axis YY with an 
angular velocity of 30 r.p.m. in the clockwise direction. 
At the same time the horizontal bar CD, which is 2 ft. 
long, rotates with an angular velocity (relative to AB) 
. of 60 r.p.m. in the clockwise direction. If CB = BD, 
what is the magnitude of the linear velocity of C, 
(a) when CD is parallel to AB with C between A and B, 
(b) when CD is perpendicular to AB, and (c) when CD 
is parallel to AB with D between A and B. Fra. 343. 


bo If the bar AB shown in Fig. 348 rotates about YY with an angular velocity 
of rad./sec. and an angular acceleration of 5 rad./sec.”, and at the same time CD/ 
rotates with a constant angular velocity (relative to 4B) of 3 rad./sec., what are 
the magnitudes of the accelerations of C and D when CD is perpendicular to AB? 
Assume that the velocities and acceleration are all clockwise and that CB = BD = 
1 fi. as in Prob. 548. : Ans. ac = 19.8 ft./sec.?; ap = 35.1 ft./sec.” 


550. One end A of a line AB 4 ft. in length moves along the positive end of the 
a-axis to the right and the other end B moves downward along the y-axis. When 
the angle between AB and the z-axis is 60° va = 101/38 ft./sec. and a4 = 50 ft./sec.2 
to the right. Find the velocity and acceleration of B. 


| 661. In addition to the data given in Prob. 543 (Fig. 342) assume that w is 
ohne at the rate of 4 rad./sec. each second. Find the angular accelerations 
of DC and BC. Ans. agg = 2.22 rad./sec.; agp = 6.67 rad./sec.? 


552. Find, by the graphical method, the velocity and the acceleration of the point 
C ofthe four-link mechanism described in Prob. 553 (Fig. 345). Use the following 
Senless tin, = 1 ft.; 1 in. = 2 ft./sec.;.and 1 im. = 10 ft./see.* 
Ans. vc = 1.54 ft./sec.; ag = 55.5 ft./séc.? 


97. Instantaneous Center.——It was shown in the previous article 
that a plane motion of a rigid body may be considered, at any instant, as 
a rotation, about an axis through any point in the body, combined with 
atranslation. However, by choosing a particular axis in the body (or its 
extension), the motion of the body, at any instant, becomes one of rota- 
tion only, that is, no translation need be combined with the rotation to 
produce the actual motion of the body. This axis is called the instan- 
taneous axis of rotation or the instantaneous axis of zero velocity. Its 
intersection with the plane of motion is called the instantaneous center of 
rotation or the instantaneous center of zero velocity. 

In order to show how the instantaneous center may be located, 
assume A and B in Fig. 344 to be any two points in the plane of motion 
whose velocities v4 and vg are known in direction. Let lines through A 
and B perpendicular to v4 and vg, respectively, intersect at O. The 
point O is the instantaneous center, as will now be shown. The velocity 


216 MOTION OF RIGID BODIES 


of O is the vector sum of v9, the velocity of O relative to A, andv,. Since 
S ; 
the body is rigid, v9 is perpendicular to OA, and since vy, is also perpen- 


A 

dicular to OA, it follows that the velocity of O, if not zero, must be, 
perpendicular to OA. Similarly the velocity of 
O, considered as a point on OB, if not zero, must 
be perpendicular to OB. Hence, vg is zero since it 
cannot be perpendicular to OA and OB at the 
same time. In order to locate the instantaneous 
center, then, it is necessary to know the direc- 
tions, only, of the velocities of any two points in 
the plane of motion. 

If, then, A and O are two points in the rigid body having plane 
motion, A being any point, and O the instantaneous center, the velocity 
of A is found as follows: 


F1@._.344. 


VA = V4 DVUQ = 14 H0 = w- OA. 
i) i < 
Similarly, the velocity of B is w-OB, and hence the velocities of A and B 
vary as their distances from the instantaneous center. Or, expressed 
in equational form, 


It should be noted that the instantaneous center is the center of 
zero velocity and not of zero atceleration. In the case of the motion of 
rotation of a rigid body about a fixed axis, which is a special case of plane 
motion, the axis of rotation‘is also the instantaneous axis and it has zero 
acceleration as well as zero velocity since it is at rest. In the general 
case of plane motion, however, the instantaneous center changes its 
position in the body and also in space. Although the velocity of the 
point in the body, coinciding with the instantaneous center at a given 
instant, is zero, the velocity is changing through its zero value and hence 
the point has an acceleration. Therefore in the equation 


a4 = A440, 
7) 

in which A is any point and O is the instantaneous center, ag is not zero. 
Hence the absolute acceleration, at any instant, of a point in a rigid body 
having plane motion cannot be found by considering the body to be 
rotating about a fixed axis through the instantaneous center of zero 
velocity, as may be done in determining the velocity of any point of the 
body. 
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Problem 553.—The four-link mechanism, ABCD, shown in Fig. 345 has the 
following dimensions: AB = 6 in.; BC = 3ft.; DC = 2ft.; AD = 4ft.; @ = 45°. 
Find the instantaneous center for the link BC. ; 
If the crank AB rotates at a constant angular 
velocity » = 10 rad./sec., find the angular veloc- 
ities, we, of the link DC, and w3 of the link BC. 
Also find the linear velocity, vy, of H, the mid- 
point of BC. 


Solutton.—The instantaneous center for the 
link BC is O, the point of intersection of the lines 
ABand DC extended. By scaling off the lengths 
of OB, OC, and OH, the following values are 
found: 


_OB = 3.1ft. OC = 0.96 ft. OH = 1.72 ft.) 
The velocity of B, considered as a point on AB, is 
vp = w X AB = 10 X Ss = 5 ft/sec. 


Therefore the angular velocity of B, considered as a point on BC, ig 


and the angular velocities, about O, of all points on BC are the same. The linear 
velocity of C is, therefore, 


vg = ws X OC = 1.61 X 0.96 = 1.54 ft./sec. 
And 
vg = 03 X OH = 1.61 X 1.72 = 2.77 ft./sec. 
Therefore 
1.54 
wo = OE = ~™ = 0.77 rad./sec. 
PROBLEMS 


velocity of the point H (Fig. 345) on link DC midway between D and C? 
Ans. vg = 0.77 ft./sec. perpendicular to DC. 


555. In Prob. 543, find the instantaneous center of BC and determine we by the 
= instantaneous center method. 
2 LY 556. Using the data of Prob. 542, find by the instantaneous center method the 
ve ies of the points B, C, and D in Fig. 341. - 
Ans. vp = 5.66 ft./sec.; v¢ = 8 ft./sec.; up = 5.66 ft./sec. 


557. In Fig. 346, AB rotates about A with an angular velocity of 3+/3 rad./sec. 
and C moves along a horizontal line. When C is vertically beneath A, find the 
instantaneous center of rotation of CB and determine the linear velocity of P, the 
mid-point of CB. 


het Using the data of Prob. 553, find the magnitude and the direction of the 
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A disk A (Fig. 347) rolls, without slipping, on a horizontal rail. Another 
Ras: attached to A and turns with it. The velocity of the center of disk A is 
10 ft./sec. to the right. Find the velocity of the point M and of the point P. 

Ans. vy = 3.33 ft./sec.; vp = 16.7 ft./sec. 


Fia. 346. 


q 559. In Fig. 348, ABCD is a board 2 ft. square. A moves downward on the 
y-axis with a velocity of 4 ft./sec. and B moves on the z-axis. Find the velocities 
of C and D when 6 = 45°. Solve algebraically by the method of instantaneous 
centers. 

\ 560. Find the velocities of C and D in Prob. 559 when 6 = 30°. Solve graphi- 
cally Ans. vc = 2.84 ft./sec.; up = 4.32 ft./sec. 

\561. Locate the instantaneous center of the connecting rod of the steam-engine 
mechariism described in Prob. 539. Find the angular velocity of the connecting rod, 
the linear velocity of the crosshead, and the linear velocity of a point on the con- 
necting rod midway from the crosshead to the crank pin. 

Ans. we = 5.47 rad./sec.; vp = 7.70 ft./sec.; vag = 9.12 ft./sec. 


REVIEW QUESTIONS AND PROBLEMS 


662. Point out and correct the error in each of the following statements: 

(a) The linear velocity of a point is the time rate of change of the linear displace- 
ment of the point. 

(b) The total linear acceleration of a point moving on any curved path is defined 
as the rate of change of the speed of the point and is expressed mathematically by 


th « a 
e equation qd = —-: 
q dt 


(c) If a point moves on a circular path, the velocity is tangent to the path and 
hence can have no component towards the center of the circle; therefore, there can 
be no acceleration towards the center of the circle. 

(d) The angular velocity of a point moving in a plane is the same with respect 
to all points in the plane. 

(e) In uniformly accelerated rectilinear motion, the velocity of the moving point 
is constant. 

(f) The tangential acceleration of a point moving on a curved path is equal to 
the product of the angular velocity of the point with respect to the center of curva- 
ture and the radius of curvature. 

(g) Simple harmonic motion of a point is a periodic motion in a straight line 
such that the velocity of the point is proportional to the displacement of the point 
from a fixed origin in the line and is directed away from the origin. 
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563. Starting with the defining equation for the linear acceleration of a point, 


; d 
prove that the tangential and normal components of the acceleration are az = A 
2 
v 


and dn = wr =—- 
r 


564. Prove that in uniformly accelerated rectilinear motion s = ut + 4al?. 
565. Derive and interpret the equation v4 = v4 + vp. 
B 
566. Define each of the following motions of a body: (a) translation, (6) rotation, 
and (c) plane motion. 


567. If a rigid bar is given a plane motion, explain why the velocity of one end 
relative to the other end must be in a direction perpendicular to the length of the 
bar. Is the acceleration of one end relative to the other end perpendicular to the bar? 


568. When plane motion of a rigid body is regarded as a combination of a rota- 
tion and a translation, state what angular velocity and angular acceleration are 
assumed to be given to the body in the rotational motion and what linear velocity 
and linear acceleration are assumed in the translational motion. 


569. Define instantaneous center of rotation. If the directions of the velocities 
of any two points in the plane of motion of a body which has plane motion are 
known, how may the instantaneous center of rotation be found? Explain. 


570. A point moves on a circular path having a radius of 20 ft. The angular 
velocity of the point with respect to the center of the circle changes uniformly from 
1 rad./sec. to 5 rad./sec. in 4% sec. Find the total linear acceleration of the point 
at the middle of this 44-sec. period and represent it as a vector, assuming the point 
to be at the top of the circle at the instant. Ans. a = 241 ft./sec.? 


571. A car moves on the circular track shown in Fig. 349 at a constant speed of 
30 mi./hr. If the radius of the track is 352 ft., find by three different methods the 
x-component of acceleration of the car when 0 = 30°, Ans, az = 4.76 ft./sec.? 


Fia. 349. Fia. 350. 


572. In the four-link mechanism shown in Fig. 350, the angular velocity w of AB 
is 5 rad./sec. Find the linear velocity of C and the angular velocity of CD. Show, 
by means of a sketch, how the velocity of H, the mid-point of BC, may be found 
graphically by means of the instantaneous center. 

Ans. vc = 10.5 ft./sec.; w1 = 1.75 rad./sec. 


PART III. KINETICS 


CHAPTER VIII 
FORCE, MASS, AND ACCELERATION 
§ 1. PreLiMInaRy CoNSIDERATIONS. KINETICS OF A PARTICLE 


98. Introduction.— Kinetics is that branch of mechanics which 
treats of the laws in accordance with which the motion of physical bodies 
takes place. 

A change in the state of motion of a body always occurs when an 
unbalanced force system acts on the body, the unbalanced part (resultant) 
of the force system being the cause of the change in the motion. Experi- 
ence teaches that the change of motion of the body is influeneed both 
by the characteristics (Art. 5) of the resultant of the forces acting on the 
body and by the nature of the body itself. For example, different 
force systems acting, in turn, on the same body do not produce the same 
change of motion of the body. Further, the same force system applied 
to different bodies does not produce the same change in the motion of all 
of the bodies. 

Although experience suggests that relations exist between the force 
system acting on a body, the properties of the body, and the change in 
the motion of the body, it required the work of many eminent men and 
a period of several centuries before definite and complete fundamental 
relations between these three factors were finally established. The 
laws expressing these relations were formulated by Sir Isaac Newton 
(1642-1727) and are known as Newton’s laws of motion. 

Newton’s fundamental laws, however, apply directly only to the 
motion of a particle under the action of a single force, whereas in engi- 
neering practice the motion of a body (system of particles) under the 
action of a system of forces must be considered. The body may be 
rigid or non-rigid, and the force system acting on the body may produce 
any type of motion. The bodies treated hereafter, however, will, for 
the most part, be regarded as rigid, and the motions treated will, in 
general, be restricted to translation, rotation, and plane motion. 

220 
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99. The General Kinetics Problem.—In each type of motion the 
general character of the kinetics problem is the same; namely, a phys- 
ical body is acted on by a force system that has a resultant, which causes 
a change in the motion of the body, and in each problem it is required to 
deduce, by the use of Newton’s laws, the equations expressing the definite 
relations between (1) the resultant of the force system, (2) the kinetic 
properties (mass, moment of inertia, etc.) of the body, and (3) the change 
of motion of the body, so that the motion of a given body produced by a 
given force system may be determined, or the force system required to 
produce a given motion may be found. The equations which express 
these relations are called the equations of motion for the body. 

These three elements or factors which are involved in the equations 
of motion of bodies may be considered briefly before stating Newton’s 
laws and before deriving the equations which express the relations 
between these three factors. Change of motion is measured by acceler- 
ation, which in turn may be expressed in terms of distance, time, and 
velocity, as discussed in Chapter VI. The characteristics of the result- 
ant of a force system have also been considered, in Chapter II, and 
need only be reviewed briefly at this point (see next article) to show 
their connection with the general problem in kinetics. The property of the 
body (mass) which enables it to have an influence in determining its own 
motion, however, needs to be discussed at greater length (see Art. 101). 

100. Characteristics of a Force System.—The only part of a force 
system that influences the motion of a body is the unbalanced part 
(resultant) of the force system. ‘The forces which produce the types 
of metion considered in this chapter are coplanar and hence, the resultant 
of the forces is either a force or a couple (Art. 28). If the resultant is a 
force, the characteristics of the resultant which influence the motion of 
the body on which the force system acts are (1) its magnitude, (2) the 
position of its action line in the body, and (8) its sense (Art. 5). If, 
however, the resultant is a couple, the characteristics of the resultant 
which influence the motion of the body on which the force system acts 
are (1) the moment of the couple, (2) the sense of the couple, and (3) the 
aspect or direction of the plane of the couple (Art. 15). 

Now the equations of motion of a body must be sufficient in number 
to take account of the influence of all the characteristics of the resultant 
of the force system as mentioned above. This may be done, for the 
types of motion considered in this chapter, by means of three equations. 
These three equations will contain the algebraic sum of the z-components 
of the forces acting on the body, the algebraic sum of the y-components, 
and the algebraic sum of the moments of the forces about some axis in 
the body (Art. 30). 


222 FORCE, MASS, AND ACCELERATION 


101. Inertia and Mass.—The property of a body by virtue of which 
it offers resistance to any change in its motion, and thereby makes the 
body itself a factor in determining the motion which unbalanced forces 
impress upon it, is called inertia. All physical bodies are inert or pos- 
sess inertia, but different bodies possess different amounts of inertia. 
That is, all bodies influence their own motion according to the same law 
but not to the same degree. In other words, all bodies do not offer the 
same resistance to being accelerated at a given rate.t 

The quantitative measure of the inertia of a body, that is, the resist- 
ance the body offers to being accelerated at a given rate, is called the 
mass of the body, and is found, like other properties of bodies, by experi- 
ment. This may be done as follows: 

Let a given body be acted on by a single force F, and let the resulting 
acceleration be a;. In like manner let forces F2, F3, etc., be applied in 
turn to the body and let the resulting accelerations be az, a3, etc. The 
results of such an experiment show that 


Pian Dire Et 
—+ == ==... a constant = C (say). 
ay ag a3 


Or, in general, if any force F applied to the body causes an acceleration a 
= =/Cs “eve See 


Now since C is the measure of the resistance, /’, that the body offers to 
being accelerated at a rate a, it is proportional to the mass, M, of the 
body since the mass of a body is defined as a measure of the resistance 
the body offers to being accelerated at a given rate. Hence, C = kM, 
where k is a constant. Then equation (1) becomes 


PF 
RM. 8 3 Nn 


In the above experiment, it was found that the ratio of any impressed 
force to the corresponding acceleration had a constant value C. Now if 


1The way in which bodies resist motion is analogous to the manner in which 
elastic materials, such as steel, resist being stretched. Each material, within limits, 
resists according to the same law (stretch is proportional to stress), but some mate- 
rials resist to a greater degree, that is, some materials are stiffer than others, which 
means that some materials require a greater force to produce a given stretch than do 
other materials, just as some bodies require a greater force to produce a given accel- 
eration than do other bodies, 
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the body is allowed to fall freely under the influence of its weight W, the 
resulting acceleration is found to be g (32.2 ft./sec.”), and hence 


Weak 

g. —e a = Ge ° . ° ° . ° . . (3) 
From equations (2) and (8) we have, then, 

Ww 


MOU CO eee ceria (4 
; a) 


If units for W, g, and M are so chosen that k in equation (4) equals unity 
(as will be discussed in Art. 103), then the number of units of mass in 
the body may be found from its weight by the equation — 


102. Newton’s Laws.—Newton established his laws of motion from 
a study of the motion of planets. Since the dimensions of a planet are 
negligible in comparison with the range of its motion, Newton’s laws 
apply directly only to a particle, that is, to a body all points of which 
may be considered at any instant to have the same acceleration. In 
most cases of motion of bodies, however, the accelerations of different 
particles of the body are not the same, and hence Newton’s laws do not 
apply directly to bodies. Bodies, however, may be considered to be 
made up of particles, and thus Newton’s laws may be extended to bodies. 

Newton’s laws may be stated as follows: 

First Law.—If no force acts on a particle, the particle remains at rest 
or continues to move with uniform velocity in a straight line. 

Second Law.—lIf a force acts on a particle the particle is accelerated; 
the direction of the acceleration is the same as that of the force and its 
magnitude is directly proportional to the force and inversely propor- 
tional to the mass of the particle. 

Third Law.—There are mutual actions between any two particles 
of a system (body) such that the action of the one on the other is equal, 
collinear, and opposite to that of the other on the one. 

1. The first law implies that a particle has inertia, that is, it resists 
having its motion changed. It implies that a force must act on the par- 
ticle if its motion (velocity) is changed either in direction or in magni- 
tude, that is, if an acceleration is produced. 

2. The second law is a quantitative one. It states what the mag- 
nitude and the direction of the force must be in order to produce a given 
acceleration of a given particle, and shows that although a particle 
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cannot, of itself, change its state of motion it does nevertheless influence 
the change of motion caused by the force, by regulating or governing 
the manner in which the acceleration shall take place; namely, that it 
shall be always inversely proportional to the mass of the particle. 

3. In the second law, it is assumed that a single particle is acted upon ‘ 
by a single force. But the third law brings out the fact that a single 
force does not exist. The special significance of the third law lies in the 
fact that by its use Newton’s second law, which applies only to a single 
particle under the influence of a single force, may be extended to a 
system of particles (body) acted on by a system of forces. 

103. Mathematical Statement of Newton’s Second Law. Units.— 
Newton’s second law may be expressed mathematically by the equation 


F = kma, 


in which a is the acceleration of the particle of mass m, F is the single 
force acting on the particle, and k is a constant factor the value of which 
depends upon the units used to express the other quantities (F, m, and a) 
in the equation. In general the mass of a body will be denoted by M 
and that of a particle of the body by m or dM. 

‘It is convenient to use a system of units in which & in the above equa- 
tion is unity. Such asystem of units is sometimes called a kinetic system. 
Thus, a kinetic system of units is one in which a unit force acting on a 
unit mass causes a unit acceleration. Now, in engineering problems, 
the units of force and acceleration are chosen arbitrarily, and hence the 
unit of mass is a derived unit—derived from the units of force and 
acceleration, since, if a kinetic system of units is used, m = F/a = W/g. 
A system of units in which the unit of mass is a derived unit is frequently 
called a gravitational system. 

Thus, if one pound is chosen as the unit of force and one foot per 
second per second as the unit of acceleration, as is usual in engineering 
calculations, then since M = W/g, the number of units of mass in a 
body is the weight of the body in pounds divided by the acceleration of 
gravity, g, in feet per second per second (82.2). Thus a body weighing g 
(32.2) pounds has one unit of mass; this fact has suggested the name 
g-pound or geepound for this unit of mass. However, no name has 
gained general acceptance, although the name slug (from sluggishness 
which suggests inertia) has gained rather wide acceptance and will be 
employed in the subsequent pages. It is also frequently referred to as 
the engineer’s unit of mass. In using a special name such as slug, it is 
important to keep in mind that the unit of mass is not an arbitrarily 
chosen unit but is derived from the units of force and acceleration. 
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In another system of units used considerably in electrical engineering, the units 
of mass, length, and time are chosen arbitrarily and the unit of force is the derived 
unit. Such a system is frequently called an absolute system of units. If one gram 
is chosen as the unit of mass, one centimeter as the unit of length, and one second as 
the unit of time, a unit force is a force that gives an acceleration of one centimeter 
per second per second to a mass of one gram. ‘This force is called a dyne. 


104, Equations of Motion for a Particle——In Fig. 351, a particle of 
mass m is acted on by any system of forces F, 
F,, F3, etc., which give to the particle an accel- 
eration a. It is required to find the equations 
that express the relations between the forces act- 
ing on the particle, the mass of the particle, and .. 
the acceleration of the particle. Let R denote 
the resultant of the forces acting on the particle 
and let 6;, 0y, 6, denote the angles that R makes “4-—-—~—— 
with the z-, y-, and z-axes, respectively. From Fra. 351. 
Newton’s second law we have R = ma. Multi- 
plying each side of this equation by cos 6,;, we have 


Z 


hcos6., = me cos 0. OY hy = Max: 


But R, may also be expressed in terms of the forces acting on the particle 
by the equation R, = ZF, and hence we have ZF, = ma,z. Similarly, 
equations may be obtained by expressing in two ways the y- and 
z-components of the resultant of the forces acting on the particle. 
Hence the equations of motion for a particle are: 


= =F, = maz, 
xF, = ma,, 
LF, = ma;. 


105. Procedure in the Solution of Problems in Kinetics.—In solving 
problems in kinetics, it is important to follow a rather definite procedure 
as outlined below. ‘This procedure will be followed in the solution of the 
problems immediately following this article, in which the bodies are 
treated as particles, as well as in the solution of problems involving rigid 
bodies having various types of motion, which will be considered later. 
The main steps in the solution are as follows: 


1. Determine carefully (a) what is given in the problem and (6) what is required 
in the problem. The quantities involved in this step may frequently be indicated 
by means of an illustrative sketch. Failure to carry out this step is a common cause 
of difficulty in the solution of problems. 

2. Draw a complete free-body diagram of the body whose motion is under con- 
sideration (see Art. 40 for discussion of free-body diagram). That is, show the body 
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and all the forces exerted on it by other bodies. This diagram is of particular impor- 
tance in determining the left-hand member of each of the equations of motion for the 
body. 

3. Write all the equations of motion for the body and select the axes to be used 
in applying these equations. These axes should be shown in the free-body diagram. 
Frequently, by a proper choice of axes, the problem may be solved without using all 
the equations of motion. As a rule, it is convenient to select one axis parallel to the 
acceleration of the particle and to make the positive direction of the axis agree with 
the sénse of the acceleration. Likewise when dealing with rotational motion, the 
positive direction of rotation will usually be made to agree with the sense of the 
angular acceleration of the body. The positive directions are chosen in this way 
for the purpose of making the right hand sides of the equations of motion positive. 

4. Observe whether there are a sufficient number of equations of motion to deter- 
mine all the quantities desired. If there are not, write any equations in addition to 
the equations of motion (such as kinematics equations, etc.) that apply to the par- 
ticular problem, and if possible solve the equations and determine the unknown 
quantities. 

5. If, however, there are still more unknowns than there are equations it is 
usually possible, when several bodies are involved in the motion, to select another 
body (or group of bodies) in the system on which is acting one (or more) of the forces 
that acts on the first body, and to treat the motion of this second body by the proce- 
dure outlined above and then to solve the two sets of equations simultaneously. 


Notz.—In the problems which follow, the assumption is made that the bodies 
having the motions described may be considered to be particles without introduc- 
ing serious errors in the analysis of the motion. In the solution of the following 
illustrative problems, the steps in the above procedure are emphasized. 
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Problem 573.—In Fig. 352, A and B are bodies suspended from the ends of a 
flexible, inextensible, weightless rope that passes over a smooth cylindrical surface. 
The weight of A is 40 lb. and the weight of Bis 30 lb. Find the tensile stress in the 
rope. 


Solution.—Since the cylindrical surface is frictionless and the rope is flexible, the 
force (stress) T in the rope has the same value on each side of the eylinder. Further- 
more, since the rope does not stretch, the bodies A and B have accelerations that are 
equal in magnitude. The unknown force 7’, therefore, is a force acting on each of 
the two bodies. A free-body diagram of B is shown in Fig. 352, the axes being chosen 
in accordance with step 3 of Art. 105. There is one equation of motion only for this 
body; namely, 


30 
2Fy = may or nD on a Fe elie ee CAA) 


Since there are two unknown quantities in this equation, 7 can not be found. 
Hence in accordance with step 5 of Art. 105 a.free-body diagram of A is drawn (which 
also involves the force 7). For this body there is also one equation of motion, 
namely, 


ZF, = may or 40 — 7 = =a eee ee) 
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The solution of the two simultaneous equations (1) and (2) gives the following results: 
T = 34.3 lb. and a = 4.60 ft./sec.? 


Problem 574.—A small body weighing 4 lb. is attached to one end of a string 
5 ft. long and is made to revolve as a conical pendulum with a constant angular 
velocity, w, so that the string is inclined 30° to the vertical as shown in Fig. 353. 
What are the tension, 7’, in the string and the linear velocity, v, of the body? 


LOTT pl TTT 


Fia. 352. Fra. 353. 


Solution.—The body moves on a circular path in a horizontal plane under the 
influence of two forces 7 and W as shown in the free-body diagram (Fig. 353). The 


2 
acceleration of the body is rw’, or a , toward the center of the circle. The equations 
~ : 


of motion are: 


Ww W 
te et Ree ee ae en i) 
g Uf te 
W 
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(ZF, = may, = 0, since ay = 0. eto ae eS AGS 
From (1), 
Toe ee (4) 
cos est Suse 742 bo eee 
From (3), 
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By substituting this value of T in (4), the value of v may be found. Thus 


2 


4 v 
4.62 cos 60° = 32.2 x Bain 30° 
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Hence 


Therefore 


No 
> 
Fria, 354. 
ZF; 
ZF, 


From equation (1) 


462 x 05 K822 KB KOS 


W 
4 


= 46.3. 


»v = 6.8 ft./sec. 


Problem 575.—In Fig. 354, A is a small biser 
attached to the end of a vertical rod B whose lower 
end is connected to a smooth horizontal pin at O. 
The rod and block are given a very small displace- 
ment and then allowed to rotate about the pin at 
O. If the weight of tbe rod B is negligible, show 


\ that the velocity of A is ~/2gr when B reaches a 


horizontal position. 


Solution.—The only forces acting on A are its 
yo weight W and the reaction of the bar B, denoted 
by P. A free-body diagram of A is shown in Fig. 
354. The equations of motion for A are 


Multiplying each side of equation (3) by — , we have 


; Ww do 
= mat or WBE es, Tae és) 84 Ja9 thie ot 
Ww /de\? 
= ii, OF bi gta cea; (=). ne, ee 
ae g 
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dé 
t 
BOS Ors woe 4 
dt de = Seti me . . . . . ° . . . (4) 


Integrating equation (4) with respect to t, we have 


1 (dé 
2\ dt 


Since 


Hence 


When 


Hence 


dé 
—=(0 when@=0, C= 
dt 
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It will be noted that the body A would attain the same velocity if, starting from 
rest, it were to fall freely through a vertical distance r. 
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PROBLEMS 


576. A box weighing 16.1 lb. rests on the floor of an elevator. If the elevator 
starts’up with an acceleration of 8 ft./sec.”, what is the pressure on the floor of the 
elevator? Ans. P = 20.1 lb. 


577. A man weighing 150 Ib. stands in an elevator weighing 2000 lb. If the 
tension in the hoisting cable is 2700 lb., with what acceleration will the elevator 
ascend? What will be the pressure of the man on the floor of the elevator? 


578. A balloon weighing 400 lb. has a vertical component of acceleration of 
2 ft./sec.2 upward. The horizontal wind pressure causes the balloon to travel in a 
direction making an angle of 380° with the vertical. Find the horizontal component 
of the acceleration of the balloon and the horizontal wind pressure. 
Ans. 1.15 ft./sec.?; 14.35 lb. 


579. A body weighing 120 lb. is attached to the lower end of a rope and is lowered 
with-a constant acceleration by means of the rope. If the greatest pull the rope can 
resist is 80 lb., what is the least acceleration the body can have? 

580. In Fig. 355 the bodies A, B, and C weigh 10 lb., 20 lb., and 30 lb., respec- 
tively. The cord connecting B and C passes over a weightless, frictionless pulley. 
The coefficient of friction between A and B and the plane is 0.2. Find the accelera- 
tion of the bodies and the tension in the cord connecting A and B. 

Alps, 3 = VOLO ie, fiseo2e 0 = Bho, 


Fia. 355. Fia. 356. 


581. In Fig. 356, A weighs 40 lb., B weighs 20 lb., and C weighs 10 lb. The 
coefficient of friction for A and Dis 4. If the weights of the cord and pulley are 
negligible and the pulley turns in smooth bearings, find the tension in the cord 
between A and B, and in the cord between Band C. Find also the acceleration of 
A, B, and C. 

582/ Boxes are sent from the street into the basement of a store by means of an 
inclined plane. The plane is 20 ft. long and makes an angle of 30° with the floor. 
The boxes are given an initial velocity, vo, of 10 ft./sec. Assuming that the coefti- 
cient of friction for the box while on the incline is 0.4, what is the velocity, v, of the 
box as it reaches the bottom of the incline, and how many seconds does it take to 
reach the bottom? Ans. v = 17.3 ft./sec.j § = 1.47 sec. 


583. A man who is just strong enough to lift a 150-lb. weight when standing on 
the ground can lift a 200-lb. weight from the floor of an elevator when the elevator is 
going down with a certain acceleration. What is the acceleration? What weight 
can the man lift from the floor when the elevator is going up with the same 
acceleration? ; 

! \ 684, 4A box is projected up an inclined plane, which makes an angle of 20° with 
the horizontal, with an initial velocity of 2400 ft./min. If the coefficient of friction 
is 0.2, how far up the plane does the box travel before coming to rest? Will the box 
remain at rest? If not, how long does it take it to reach the bottom of the incline? 
Ans. s= 46.9 ft.; No; ¢ = 4.35 sec. 
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585. A 3-ton cage descending a shaft with a speed of 9 yd./sec. is brought to rest 
with a uniform acceleration in a distance of 18 ft. What is the tension in the cable 
while the cage is coming to rest? 

_ 586. An automobile that weighs 3000 Ib. is accelerated uniformly on a level road 
from 10 mi./hr. to 40 mi./hr. in 6 sec. Calculate the force exerted on the tires by 
the road, neglecting air resistance. Ans. F = 683 lb. 

587. A body weighing 8 lb. and resting on a smooth horizontal plane is acted on 
by a horizontal force which causes the body to move along a straight line. If the 
distance s traveled by the body in time ¢ is s = 20? where s is expressed in feet and 
t in seconds, find the magnitude of the force. 

588/ In Fig. 357, A is a small ball that weighs 4 Ib. and B is a block that weighs 
12Tb. A is attached to B at O by a weightless, flexible cord. A force, P, is applied 
to B increasing very slowly until it reaches a value of 8 Ib. after which it remains 


constant. Find the value of 9, assuming the plane on which B slides to be smooth. 
Ans. 0 = 26° 34’. 


Fig. 357. Fie. 358. 


pa body C weighing 10 lb. rests upon a frame D (Fig. 358) which rotates about 
a vertieal axis AB. When the frame is not rotating, the tension in the spring, S, is 
20lb. If the angular velocity of the frame is 30 r.p.m. and the friction under C is 
neglected, what is the pressure against the stop at EH? 

590. A small body, A, weighing 4 1b. (Fig. 359) rotates in a vertical plane about a 
horizontal axis through O, to which it is attached by means of a weightless cord 2 ft. 
long. If the tension in the cord is 6 lb. when 9 = 30°, what is the velocity of A? 

Ans. v = 6.39 ft./sec. 


0 


Fra. 359. Fig. 360. 


( 591, In “looping the loop” (Fig. 360), show that, if friction is neglected, the 
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ms ; d 
minimum value of the velocity of the car when at C is J ae if the car does not leave 
the track. 2 


592. A small body weighing 12 lb. rests on an inclined surface (Fig. 361) which is 
revolved about a vertical axis with a constant angular velocity of 20 r.p.m. If the 


£>B 


Fia@. 361. Fie. 362. 


body is attached to the axis of rotation by a cord as shown in the figure, and if friction 
between the body and plane is neglected, find the tension, 7’, in the cord. 
Nass, 9B = gS 5) sy, 

698. In Fig. 362, B is a small body that starts from rest at A and slides on the 
surface of a smooth sphere until it leaves the surface at C. 
Find the angle 6. Ans. 6 = cos! 2% = 48° 11’. 

694. Find the velocity of the body A in Prob. 575 when 
it reaches its lowest position. 

595. In Fig. 363, the body A is attached to a flexible rope 
and is raised by winding the rope on a reel. The reel turns 
at a constant angular velocity of w rad./sec. If the weight 
of A is W lb., the diameter of the rope is din., and the weight 
of the rope is neglected, find the tension in the rope. Assume 
that A=moves only vertically. oo 

Aig, I = (a +=). 


2g 


Fia. 363. 


106. Inertia-Force Method for a Particle—As pointed out in 
Art. 104, the resultant of all the forces that act on a particle having a 
mass m and an acceleration a is a force having a magnitude ma and a 
direction the same as that of a. Furthermore, since the forces acting on 
a particle constitute a concurrent system, the action line of the resultant 
passes through the particle. Therefore, if a force equal to this resultant 
but of opposite sense is assumed to act on the particle in addition to the 
actual forces acting on the particle, the particle will be in equilibrium and 
hence the equations of equilibrium may be applied to this force system. 
The reversed resultant (ma) force is called the inertia force for the 
particle. The resultant (ma) force is called the effective force for the 
particle and hence the inertia force is sometimes called the reversed 
effective force. It will be observed that the introduction of the inertia 
force transforms the kinetics problem to an equivalent statics problem 
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ILLUSTRATIVE PROBLEM 
Problem 596.—Solve Prob. 574 by the inertia-force method. 


Solution.—The resultant R of all the forces acting on the particle (effective force 


for the particle) is _ \ 
i A R 4 Y, vy? 4° vy v? 
/ = = =—- => — —=—si= 
Hi ma 32.27 322°°25 201 


and is directed toward O the center of the circle. 


a0 Tf a force equal but opposite to FR is assumed to act 
% aed on the body as shown in Fig. 364 in addition to T 
Be aoa: ee ae & and W, the three forces would be in equilibrium 
| x ~\. and hence the equations of equilibrium for a concur- 
ae \ rent force system may be applied to the forces, thus 
oe ZF, = T cos 30° —4 =0 “ T = 4.62 lb. 
S20 oes a a 
7 DF, = 4.62 sin 30 — pee 0 
Wes Th Hence 
Fie. 364. v= 46.4 or v = 68 ft./sec. 
PROBLEMS 


597. Solve Prob. 592 by the inertia-force method. 
598. Solve Prob. 589 by the inertia-force method. 


\599. The bodies A and B (Fig. 365) and the frame on which they rest rotate 
about.the vertical axis with a constant angular velocity of 40 r.p.m. The weights 
of A and B are 48 Ib. and 32 lb., respectively. Find the pressure of the stop E on B, 
neglecting the friction between A and B and the frame. Ans. Rg = 26.1 lb. 


H: 
Fig. 365. Fria. 366. 


600. The shaft AB and the balls C and D (Fig. 366) rotate at a constant angular 
velocity of 100 r.p.m. The weights of C and D are 8 lb. and 12 lb., respectively. 
Find the reactions of the bearings at A and B on the shaft when the balls are in the 
position shown, neglecting the weight of the shaft and also of the rods connecting 
the balls to the shaft. 


107. Force Proportional to Displacement. Free Vibration—Many 
problems in kinetics deal with a body having a periodic or vibrational 
motion (such as a simple harmonic motion) under the action of a result- 
ant force that varies as some function of the displacement of the body. 
Such a force is usually applied to the body by means of a spring (or its 
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equivalent), which exerts a force directly proportional to the displace- 
ment of the body. It is the purpose of this article to study briefly the 
periodic rectilinear motion of a body acted on by a resultant force whose 
magnitude is proportional to the displace- 
ment of the body from some fixed point in its 
path. 

In Fig. 367 a small body whose weight is 
W is suspended from one end of a helical spring, 
thereby causing a displacement of the lower 
end of the spring equal to 6,, when the body i 
and spring are in static equilibrium. A down- Er ‘ 

X 


eth of spring 


len 
U%—_>1 


ward pull is then exerted on the body causing 
the displacement 2x9 of the body from its 


equilibrium position; the pull is suddenly +8 “ 
released and the body undergoes a periodic Position of 
(up and down) motion under the action of the Ewilibrium jw.7, 
earth-pull (weight) and the force exerted by the s 
spring. The main features of this periodic or eee 

. vibrational motion are to be investigated. al | 

After the downward pull is released and the iat heed te 

displacement from the position of static equilib- Fic. 367. 


rium has attained any value 2, the forces acting 
on the body are as shown in Fig. 367, where k is the force required to 
stretch the spring a unit length and is called the spring constant. Thus 


: é Ww : 
the spring constant may be defined by the equation k = —. Or, ina 
ee st 


somewhat more general form, it may be defined as the force that tends 
to restore the body to its initial equilibrium position divided by the 
corresponding displacement of the body. 

If, in Fig. 367, the positive direction for z is downward, the equation 
of motion, ZF, = ma,, may be written as follows: 


W W dx 
gee Maal Mara Wiss 53 Gestaatins sat ots Ge (1) 
Hence 
dx, kg : 
Fr oman orraca ee + ee ee) 


in which is a constant. Eq. (2) shows that the motion of the body 
{ 
is a simple harmonic motion (see Art. 86) since the acceleration is a 


constant times the displacement and has a direction opposite to that 
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of the displacement. Eq. (2) is the differential equation for the free or 
natural vibration of a particle. 

It will be noted by reference to Art. 86 that the constant kg in 
d*x 2 . Sik ik 
as wx which was 

obtained by considering that the simple harmonic motion was the pro- 
jection of a uniform circular motion on the diameter of the circle, w 


being the angular velocity of the point on the circular path. In Art. 86 
2 


5 akan. = 
the solution of the equation ie w*x was found to be z = r cos ot 


and hence the solution of Eq. (2) is 
k 
z= Cy cost 5 Si ye 


in which C, is a constant whose value depends on the initial conditions 
of the motion. Thus, since the body was started in motion by giving ita 
displacement x9 from its equilibrrum position and then releasing it 
without initial velocity we have x=z) when ¢ = 0, and hence by 
substituting these values in Eq. (3) we find that C, = xo. Therefore, 


the equation 
kg 
r= fe) fib PRES A LL 
Zo COS W (4) 


expresses the relation between the displacement x and the time ¢ for 
the free vibration of a particle. It is important to note that in Eq. (4), 
x is measured from the equilibrium position of the body; or in other 
words the body oscillates about its equilibrium position. 

The two properties or characteristics of the motion that are of 
particular significance are the amplitude and the period (or frequency) 
of the-motion. 

The amplitude, denoted by A, is the maximum value that x in 


Eq. (2) corresponds to w? in the equation a = 


Hq. (4) can have. This value is 29 since the maximum value of cos NEE 
is unity. W 
The period of oscillation or of vibration, denoted by 7, is the time 
required for the moving body to make one oscillation, that is, one 
complete cycle. Hence the period of vibration is the time required for 


k, 
cos = ¢ to pass through all of its values and return to the same value 
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it had at the beginning of the period. Thus T is the value of ¢ in the 


; k 
equation ‘1 Wt = 27. Hence 


W Sst 
Dar A Sr A 
‘a i 1 ; (5) 

It will be observed that the period of oscillation depends only on 
the spring constant and the weight of the body; the period varies 
directly as ~/W and inversely as +/k. For example, a stiff spring 
(having a large value of k) and a light weight (small value of W) will 
have a short period of vibration and a flexible spring and a large weight 
will have a long period of vibration. 

The frequency, f, of vibration is the number of complete cycles per 
unit of time and hence 


f=a-5 De eee 


Equations (5) and (6) show that the natural period and frequency of 
vibration can be calculated from one measurable quantity alone; namely, 
the static elongation of the spring caused by the weight W of the body. 

It is important to observe that the above equations apply only to 
free vibrations; namely, to the periodic motion of a body acted on only 
by its weight and a force exerted by a spring (or system of springs) 
such that the force is proportional to the displacement of the body and 
acts always to restore the position of the body to its equilibrium posi- 
tion. _Thus the motion of the body described by the above equations 
does not occur in a resisting medium such as a liquid, which would 
produce a damped vibration rather than a free vibration. Nor is the 
motion a forced vibration in which an additional (periodic) force is 
applied to the body as it vibrates. In a forced vibration if the period 
of the impressed force is the same as that of the free or natural period of 
vibration of the system, the theoretical amplitude of the vibration 
becomes exceedingly large. This condition is known as resonance and 
is, of course, a condition to be avoided in parts of machines and struc- 
tures. On the other hand it is a condition that we often intuitively 
create when we wish to build up a large amplitude as, for example, in 
jumping on a spring board in order to execute a high dive. We create 
the same condition in causing a tree to fall after it has been chopped 
almost through at the base, by pushing repeatedly with our hand on 
the tree trunk with a force that has the same frequency as that of the 
free oscillations of the tree. Damped and forced vibrations, including 
the condition of resonance, are discussed briefly in Chapter XI. 
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ILLUSTRATIVE PROBLEM 


Problem 601.—A machine that weighs 800 lb. rests on a platform that weighs 
200 lb. The platform and machine are supported by four springs, one at each corner 
of the platform, the four springs being alike. An additional downward force of 100 lb. 
is applied at the center of the platform and compresses each spring 4 in. If the 
100-Ib. force is suddenly removed what will be the frequency and amplitude of the 
resulting vibratory motion assuming that the motion of the platform is a transla- 
tion only? 

Solution—The restoring force in the system and hence the spring constant k is 


100 
k = —- = 400 lb./in. 
4 


The frequency, f, according to Eq. (6) is 


ee [kg 1 [400 x (12 x 32.2) 
Oo NW Qe 1000 


= 1.98 oscillations per sec. 


It should be noted that since k is expressed in pounds per inch, g must be expressed 
in inches per second per second. 
The amplitude of the oscillations is the value of xp which is 4 in. 


PROBLEMS 


602. A vertical, helical spring, one end of which is attached to a fixed point is 
stretched 2 in. by a weight of 20 lb. suspended from its lower end. The 20-lb. weight 
is lifted 2 in. so that the spring has its unstretched length and the weight is then sud- 
denly released. What will be the amplitude and frequency of the resulting motion? 

Ans. A = 2in.; f = 2.21 cycles per sec. 

603. A uniform bar weighing 60 lb. is supported by two helical springs as shown 
in Fig. 368. When the bar is pulled down 3 in. from its equilibrium position and then 
released, the frequency of the resulting motion is 2.21 cycles per sec. What is the 
spring constant for each spring, assuming that the two springs are alike and that the 
bar has a motion of translation only? 

604. Each of the springs on which a car is mounted carries a load of P lb. and 
deflects vertically 3 in. under this load. What will be the frequency of the vertical 
oscillations of the car if a vertical force gives the springs an additional deflection 
and is then removed? Ans. f = 1,81 cycles per sec. 


Wf, 


Fra. 368. Fra. 369. Fia. 370.’ 


605. A body, B (Fig. 369), weighing 16 lb. is held in equilibrium by two springs 
in which there are equal initial tensile stresses. The body is displaced horizontally 
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2 in. from its equilibrium position and is then released causing the body to oscillate 
on the smooth surface C. The spring constant for each spring is 20 lb. per in. What 
is the frequency of oscillation of B? 


606. A simple pendulum (Fig. 370) consists of a small body, A, of weight W lb. 
attached to a weightless string of length 1. The body (and string) is deflected a 
small angle 6 from its vertical position and is then released. Let it be assumed that 
the body moves in a straight line path since the angle @ is small. Show that the 


l 
period of oscillation is 7’ = 2r4/—- Huinv: The restoring force is P sin 6 or PO 
: g 


Oy ae 
(approximately) since @ is small and, the spring constant is k = Ts Also 


P cos 6 = W and for small values of 6, P = W, approximately. 


§ 2. Kinetics or Boprrs 


108. Introduction. Methods of Analysis——As pointed out in the 
preceding section, the general character of a problem in kinetics of bodies 
may be stated as follows: A physical body is acted on by a force system 
that has a resultant which causes a change in the motion of the body, and 
relations are required between (1) the resultant of the external force 
system, (2) the properties of the body (mass, moment of inertia, etc.), 
and (3) the change in the motion of the body.- For each of the types of 
motion of rigid bodies treated in this section, the equations which 
express the relations between the three factors or elements in the prob- 
lem (equations of motion) are found by the same procedure or series of 
steps, as follows: 

1. The body is considered to be composed of particles, and, from the 
motion of the body, the acceleration, a, of any particle in the body is 
found, both in magnitude and in direction. This step involves the use 
of the facts and equations developed in the study of kinematics. 

2. From the acceleration, a, of any particle and its mass, m, the force 
required to produce the acceleration is found, both in magnitude and in 
direction, by applying Newton’s second law. ‘This force, R, is called 
the effective force for the particle and, in accordance with Newton’s 
second law, may be expressed by the equation R = ma, the direction of 
R being the same as that of a. Since # is the resultant of the actual 
forces acting on the particle, it may also be expressed in terms of the 
actual forces. Thus, by expressing the resultant of the forces acting on 
the particle in two ways: (1) in terms of mand a and (2) in terms of the 
actual forces acting on the particle, the relation between the forces 
acting on the particle, the mass of the particle, and the acceleration of 
the particle may be found. 

It should be noted that some (most) of the particles of a body are 


238 FORCE, MASS, AND ACCELERATION 


acted on by internal forces only (in addition to their weights), that is, 
by the neighboring particles of the body, and some of the particles 
(located where the external forces are applied to the body) are acted on 
by both internal and external forces. 

3. The magnitude and the direction of the effective force for each 
particle of the body having been determined, in terms of the mass and 
acceleration of the particle, the resultant of the effective forces for all the 
particles of the body is found completely by the same methods as were 
used in Chapter II for finding the resultant of a given system of forces. 
The effective forces for bodies having the motions considered in this 
section may be assumed to form a coplanar force system. Therefore, 
the characteristics of the resultant of the effective forces, in general, may 
be expressed by writing three equations (Art. 30) involving the summa- 
tions of the z-components of the effective forces, of the y-components of 
the effective forces, and of the moments of the effective forces about 
some axis. H 

4. In the preceding step, the resultant of the forces acting on all the 
particles is expressed in terms of the effective (ma) forces; it may also be 
expressed in terms of the actual forces which include all the internal 
forces and all the external forces. But in obtaining the summations 
of the x- and of the y-components, and of the moments of these forces, 
the internal forces drop out of the expressions since they occur in col- 
linear pairs, the forces of each pair being equal and opposite (Newton’s 
third law). Therefore, 


The resultant of the effective forces for the particles of a body 
is identical with the resultant of the external forces which act on 
the body. Or, 

The resultant of the effective forces for all the particles of a 
body, if reversed and assumed to act on the body with the exter- 
nal forces, will hold the body in equilibrium. 


The principle stated in the two forms above is known as D’Alembert’s 
principle. It will be noted, therefore, that D’Alembert’s principle in 
the second form makes it possible to reduce a problem in kinetics to an 
equivalent problem in statics by introducing a force (or forces) which 
may be found completely from the motion of the body by means of the 
first three steps outlined above. 


Note on Limitations on Equations of Motion.—In the above discussion the body 
considered was assumed to be symmetrical with respect to the plane of motion. 
Thus the effective force system was equivalent to a coplanar system in the plane of 
motion, and the external force system was likewise assumed to lie in the plane 
of motion. When these conditions are satisfied three equations are sufficient to 


MOTION OF THE MASS-CENTER 239 


determine completely the motion of the body. It will be found that the kinetics 
problems most frequently encountered in engineering practice in connection with the 
translation, rotation, or plane motion of rigid bodies can be solved by use of the 
three equations obtained for the particular type of motion involved, on the basis of 
the above assumptions. 

For the most general type of motion of a rigid body, however, there are six 
equations of motion, and hence if one (or more) of the above assumptions is not 
satisfied, more than the three equations referred to above are needed for a complete 
solution although even then much useful information may often be obtained from the 
three equations alone. 

Furthermore, in certain problems in which the external forces do not lie in the 
plane of motion and hence do not satisfy one of the above assumptions, a complete 
solution may be made by using the inertia-force method, since this method then 
becomes equivalent to using one or more of the six equations of motion in addition 
to the three equations that are obtained by assuming that all the above-mentioned 
tonditions are satisfied. 


109. Motion of the Mass-Center of a System of Particles.—The 
steps outlined in the preceding article will be used first to deduce an 
important principle of kinetics, which is applicable to the motion of any 
mass-system (rigid or non-rigid) moving in any way, called the principle 
of the motion of the mass-center. 


Let a system of particles (Fig. 371) whose masses are denoted by 
aah 


m’, m'’, m’’’, etc., move in any way under the action of any force system 


Path of 
mass-center 


path of m0!” 
X X 


0 (a) - (b) 
Fia. 371. 


The principle of the motion of the mass-center expresses the relation 
between the external forces acting on this mass-system, the mass M of 
the whole system, and the acceleration of one point in the system, 
namely, the mass-center of the system. The principle may be deduced 
as follows: 

In Fig. 371(a) only three particles are shown, and for convenience 
the particles are assumed to move in a plane. The forces that act on 
each particle and give the particle its acceleration are shown in Fig. 
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371(b). The forces acting on any particle consist of the forces exerted 
by other particles of the system (internal forces such as F; and F2 
acting on the particle of mass m’) and any forces exerted by bodies that 
are not a part of the mass-system whose motion is being considered 
(external forces). The internal forces occur, of course, in equal, opposite, 
and collinear pairs. For example, in Fig. 371(6) the particle of mass 
m’ is acted on by two external forces, namely, the earth pull W, (weight 
of the particle) and the force P’, and by two internal forces F; and F9. 

Step 1. The acceleration of each particle is here assumed to be 
known; a’, a’’, a’’’, etc., are the accelerations of m’, m’’, m’’’, etc. 

Step 2. The resultant of the forces acting on any Garanlon is equal to 
ma and acts through the particle in the direction of the acceleration a of 
the particle; and the component of the resultant in any direction z is 
Maz, etc. 

Step 3. The z-component of the resultant of all the forces acting 
on all the particles then is 


R, = m'a’, + ma " a+ ma 0 Tae sa (1) 


Step 4. The x-component of the resultant of all the forces acting 
on all the particles may also be expressed in terms of the actual forces 
acting on all the particles, which are made up of forces external to the 
mass-system and the internal actions and reactions between the par- 
ticles. Hence 


dees ae CO Wectannt + ort internat [= m'a’ x = ma “i Ps ma a «ot ae (2) 


But by Newton’s third law (2F;)interna = 0 since the internal forces 
occur in pairs of equal, opposite, and collinear forces, and hence letting 
2F, refer to external forces only, we have 


2, = m't's + ma", + ma". |) a eee 


To evaluate the right-hand side of this equation for any body (mass- 
system) would, in general, be an endless task since the acceleration of 
each particle of the body would have to be found. 

It can be proved, however, that the right-hand side of the equation 
is equal to the product of the mass, M, of the whole system and the 
x-component of the acceleration, a, of the mass-center of the system. 
In Fig. 371(a) the 2-coordinates of the particles are denoted by 2’, x’, x’”’, 
etc., and the x-coordinate of the mass-center by %. From the definition 
of mass-center we have then 


mlx! + mlx! + mia" +. = Me... . (4) 


But, since the system of particles is in motion, the z-coordinates of the 
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particles vary with respect to time. Hence, differentiating the above 
equation with respect to ¢ we have 
ead. poe Ghicees dz 


Rint edie xeric mie Mae ty ee @) 


or 
em Oy my, 4 = MG, . . . (6) 


This equation expresses an important principle concerning the momen- 
tum of the system of particles and will be used later in Chapter X. 
Differentiating Eq. (5) with respect to ¢ we obtain 


dx! Shes tt dee dz 


1 eg a TE ae Pc 
or, 
ma’, + ma", + mal", +--+ = Ma,. . . (8) 
Therefore Eq. (8) may be written 
2h, = Ma, 


In a similar way equations involving the components in the y- and 
e-directions may be found. Hence the equations that express the 
relations between the external forces acting on any system of particles, 
the mass of the system, and the acceleration of the mass-center of the 
system are: 


DF, = Ma, 
e SP =| Ma hw ce sie ee ee 
LF, = Ma. 


If the resultant of the external forces acting on the system of particles 
is a force, denoted by R, the above three equations are equivalent to 


the single equation 
Re=IM G0 na sce Oe ee LO) 


where M is the mass of the system and 4@ is the acceleration of the mass- 
center of the system. 

The principle expressed either by equations (9) or by equation (10) 
is sometimes called the principle of motion of the mass-center; it simplifies 
the solution of many problems and is of great importance in the study of 
kinetics. The principle may be stated in words as follows: 


If an unbalanced external force system acts on a body (whether 
rigid or not), the resultant of the external force system, if a force, 
has a magnitude which is equal to the product of the mass of 
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the body and the acceleration of the mass-center of the body, and 
the direction of the resultant force is the same as that of the 
acceleration of the mass-center. 


It should be noted, however, that the action line of the resultant foree 
does not, in general, pass through the mass-center of the body. 


TRANSLATION 


110. Kinetics of a Translating Rigid Body.—The equations of motion 
for a translating rigid body may be found by applying the four steps 
outlined in Art. 108. In Fig. 372(a) is shown a body that is assumed 
to have a motion of translation when acted on by the external forces 
P, W,N, ete. It will further be assumed that the body is symmetrical 
with respect to the plane of motion and that the forces lie in the plane of 
motion. (See note in Art 108.) For convenience, the particles of 
which the body is composed may be regarded as small cubes. 

Acceleration of Any Particle-—Since the body has a motion of trans- 
lation, all the particles have the same acceleration a. 

Effective Force for Any Particle-—By Newton’s second law, the result- 
ant of the forces (not shown) that act on any particle of mass m and give 
it its acceleration a is equal to ma and is in the direction of a. This 
resultant force is the effective force for the particle. Thus, the effective 
forces ma, mea, etc. (Fig. 372a), constitute a system of parallel forces. 


W 


(a) 


rcs cee 


Resultant of the Effective Forces.—The resultant of the effective forces 
is a force and may be found by the methods of Chapter II. Thus, the 
magnitude of the resultant is equal to Sma = aXm = Ma, where M is 
the mass of the body; and the direction of the resultant is the same as 
that of the acceleration a of the body. The action line may be found 
by use of the principle of moments (Art. 26). Thus, if y (Fig. 372b) is 
the distance from any point O to the effective force ma for any particle, 
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and p is the distance from O to the action line of the resultant of the 
effective forces, we have 


Me-p = 20nay) = almy . 9. . . . . GL) 
or, 
Zmy My 
Se te 
ee Man MT @) 


where 7 is the vertical distance of the mass-center from O. Hence the 
resultant passes through the mass-center, G, of the body as shown in 
Fig. 373(a) and is not in the position shown in Fig. 372(). 

Summarizing: If a rigid body has a motion of translation, the 
resultant of the effective forces is a force of magnitude Ma, through 
the mass-center of the body, and in the direction of the acceleration a of 
the body. 

Relation between Effective Forces and External Forces.—Since, by 
D’Alembert’s principle, the resultant of the external forces is identical 
with the resultant of the effective forces, the resultant of the external 
forces is also a force (R, say) of magnitude Ma in the direction of a and it 
passes through the mass-center (@) of the body. Since the resultant 
passes through G, its moment (and hence also the sum of the moments 
of the external forces) about G is zero. This fact may be expressed by 
the equation 27 = 0, where 7’ denotes the moment of an external force 
about G. The resultant of the external forces is defined, then, by the 
equations 

: R= Ma 

“ aT 0 

Letting x and y denote any two perpendicular axes in the plane of motion, 
each side of the first of the above equations may be resolved into com- 
ponents in the z- and y-directions. Thus, R; = Ma, and Rh, = May,. 
But the components of the resultant R of the external forces may also be 
expressed in terms of the forces. Thus, R, = ZF, and hence 2P; = May. 
Similarly =F, = Ma,. Hence the first equation in (3) above may be 
replaced by two equations. The equations of motion, then, that 
express the relations between the external forces that act on the body, 
the mass of the body, and the acceleration of the body, may be written 


2F, = Ma,) 
Si MGs tes tec! ed ee ee) 
=T =0 


It should be noted that the first two of these equations could have been 
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obtained directly from equations (9) of Art. 109 since they apply to any 
type of motion. 
Alternative Method. Inertia-Force Method.—Since the resultant 


(Ma) of the effective forces (Fig. 373a) is identical with the ie 


W 


(b) 


HiGuave. 


of the external forces, it is obvious that, if a foreé equal to Ma and 
having the same action line as Ma, but of opposite sense, were added 
to the actual external forces (P, W, N, etc.) as shown in Fig. 373(6), 
the system of forces so constituted would hold the body in equilibrium 
and hence would satisfy the equations of equilibrium: 


>F,=0, =F,=0, =M=0. 


This additional (imaginary) force is sometimes called the reversed 
effective force or inertia force for the body. It is to be noted that the 
introduction of the inertia force has the effect of transforming the 
kinetics problem into an equivalent problem in statics. Methods of 
solution of problems by use of the equations of motion and by the 
inertia-force method will be illustrated in the following problems. 


Nots.—In analyzing and solving problems in 
kinetics of bodies, the same general procedure 
should be followed as was outlined in Art. 105. 


ILLUSTRATIVE PROBLEMS 


Problem 607.—The dimensions of block A 
(Fig. 374) are 3 ft. by 3 ft. by 5 ft. and the 
weight of the block is 1200 lb. The block 
rests on a carriage, B, which is given an 
acceleration a@ in the direction shown. If the 
friction between the block and carriage is suffi- 
cient to prevent slipping, what is the maximum 
= acceleration that the carriage can have without 
Tia. 374. ; ‘ ‘ é 
causing the block to tip over? 


Solution.—The block has a motion of translation under the action of two forces, 
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namely, the weight, W, and the reaction, R, of the carriage. For convenience the 
latter force, which acts at O when the block is on the point of tipping, will be resolved 
into the normal pressure, N, and the frictional force, F, as indicated in the 
figure. The equations of motion for the block are 


She = del) Diy er May 2 ee LT = 0, . 68) 


Since the x-axis is chosen in the direction of the acceleration of the body, it follows 
that az = a and a, = 0. 


From (1), 
2) 
oat (#) 
From (2), 
Ves 200k=30;¢ cock es ee: ee aes cee) 
From (38), 
ap ty Nac Og May on Me se 0g Se ce oem mee GY 


By solving these equations, we find 
F = 7201b. and a = 19.82 ft./sec.? 


Inertia-Force Method.—If the inertia force (reversed effective force) for the body 
is assumed to act on the body with the external forces, the body may be assumed to 
be in equilibrium (D’Alembert’s principle) and hence the equations of equilibrium 
may be applied to the force system thus formed. 

The inertia force for the translating block A is 


Its direction is opposite to that of a and its action line passes through the mass- 
center of the block. Therefore, the forces acting on the block as shown in Fig. 375 
will hold the block in equilibrium. The equations of equilibrium for the force system 
(Art. 44) are: 


~ 1200 
ZF, = F — 39.97 = (0); 
=F, = N — 1200 = 0, 
Mo = oe: 1200 x 2 =0. 
32.2 2 2 


The solution of the equations leads to the same re- 
sults as were found by the first method of solution. 

It should be noted that in obtaining the mo- 
ments of the forces in the above equilibrium equa- 
tion (2M,=0), the moment-center O may be 
taken as any point in the plane of the forces, Fra. 375, 
whereas the moments of the forces in the third 
equation of motion (Cove = 0) used in the first method of solution must be taken 
about the mass-center of the body. 

Problem 608.—The parallel rod of a locomotive (Fig. 376a) weighs 400 lb. The 
crank length, ri, is 15 in., and the radius, rz, of the drivers is 3 ft. If the speed of 
the engine is 50 mi./hr., what is the reaction of the pin at each end of the rod when 
the rod is in its lowest position? 
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Solution.—All particles of the rod have the same acceleration at any instant. 
When the rod is in its lowest position, the acceleration of each particle with reference 
to the engine frame is directed vertically upwards, its value being wry. The angular 
velocity, , is 

5280 X 50 1 
o= See ee oe X — = 24.44 rad./sec. LY 
r9 60 < 60 3 
The resultant of the effective forces acts through the mass-center, and its magnitude 
is 
400 15 
Ma = Mery = — 24.44)? * — = 9270 lb. 
Be BOE a ae 


W=400 Ib. 
Ry (2) Re 
Fia. 376. 


If this resultant is reversed and assumed to act on the body with the external forces, 
as shown in Fig. 376(6), the forces will be in equilibrium. 

It will be observed that the forces form a parallel force system. The equations 
of equilibrium for a parallel force system (Art. 48) are, 


PH Sxl 2g He KHON: 2 — ie eet) 
Using (1), 
Ry + Re — 9270 — 400 = 0. 
Using (2), 1 
Ry X 1 — (9270 + 400) X - = 0. 
Whence 2 
Ry = Ry = 4835 lb. 


PROBLEMS 


609. In Prob. 607, assume the acceleration of the cart and block to be 10 ft./see.2 
Determine the position of the action line of the normal pressure NV. 
Ans. 0.724 ft. from left edge. 
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610. The sliding door shown in Fig. 377 weighs 160 lb. If the force P is 60 lb., 
what is the acceleration of the door and what are the reactions at A and B, assuming 
the friction of the rollers to be negligible? 


HIG. 307. Fig. 378. 


611. A small car (Fig. 378) with its load weighs 800 lb. and the center of gravity, 
G,-efthe total weight is 5 ft. from the track. A force P of 120 lb. is applied to the 
car as shown. Neglecting the friction on the track, find the acceleration of the car 
and the reactions of the track on each pair of wheels. What would be the reactions 
on the wheels if the force P acted through the point G? 

Ans. a = 4.83 ft./sec.*; Ri = 310 Ib:; Ro = 490 lb; Ry = Re = 400 Ib. 

612. A homogeneous cube represented in Fig. 379 weighs 96.6 lb. The forces 
shown cause the body to have a motion of translation with an acceleration a in the 
direction indicated. If all forces are in the plane of motion what are the values of 
P, 0, and a? } 


VIGTTE. 


K—1 


52 7 
Fia. 379. Fria. 380. Fig. 381. 


613. In Fig. 380, a uniform bar AB weighing 64.4 lb. is connected by a smooth 
pitrat A to the frame C which weighs 128.8 lb. DB is a spring of negligible weight. 
When a horizontal force P is applied to the frame as shown, the system slides to the 
left on a smooth horizontal surface with an acceleration of 6 ft./sec.2 Find the 
magnitude of P. If the mass-center of the system is 18 in. above the surface and 
3 in. to the left of F, find the reaction of the surface on the frame at H and F. 

Ans. P =361b.; Rz = 53.0 lb.; Ry = 140.2 lb. 

614. In Prob. 613 determine the tension in the spring, assuming the bar AB to be 
vertical when the system is moving with.an acceleration of 6 ft./sec.? 

615. In Fig. 381, AB is a uniform bar that weighs 120 lb. It is attached to the 
frame C by a smooth pin at A and rests against a smooth surface at B. What hori- 


zontal acceleration to the right must be given to the frame to cause the pressure on 
the bar at B to be zero? Ans. a= 18.6 ft./sec.? 
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616. In Fig. 382, a block has attached to it a uniform bar AC whose weight is 
130 Ib. The bar is held in a vertical position by a smooth pin at A and a flexible 
cord BD. If the block is moved to the right with a velocity that increases uni- 
formly from 10 ft./sec. to 60 ft./sec. in 5 sec., what is the stress in the cord and 
pressure of the pin at A on the bar? 


10 Ib. 


Fie. 382. Fig. 383. Fie. 384. 


617. A homogeneous thin circular disk having a radius of 4 ft. rests on a smooth 
horizontal plane. If the four forces shown in Fig. 383 are applied to the disk in 
addition to its weight and the reaction of the plane, show that the disk will slide 
without rolling. If the acceleration of the disk is 8 ft./sec.’, find the weight of the 
disk and the reaction of the plane. Ans. W = 208 lb.; N = 226 lb. 


618. One half of a homogeneous cube represented in Fig. 384 is acted on by the 
four forces shown, in addition to its weight which is 40 lb. The forces lie in the 
plane of symmetry of the body. Prove that the forces give a motion of translation 
to the body and find the magnitude of the acceleration of the body. 


619. Bodies A and B (Fig. 385) are connected by a flexible, inextensible cord that 
passes over a weightless, frictionless pulley C. A weighs 644 lb. and the coefficient 
of friction between A and the plane is 0.2. What is the greatest weight B can have 
if A slides up the plane without overturning? Find the acceleration of A. 

Ans. W = 1340 lb. a = 16.2 fi/seos 


Fig. 385. Fig. 386. 


620. The dimensions of body A (Fig. 386) are 3 ft. by 2 ft. by 4 ft. and its weight 
is 1000 lb. Assuming that the body will not slip on the carriage, what is the maxi- 
mum weight that B may have without causing A to tip over when the acceleration 
of the carriage is 8 ft. per sec.2? The pulley D is assumed to be frictionless and 
weightless. 


621. In Prob, 620 assume the weight of B to be 100 Ib. and the acceleration of A 
to be 8 ft./sec.? Locate the action line of the normal pressure of the carriage on A. 
Ans. 0.504 ft. from left edge. 
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111. Kinetics of a Rotating Rigid Body.—The equations of motion 
for a rigid body that rotates about a fixed axis may be found by the 
method outlined in Art. 108. But since the equations of motion of the 
mass-center (Art. 109) apply to any body having any type of motion, 
they may be used for the motion of rotation here considered. However, 
it will be necessary to derive an additional equation of motion 
which involves the moments of the external forces that act on the 
body. 

In applying the equations of motion of the mass-center let Fig. 387 
represent a rigid body that rotates about a fixed axis through O under 
the influence of an unbalanced force system (the weight W, the force P;, 
and the reaction P of the axis). It will be assumed that the body is 
symmetrical with respect to the plane 
of motion and that the forces lie in 
the plane of motion (see note in Art. 
108). At any instant all particles of 
the body have the same angular velocity 
w and the same angular acceleration a 
about the axis of rotation. The linear 
velocity v and the linear acceleration 
a of any particle, however, vary as the 
distance r of the particle from the axis 
of rotation. Let G denote the mass- 
center of the body and 7 its distance Fia. 387. 
from O. Furthermore, let axes ON and 
OT normal and tangent, respectively, to the path of the mass-center be 
selected as axes of reference. The normal and tangential components 
of the acceleration @ of the mass-center are G, = fw? and a = fa 
directed as shown in Fig. 387. Hence the equations of Art. 109 when 
applied to a rotating rigid body with axes chosen as in Fig. 387 become 
>F,, = Mfw* and ZF; = Mra. These two equations take account of 
the effect on the motion of the body of the magnitude and sense of the 
resultant of the external forces if the resultant is a force. But the 
effect of the action line of the resultant force (or the effect of the moment 
of the resultant couple, if the resultant is a couple) must also be included 
in the equations of motion. This latter effect is taken account of by 
means of a moment equation which is derived by use of the steps in 
Art. 108 as follows: 

The resultant of all of the forces acting on any particle of mass m 
(the effective force for the particle) is ma and may be resolved into 
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components mrw” and mra as shown in Fig. 387. The moment about O 

of the effective force is mr2a since the component mrw” passes through O. 

Hence the algebraic sum of the moments of all the effective forces about 

the axis of rotation is equal to Dmr?2a = aLmr? = Ia, where I, denotes 

the moment of inertia of the body with respect to the axis of rotation’ 
(see Appendix for discussion of moment of inertia). 

Now the sum of the moments of the effective forces for all the par- 
ticles is equal to the sum of the moments of all the forces acting on all of 
the particles of the body, and these forces include all the external forces 
impressed on the body and all the internal forces exerted by the particles 
on each other. Hence we may write 


(27 6) external ae CT 5) tateenal = I,a 


But (27')internai is equal to zero since the internal forces occur in 
equal, opposite, and collmear pairs. Hence letting 27, denote the 
algebraic sum of the moments of the external forces only, we have 
el noe 

Therefore, with axes chosen as shown in Fig. 3887, the three equations 
of motion for a rigid body that rotates about a fixed axis are 


=F, = Myw? 
BF, = Mra t) 2 6) 6 eee 
ath, = Ihe 


It should be noted that equations (1) are not sufficient for the 
complete analysis of all problems involving the rotation of a rigid body 
since in the preceding discussion it was assumed that the body was sym- 
metrical with respect to the plane of motion and that the external forces 
were inthe plane of motion. If these conditions are not satisfied additional 
equations involving moments about axes perpendicular to the axis of 
rotation are needed. Equations (1), however, are sufficient for most 
problems encountered in engineering practice. Furthermore, as pointed 
out at the end of Art. 108, for certain problems in which the external 
forces do not lie in the plane of motion the inertia-force method gives a 
complete solution. 

If the body rotates about an axis through the mass-center, that is, 
if the points O and G coincide, then the right-hand members of the first 
two of the above equations become zero, since # = 0. The directions 
of the n- and f-axes then become indeterminate, and hence any two 
perpendicular axes in the plane of motion may be used as reference axes. 
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Denoting any two such axes by z and y, the above equations become 


iF, = 0 
iF, = 0 3.2 0 150s @. 185 6:6 6 Ce (2) 
Sieerla 


in which DT is the algebraic sum of the moments of the external forces 
about the axis of rotation (now through the mass-center) and J is the 
moment of inertia of the body about the axis of rotation. 

It is evident from equations (2) that the resultant of the external 
forces acting on a body that rotates about an axis through its mass- 
center is a couple whose moment is Ja. 
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Problem 622.—Two spherical balls are connected by a light, slender, rigid rod 
and made to rotate in a horizontal plane about a vertical axis midway between the 
balls by a couple F, F in a plane perpendicular 
to the y-axis as shown in Fig. 388. Each 
sphere is 12 in. in diameter and weighs 64.4 
lb. What is the moment of the couple if the 
rod and spheres acquire an angular velocity 
of 30 r.p.m. in 4 sec., starting from rest? If 
one of the two forces of the couple is applied 
9 in. from the axis of rotation and the other 
force is the reaction of the axis, what is the 
magnitude of each force? 


Fia. 388. 


Solution.—Since the two spheres have 
a motion of rotation about an axis through 
the mass-center of the spheres, the equations of motion are: 


Pie Ome.. (), lr, = 0. . s @), 2T—Ie 22 @) 


Letting the moment of the couple be denoted by C and the mass of each sphere by 
M we have, from (3), 
DT = C =a = 2(2Mr? + Md*)a 


2 64.4 6\7 _ 64.4 15\2 
= 2] 2x S4 x (3) +84 x (2) Jax = 6.650 
But, by definition, 


a =—— = —— = 0.785 rad./sec.? 


Therefore 
C= 6165 007851 —75-26 lbitt: 


But C=Fx2. + F = 5.23 + 7% = 6.97 lb. 
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Problem 623.—In Fig. 389, CD represents » brake for regulating the descent of 
the suspended body A. B is the drum from which the cable attached to A unwinds 


as A descends. The radius, ri, of the drum is 
6 ft. The radius, re, of the brake wheel is 
7 ft. The radius of gyration, ko, of the 
rotating parts (drum and brake wheel) about: 
the axis of rotation is 4 ft. The rotating 
parts weigh 2000 lb. and the body A weighs 
1000 Ib. The coefficient of brake friction is 
Yy. If friction on the axle of the rotating 
parts is neglected, find the acceleration, a, of 
the body A, the tension, P, in the cable, and 
the horizontal and vertical components, 1 
and Re, of the axle reaction, assuming the 
force at C to be 100 lb. Consider the cable 
to be flexible and neglect its weight. 


Solution.—Three bodies are to be con- 


sidered: (1) the brake CD which is in equilibrium, (2) the drum and the brake wheel 
which have a motion of rotation, and (3) body A which has a motion of translation. 
The free-body diagram for each body is shown in Fig, 390. The brake CD is held 


1000 Ib. 


(c) 


(d) 
Fra. 390. 


in equilibrium by a coplanar, non-concurrent force system for which 
the equations of equilibrium are: 

2F,=0, 2F,=0, ZMp=0. .... (1) 
The last equation only is needed in this problem since not all the 
forces acting on the brake are required. 

The equations of motion for the drum and brake wheel are: 

2Fei= 0. . ». @), BFy=0... . 8) 2 =i ee 
In addition to these equations the defining equation of the coefficient 


of friction must be used, namely, 


| ie Se 
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One equation of motion only is needed for body A, namely, 
Lh eee es enn car es. ss oe COD 


Further, since the total acceleration of body A is in the y-direction and since it has 
the same magnitude as the tangential acceleration, a, of a point on the circumfer- 
ence of the drum, we may write: 

Cini Che MOA Gy es a mo oe ye apes) 


Applying the equations we have: 


From (1), 
— 100 X4.5+0.5N =0. .. N = 900 lb. 
From (5), 
Fae i) 0225: 1b: 
From (2), 
SI SO, ch li = WS OOD, 
From (4), 
2000 
6P — 225 X7 = aor a NaCHES styee FO oh a WG) 
From (6), 
1000 
1000 — P ey Sn Preteen ti ea cee KE) 


Substituting < from (7) for a in (8) and replacing ay in (9) by a from (7), we have: 
Ue 


6P 295 x7 = Oo 6 xF, 
ie 32.2 6’ 
and 
1000 
1000 — P = = a. 


And, from (8), : 
Rz — P — 225 — 2000 = 0. 
These last three equations contain the three required quantities. The solution of 


the equations gives 
a = 12.54 ft./sec.2, P = 609 Ib., Re = 2834 lb. 


Problem 624.—A slender uniform bar (Fig. 391la) is free to rotate in a vertical 


plane about a smooth pin at O. The bar is held at rest with the free end vertically 
above O and is then released, allowing the bar to rotate. The bar is 2 ft. long and 


ian 


=O 


oe 
7208 dod “per 5% =70 
‘Odes Jod “pel gp A 


Fia. 391. 
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weighs 64 lb. (a) Find the angular velocity, w, of the bar for any angular displace- 
ment 6. (b) Find the horizontal and vertical components of the pin reaction on the 
bar when 6 = 90°. Use g = 382 ft./sec.” 


Solutton.—The forces acting on the bar when the angular displacement is 6 are 


shown in Fig. 391(a). The equations of motion for the bar are 
le = Mfw*. . . (1) DY Wii 5 (PA Z2T9 =Ipa. . . (3) 
From equation (3) we have 
64 sin 6 Pg ee 
A So pate 
3° 32 dt? 
Hence 
Bee a. 
ian sin 


dé 
Multiplying each side of this equation by oF and then integrating the resulting equa- 


tion with respect to t we have 


1 {do\? 
5 *) = — 24cos¢+C 
Since 
dé 
a vate (ea (ey =e! 
Therefore 


6 

Fe = V 48(1 — cos @) 
a6 
dt? 


dé 
When 6 = 90°, w = ie 48 and a = —; = 24. The free-body diagram for the 


bar when @ = 90° is shown in Fig. 391(6). Hence from equations (1) and (2) we have 


ZFn = Mfw? or Oz = $$ X1 X48 ~ Os = 96 Ib. 
ZF: = Mra or 64-0, =$$x1x 24 016i: 
PROBLEMS 


626/ A solid sphere 15 in. in diameter revolves with an angular velocity of 
500 F-p.m. about a fixed axis which passes through its center. What force lying in 
a diametral plane perpendicular to the axis and acting tangent to the surface will 
stop the sphere in 5 sec. if friction on the axis is neglected? The weight of the 
sphere is 500 lb. Ans. 40.6 Ib. 

\ 626, A weight of 30 lb. is suspended from a solid homogeneous cylinder that is 
mounted on a horizontal shaft, by a weightless cord which is wrapped around the 
cylinder. The cylinder weighs 193.2 lb. and its radius is 18 in. Bearing friction is 
18 Ib. and the diameter of the shaft on which the cylinder rotates is 4 in. If the 
suspended weight has an initial velocity of 10 ft./see. downwards, what will be its 
velocity after it has moved 10 ft.? What time is required to move the 10 ft.? 

627. What constant twisting moment must be applied to the shaft and balls 

_ shown in Fig. 366 (Prob. 600) in order that the shaft may be given an angular velocity 
of 80 r.p.m. in 4 sec., starting from rest? Treat the balls as particles and neglect the 
weight of the shaft and rods. Ans. 0.426 Ib. ft 
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628. A homogeneous cylinder (Fig. 392) weighs 193.2 Ib. and has a diameter of 
1 it. The cylinder rotates with an angular velocity of 120 r-p.m. A frictional force 
is developed at the surface by the foree P which causes the angular velocity to 
decrease uniformly to 40 r.p.m. in 4 sec. If the coefficient of kinetic friction is 0.1, 


find the value of 1B, 
(on) ¢ 
oe 


Fig. 393. Fig. 394. 


20 Ib. 


R, 


629. A homogeneous cylinder weighing 64.4 lb. and having a radius of 2 ft. rests 
between two smooth planes, as shown in Fig. 393. A force of 20 Ib. perpendicular 
to the axis of the cylinder is applied as shown. Find the angular acceleration of the 
cylinder, and the reactions Ri and Ro of the planes on the cylinder. 

Ans. a = 10 rad./sec.?; Ri = 31.4 lb.; Re = 59.7 lb. 

630. In Fig. 394, A is a homogeneous solid cylinder that weighs 322 Ib. and has a 
radits~of. 2 ft., B is a body that weighs 16.1 lb., and C is a weightless, frictionless 
pulley. Find the tension in the cord and the angular acceleration of the cylinder. 


Fira. 395. Fie. 396. 


(631. A disk A (Fig. 395) is caused to rotate about the axis YY by a weight C 
which is attached to a string that passes over a weightless and frictionless pulley 
and is wrapped around a cylindrical drum B that is attached to the disk. A small 
weight D is attached to the disk as shown. The weights of A, B, C, and D are 
128.8 lb., 32.2 Ib., 16.1 lb., and 8.05 lb., respectively. Find (a) the angular accelera- 
tion of the disk, (6) the tangential acceleration of D, and (c) the normal acceleration 
of D, 4 sec. after starting from rest. 

Ans. (a) 0.662 rad./sec.”; (6) 1.99 ft./sec.?; (c) 21.1 ft./sec.? 

632. In Fig. 396 is shown a circular disk that weighs 24 lb. and has a diameter 
of 4 ft. The disk rotates at 90 r.p.m. in a horizontal plane about a vertical axis 8 in. 
from C, the center of the disk. Small bodies weighing 12 Ib. and 4 lb. are rigidly 
attached to the disk at the points A and B, respectively. Find the horizontal force 
exerted by the axis on the disk. Also find the turning moment that must be applied 
to the disk to increase its angular velocity uniformly to 120 r.p.m. in 4 sec. 

633./The rod BCE (Fig. 397) is made to oscillate by means of the crank AD and 


line DC. The members are connected by smooth pins at B, C, and D. The rod 
BCE has a constant cross-section and weighs 16.1 lb. In the position shown its 
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angular velocity, w, is 60 r.p.m. clockwise, and its angular acceleration, a, is 
40 rad./sec.2 counter-clockwise. Find the force, P, exerted by the link DC at C, 
and the reaction, R, of the pin at B on the rod BL. 

Ans. P = 36.4\lb.; R =21.9 lb. 


Fia. 397. 


112. Second Method of Analysis. Inertia-Force Method.—In some 
problems dealing with the rotation of a rigid body under the action of an 
unbalanced force system, it is convenient to assume that the resultant 
of the effective forces is reversed and acts on the body with the external 
forces, thereby forming a force system that is in equilibrium (D’Alem- 
bert’s principle) and thus reducing the kinetics problem of a rotating 
body to an equivalent statics problem. The reversed resultant force 
(or resultant couple) is called the inertia force (or inertia couple) for the 
body. In order to use this method of solution, the resultant of the 
effective forces must be determined completely. This will be done 
assuming (1) that the body rotates about an axis that does not pass 
through its mass-center and (2) that the axis of rotation passes through 
the mass-center of the body. 

I. Roration asout AxIs NOT THROUGH Mass-CrentTER.—If the 
body rotates about an axis not through its mass-center, the resultant 
of the effective forces (and hence also of the external forces), as found 
in Art. 111, is a force. The components of this resultant force parallel 
to the n- and t-axes were found to be Mfw” and Mfa, respectively. The 
action line of the resultant may be determined by finding the point 
where it intersects the n-axis. Thus, if in Fig. 398 the resultant of the 
effective forces be resolved into its components M7w* and Mfa at the 
point where it intersects the n-axis, the distance, g, from this point to O 
may be determined from the principle of moments as follows: The 
sum of the moments of the effective forces about O, as shown in Art. 
111, is J,a. Further, the moment of the resultant of the effective forces 
is the moment of its tangential component, M7a, only, since the normal 
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component, Mfw*, passes through the center of rotation. Hence, the 
principle of moments is expressed by the equation 
. Mia-q = Iga. 

And, since I, = Mk,?, in which hk, is the radius of gyration of the 

body with respect to the axis of rotation, we may write: 
Mfa-¢ = Mk,?a, 
Be 

whence i= 

Therefore, the action line of the resultant of the effective forces inter- 


‘ ’ hae : 
sects the n-axis at a distance — from the center of rotation, as shown 
f 


in Fig. 398. And, since the resultant of the external forces is identical 
with the resultant of the effective forces, the body may be considered 
to be in equilibrium if the two forces Mra and Mfw”, having the action 
lines as determined above and shown in Fig. 398, but reversed in sense, 


Fia. 398. Fic. 399. 


are assumed to act on the body with the external forces. Hence, 
for the force system thus formed, we may write three equations of 
equilibrium. 

It is sometimes more convenient to replace the resultant of the 
effective forces by an equal parallel force through the mass-center and a 
couple. It can easily be shown that the moment of this couple is Ia; 
thus the force Mfa may be resolved (Art. 18) into an equal parallel force 
through G and a couple whose moment 1s 

Mfa(q — 7) = (Mk? — MF)a = Ia. 
Hence if the inertia couple fa and the inertia forces M7w” and M7a, as 
shown in Fig. 399, be added to the external forces acting on the body, 
the body will be in equilibrium. 
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Centrifugal Force.—The n-component, Mw”, of the inertia force for 
the body is called the centrifugal force for the body. If the body is 
rotating at a constant angular velocity (a = 0), then the centrifugal 
force is the total inertia force for the body. The nature of this so-called 
force is frequently misunderstood; the centrifugal force for a body ist 
not an actual force exerted on the body by some other body but is a 
force which if assumed to act on the body in addition to the actual 
forces acting on the body would hold the body in equilibrium, assuming 
the body to have a constant angular velocity. 

Il. Roration asour Axis THROUGH Mass-CrenTER.—If the body 
rotates about an axis that passes through its mass-center, 7 = 0 and 
hence each of the components, Mfa and Mfw’, of the resultant of the 
effective forces is zero. Therefore, the resultant is not a force. And, 
since the effective forces have a moment, the value of which is Ja, the 
resultant is a couple of moment Ja. The sense of the resultant couple is, 
of course, the same as that of a, the angular acceleration of the body. 
Further, since the resultant of the external forces that act on the body is 
identical with that of the effective forces for the body, the body may be 
considered to be in equilibrium if a couple having a moment equal 
to Ia and a sense opposite to that of a (the inertia couple for the body) 
is assumed to act on the body with the external forces. As in the 
preceding case, three equations of equilibrium may be written for 
the resulting force system. 


ILLUSTRATIVE PROBLEMS 


Problem 634.—A horizontal bar B 
(Fig. 400a) rotates with a constant 
angular velocity of 45 r.p.m. about a 
vertical axis YY. A slender rod C, of 
constant cross-section, having a length 
of 12 in. and a weight of 16 Ib. is at- 
tached to the rotating bar by means 
of a smooth pin at #, and is held in a 
vertical position by a weightless cord 
D. Find the tension in D and the 
magnitude of the reaction of the pin 
at # on the rod C. 


Solution.—A free-body diagram of 
the rod C is shown in Fig. 400(6). The 
rod has a motion of rotation about the 
vertical axis YY under the influence of 
three forces W, D, and the pin pressure 

Fia. 400. at H (the components of the pin pres- 
sure being denoted by EH, and Ey). 
If the reversed resultant of the effective forces (inertia force) for the rod 
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is assumed to act on the rod with W, D, #,, and E,, the rod may be considered to 
be in equilibrium. The inertia force is M7w?, since a = 0 and hence Mfa = 0. Its 
magnitude is 


16 
Mw? = — X2 


45 xX Qr\? 
32.2 


= 22. ; 
x22) won 


The action line of Mfw? passes through the mass-center of the rod. Thus, the forces 
W, D, Ez, Ey, and M7w", as shown in the free-body diagram, would hold the rod in 
equilibrium. Using the three equations of equilibrium, we have: 


ZF, = 22 —E, — Dcos 45° = 0,| 
ZF, = E, + Dcos45° — 16 =0, 
2Mz = 22 X6 —D X 9 cos 45° = 0. 
The solution of these equations gives the following results: 
D=20.7 lb. #H,=7.33lb., EH, =1.331b. EH = 7.45 |b. 


Problem 635.—Hoop Tension in Flywheel.—Let it be required to find the stress 
(often called hoop tension) in the rim of a rotating flywheel in terms of the rim 
velocity v and the weight of the material per unit volume. Assume that the rim is 
thin and that the effect of the spokes ey 
be neglected. 


Solution—In Fig. 401 is represented 
one-half of the rim of a flywheel. As the 
wheel rotates, each half of the rim tends to 
separate from the other half and is pre- 
vented from doing so by the stresses P, P 
which are developed in therim. The inertia 
force for the half of the rim is M7w? and it 
acts through the mass-center of the half- 
rim. And, since the inertia force is in 
equilibrium with the external forces (P, P) 
which act on the half-rim, the following 
equation of equilibrium may be written: 


wW 
OP 2 Mew? a2. Fra. 401. 
g 


in which W is the weight of the half-rim. Now if the thickness of the rim is small 
in comparison with the mean radius r, the mass-center of the rim may be considered 


Dap 
to coincide with the centroid of the semi-circular arc, and hence 7 = — (Prob. 332). 
Tv 


Whence 


1W 2 Wre 
(PSe— KS Sa 
29 Tv gr 
The stress, s, per unit of area of the rim cross-section is s = a which a is the 
area of the cross-section. Therefore 
Wr oo awrak rw? — krrw? 
eX es 
G 8 @ g = @ g 
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in which k is the weight of the material per unit volume. Or, since the velocity, », 
of the mid-points of the rim is equal to wr, the expression for s may be written in the 
form 
kv? 
§ =-——s 


g \ 


The units in which s is expressed are pounds per square foot if k is expressed in pounds 
per cubic foot, r in feet, g in feet per second per second, and w in radians per second. 
It will be noted, therefore, that the intensity of stress, s, developed in the rim of a 
rotating wheel, if the rim is thin and the effect of the spokes is neglected, varies 
directly as the square of the linear speed of the rim. 


Problem 636.—Superelevation of Railroad Track.—When a locomotive or car 
travels around a curve on a level track a horizontal force (called flange pressure) is 
exerted on the wheels by the rails. Let it be required to find the distance (called 
superelevation) that the outer rail must be raised above the inner rail to reduce the 
flange pressure to zero. This superelevation may be expressed in terms of the speed 
of the car, the radius of the curve, and the distance between the rails. 


Solution.—In Fig. 402, the pressures of the rails are Ry and Re, 6 being such an 
angle that the flange pressure is zero when the car is moving with a certain speed v. 
The resultant of Ry and Re will be denoted 
by R. W is the weight of the car, and r 
' is the radius of the curve around which 
the car is traveling. Since the mass-center 
of the car travels in a horizontal plane, the 
inertia force Mrw” is horizontal and its 
action line passes through the center of 
gravity, G, of the car, asshown. Since the 
inertia force is in equilibrium with the 
external forces, the three forces W, Mrw2, 
and R form a concurrent system in equilib- 
rium. Therefore, we may write: 


7.9 
Z us 
2F,=0, or Rsin 6 =—— 


gr 
Fia. 402. 
ieee ZF, =0, or Rceosd=W. 


> 


And, by dividing the first of these equations by the second, the resulting equation is 


v 
tan 6 =—- Now for small angles the sine and the tangent of the angle are approxi- 
gr 


mately the same. But from Fig. 402, sin 6 = —, in which dis the distance between the 


Qle 


: 
F ; ; é 
action lines of the rail pressures (usually taken as 4.9 ft.). Therefore tan @ = 7 

gr 
Hence, if v is expressed in feet per second, g in feet per second per second, and d and r 
in feet, the superelevation (in feet) is found from the equation 


vd 
gr 


In order to indicate common values of the superelevation, the values used on one 
particular steam railroad are given in the following table: 


e= 
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SUPERELEVATION OF OUTER RAIL IN INCHES 


Speed in Miles per Hour 
Degree* of 
Curve 

30 45 60 75 
1 3 ies 2 33 
2 3 25 4 65 
3 1f 33 6 94 
4 13 4t 8 
5 2 55 


* A one-degree curve is a curve (circle) in which a 100-ft. chord is subtended by a central angle 
of one degree. In a two-degree curve a chord of 100 ft. is subtended by a central angle of two 
degrees, and so on. 


PROBLEMS 


637. A common rule limits the peripheral speed of cast-iron flywheels or pulleys 
to 6000 ft./min. (Sometimes stated 1 mi./min.) Calculate the tensile unit-stress 
in the rim corresponding to this speed, assuming that the effect of the spokes may be 
neglected. Assume the weight of cast iron to be 450 lb./cu. ft. 

Ans. 970 Ib./sq. in. 


638. Calculate the greatest number of revolutions per minute at which a thin 
cast-iron hoop 4 ft. in diameter can rotate without bursting. Assume that the 
maximum tensile strength of the cast iron is 20,000 lb./sq. in. and that the material 
weighs 450 lb./cu. ft. 


639. The radius of a railroad curve is 1800 ft. What must be the superelevation 
of the outer rail in order to make the flange pressure zero when the speed of a car 
around the curve is 50 mi./hr.? Ans. e = 5.45 in. 


640. Do the superelevations given in the table in Prob. 636 reduce the flange 
pressure to zero for the speeds specified? Test several values. 


641. A small body is placed on a rough horizontal disk which rotates about a 
vertical axis. If the distance of the body from the axis is 9 in. and the coefficient of 
friction between the body and disk is 2%, find (1) the greatest angular velocity and 
(2) the greatest angular acceleration the disk can have without causing the body to 
slide. Ans. w = 5.35 rad./sec.;a = 28.6 rad./sec.” 


642. A homogeneous thin circular disk having a weight of 64 lb. and a diameter 
of 4 ft. rotates about a horizontal shaft, perpendicular to the disk and passing through 
its center, with a constant angular velocity of 10 rad./sec. A small weight of 8 lb. 
is rigidly attached to the disk at a distance of 1 ft. from the center. When the weight 
is vertically above the shaft, find the force exerted by the shaft on the disk. 


643. The bar AC (Fig. 403) together with the frame to which it is pinned rotates 
with a constant angular velocity of 30 r.p.m. about the vertical axis YY. The 
weight of AC is 16.1 lb. and the weight of CD may be neglected. Find the stress in 
CD and the horizontal component of the pressure of the pin at B on the bar AC. 

Ans. CD = 4.65 lb.; Bz = 13.15 lb. 
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644. A uniform bar AB (Fig. 404) of length J and mass M rotates about a 
vertical axis YY with a constant angular velocity, w. The inertia force for any 
element of mass dM is dMzw as indicated. Find the magnitude and line of action 


of the intertia force R for the bar in terms of M, 1, 6, and w. Find also the hori- 
zontal and vertical components of the reaction of the axis on the bar. 
Ans. R = 4Mlw? sin 6; AC = 31; 
Az =— ¥Mlw? sin 0; Ay = Mg. 
645. A homogeneous door of constant thickness is 8 ft. high and 4 ft. wide. The 
door swings on two hinges which are placed at the ends of a vertical edge. When the 
door swings with a certain constant angular velocity the horizontal component of 
the reaction at the lower hinge is zero. Find this velocity. 
Ans. w = 2.83 rad./sec. 
646. A disk rotates in a horizontal plane about a vertical axis through its center 
with a constant angular velocity of 60 r.p.m. A vertical bar which weighs 20 lb. 
and is 3 ft. long is pivoted at its lower end to the disk at a point 3 ft. from the axis 
of rotation of the disk. The bar is prevented from rotating about its lower end by 
a cord which is attached to the upper end of the bar and to the center of rotation 
of the disk. Find the tension in the cord. 


647. A uniform slender rod that is 6 ft. long and weighs 20 lb. is suspended from 
a horizontal axis at one end and is acted on by a horizontal force of 20 lb. at its mid- 
point. Determine (a) the resulting angular acceleration, (b) the resulting linear 
acceleration of the mass-center, and (c) the horizontal reaction of the axis on the rod. 

Ans. (a) 8.05 rad./sec.?; (b) 24.15 ft./sec.?; (c) 5 lb. 

648. A door of constant cross-section is 8 ft. wide and weighs 32.2 lb./ft. of width. 
It swings on its hinges so that its outer edge has a speed of 8 ft./see. Find the force 
applied perpendicularly to the door at the outer edge to bring it to rest in a distance 
of 1 ft. What is the horizontal reaction of the hinges perpendicular to the door 
while the force is acting? 


649. A flywheel used on a punching machine is 8 ft. in diameter and has a rim 
which weighs 1 ton. Each operation of punching a hole causes the speed of the 
flywheel to decrease uniformly from 100 r.p.m. to 80 r-p.m. The flywheel has 6 
spokes, each 3.5 ft. long. If the time of punching a hole is 0.5 sec., what moment 
is transmitted from the rim to the hub by each spoke? Assume that the thickness 
of the rim is small in comparison with the radius of the flywheel and neglect the weight 
of the hub and spokes. Ans. 607 lb.-ft. 


113. Center of Percussion—The point P (Fig. 405) on the n-axis, 
through which the resultant of the effective forces for a rotating rigid 
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body acts, is called the center of percussion of the body with respect to 
the given axis of rotation. Hence, the center of percussion is a point 


on a line joining the center of rotation and the mass-center, at a distance 
2 


ko. : : : 
q from the center of rotation, such that ¢ = — , in which k, is the radius 
1p 


of gyration of the body about the axis of rotation and 7 is the distance 
from the axis of rotation to the mass-center of the body. 

The physical significance of the center of percussion is suggested in 
the following illustration. Let a bar (Fig. 405) of weight W be free to 
rotate about a horizontal axis when a horizontal force, Ff, is suddenly 
appled to it. If the force, F, is applied above the center of percussion, 


Ry 


(c) 


Fia. 405. 


as shown in Fig. 405(a), the horizontal reaction, Re, of the axis of rota- 
tion acts towards the left and becomes larger as the force F is applied 
closer to the axis of rotation. If the bar is struck below the center of 
percussion, the reaction Ry acts towards the right, as shown in Fig. 
405(b). And if the bar is struck so that the center of percussion is on 
the action line of the force, as in Fig. 405(c), the horizontal reaction at O 
is zero, since the action line at F is collinear with the action line of the 
tangential component, Mya, of the resultant of the effective forces. 
It will be noted that the resultant of F and Rg, in each case, is collinear 
with Mfa, since the component of the resultant of the external forces in 
any direction is identical with the component of the resultant of the 
effective forces in the same direction, that is, if Mfa were reversed and 
applied to the body as an external force, it would hold F and Rg» in 
equilibrium. 
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An excellent illustration of the effect of varying the position of the 
force F' as above discussed is found in batting a baseball. If the ball 
strikes the bat at the center of percussion (about three-fourths the length 
of the bat from the end, assuming the axis of rotation at the hands) no 
reaction perpendicular to the bat is experienced by the batter. If, how- 
ever, the ball strikes the bat near the end or near the hands, the batter 
experiences a painful stinging of the hands as a result of the reaction 
perpendicular to the bat. 


PROBLEMS 


650. In Prob. 647, at what distance from the axis must the force be applied to 
cause the horizontal reaction of the axis to be zero? Ans. q = 4ft. 


651. In Prob. 648, how far from the hinge line must the force be applied in order 
that the hinge reaction shall have no horizontal component perpendicular to the 
door? 


PLANE MOorTron 


114. Kinetics of Plane Motion of a Rigid Body.—It will be assumed 
that the body is symmetrical with respect to the plane of motion and 
that the external forces lie in the plane of motion (see note at end of 
Art. 108). For these conditions there will be three equations of motion 
as explained in Art. 100. ‘Two of the equations may be taken directly 
from Art. 109; namely, 2F;, = Ma, and =F, = M4, which were found 
to apply to any mass-system having any type of motion. The third 
equation must involve the moments of the forces and will here be de- 
rived by applying the steps discussed in Art. 108. 

In Fig. 406 is shown a rigid body that is given a plane motion by a 
system of unbalanced external forces that act on it. At any instant, the 
body has an angular velocity w and an angular acceleration, a. Since 
the body is rigid the particles of which the body is composed all have 
the same angular velocity w and the same angular acceleration a about 
any axis perpendicular to the plane of motion. The linear velocity and 
linear acceleration of any particle, however, vary with the position of 
the particle in the body. 

As shown in Art. 96, a plane motion of a rigid body may be con- 
sidered, at any instant, as a combination of a pure rotation about an axis 
perpendicular to the plane of motion of the body through any point, O, 
in the plane of motion, which gives to the body the same angular velocity 
w and angular acceleration a that the body has at the instant, and a 
translation of the body which gives to each particle the same linear 
velocity and acceleration that the point O has at the instant. Thus the 
motion of any particle of the body is made up of two component motions, 
(1) a rotation about O and (2) a motion identical with that of O. Hence, 
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the acceleration of any particle at a distance, r, from O has a normal com- 
ponent, a, = rw”, and a tangential component, a, = ra, due to the rota- 
tion of the body about O, and also an acceleration, a, the same as that 
of O, due to the translation of the body. If now each of these compo- 
nents of the acceleration of the particle is multiplied by the mass of the 
particle, the components of the effective force for the particle are 
obtained. These components of the resultant of all the forces acting on 


Fia. 406. 


the particle (effective force) are shown in Fig. 407. For convenience ma, 
will be resolved into its two components m(a,), and m(d,)y as shown 
in Fig. 407. 

The algebraic sum of the moments of the effective forces about O 


= Ymra-r + Zm(ao)zy — ZM(Ae) yx 
= almr? + (do)22my — (do) y2mx 
et a eM YG) nM 2G) ae ts ee 


But the algebraic sum of the moments of the effective forces for all of 
the particles can also be expressed in terms of the actual forces which 
include all of the external forces and all of the internal forces (actions 
and reactions between the particles). Hence 


(2 AB y) external se (2 Ts) internal = Ia + My (Go de = ME(ao)y a A (2) 


But according to Newton’s third law, the internal forces occur in pairs 
of equal, opposite, and collinear forces and hence (27')intemna = 0. 
Therefore if 7, refers to external forces only, the above equation 


becomes DU, = he tee GO ee a EGE) = Ber ee a G)) 
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As already noted, the center, O, about which the assumed rotation 
takes place and about which the moments of the forces are taken may be 
any point in the plane of motion of the body. Thus, if the mass-center 
is selected for the center about which moments are taken, that is, if O 
coincides with G (Fig. 407), then, in Eq. (3), Zand 7 are zero; a, becomes 
a; I, becomes I; and DT, becomes DT. Hence the right-hand member 
of Eq. (3) reduces to one term, Ja. Thus the equations of motion for a 
rigid body having plane motion may be written: 


iF, = Ma, 
SF, =< Maj\ Sl) 
ST = Ia 


It may further be noted that Eq. (8) reduces to 2T, = I,a, not only 
if O coincides with G, but also if O is a point whose acceleration is zero, 
or if O is a point whose acceleration is toward (or away from) G, since 
in this case the quantity My(a,.)+ — MZ(a,), in Eq. (3) is zero; this 
fact may be proved by assuming in Fig. 407 that a, is along the line OG 
and selecting OG as the x-axis, in which case it will be found that the 
last two terms in equation (8) vanish. 


ILLUSTRATIVE PROBLEMS 


Problem 652.—A homogeneous cylinder which is 3 ft. in diameter and which 
weighs 805 lb. rolls, without slipping, down an 
inclined plane that makes an angle of 30° with 
the horizontal (Fig. 408). The mass-center of 
the cylinder has an initial velocity a = 50 
ft./sec. Find (1) the acceleration of the mass- 
center, (2) the magnitude of the friction force, 
and (8) the velocity, 5, of the mass-center at the 
end of 10 sec. 


Solution.—The cylinder has plane motion 
under the action of three forces, F, N, and 
W, as shown in Fig. 408. Let the z- and 
y-axes be chosen as shown in the figure. The 


Fra. 408. equations of motion are, 
DF, Madge oo. (1), SF = May. 2) Sa Tee 
From (1), / . 805 _ 
805 sin 30 —F=3o® 2 ua? Sel ale ee eae Comme) 
From (2), 
—805 cosis0% NV =)0; since d,)— On cu eetcn eC) 
From (8), 


Bp _ 1. 805 (3\3 
=f o%s5 (s/o 
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Four unknown quantities are involved in these three equations and hence another 
equation is needed. From the kinematics of the problem (see Prob. 537), we obtain 
the equation 

Cn fase Aaa mea os esiniek eockee CY) 
By substituting the value of a from (7) in (6) and solving for F, we obtain the equation 


highs 
= — 4d, 
2 
Substituting this value of F in (4), we obtain 


25 
Sn = 10.73 fte/see 5 X 10.73 = 134.1 lb. 


Since the mass-center moves with uniformly accelerated rectilinear motion, we may 
use the equation 

d = 0, + at, 
Hence 

d = 50 + 10.73 X 10 = 157.3 ft./sec. 


Problem 653.—At what height, h, should the cushion on a billiard table (Fig. 
409a) be placed so that the billiard ball on rebounding from the cushion will start 
off without causing any friction on the table? Ans. h =r. | 


—! 


(a) 


Fig. 409. 


“” 


Solution.—The free-body diagram for the ball for the conditions of motion 
imposed in the problem is shown in Fig. 409(b). The ball has plane motion; hence 
the equations of motion are 

Dieeuiie. 6. (ie LN, = Mae < . 2), OTs fans 6) 


Applying these equations in the order stated, we have 


2W WY ih 
ee N—-W=0 Pq=-—r" ee ee 
L g t 5 g 5 g uy 
From the first and third of these equations, we obtain the following equation 
W . 2 Vee 
= Gag = 545 Ta: 
g 5g 


Hence 
q=¢#r and h= dr. 


If the cushion is placed higher than this value of h, the friction of the table on the 
ball will be to the left in Fig. 409(b), and if it is placed lower the friction will be to 


the right. 
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PROBLEMS 


654. A homogeneous solid sphere rolls without slipping down a rough plane which 
is inclined at an angle @ with the horizontal. Show that the acceleration of the center 
of the sphere is 54 g sin 6, and that the ratio of the friction to the normal pressuxe 
must be not less than 247 tan 6 to prevent the sphere from slipping. 


655. A hollow cylinder weighing 32 Ib. rolls, without slipping, on a horizontal 
plane when acted on by a horizontal force of 16 lb. whose action line passes through 
the mass-center of the cylinder and is perpendicular to its axis. If the acceleration 
of the mass-center is 9 ft./sec.”, find, in terms of the outer radius r, the radius of 
gyration of the cylinder with respect to its axis. Also find the frictional force 
developed. 


‘656. A homogeneous cylinder is placed on the horizontal floor of a car so that it 
is free to roll in the direction of the track. The friction is sufficient to prevent 
slipping. If the car is given an acceleration of 3 ft./sec.” in the direction of the 
track, what will be the acceleration of the center of the cylinder relative to the track? 

Ans. a= 1 ft./sec.? 


657. A homogeneous cylinder weighing W lb. and having a radius of r ft. rolls, 
without slipping, on a horizontal surface when acted on by a horizontal force of 
14W lb. whose action line is 14r ft. above the surface, as shown in Fig. 410; the force is 
exerted by a string wrapped around a groove in the central plane of the cylinder. 
Find the acceleration of the mass-center of the cylinder. 


Z Vdd 


Fia. 410. Fie? 411. Fra. 412. 


658. A thin cylinder whose thickness may be neglected weighs W lb. It rolls, 
without slipping, on a horizontal surface when acted on by a horizontal force of 
1£W lb. applied to the top, as shown in Fig. 411. Find the acceleration of the center 
of the cylinder, and the frictional force between the cylinder and plane. 

Ans, a = 6.44 ft./sec.2; F = 0. 


659. A homogeneous sphere rolls down a plane inclined at an angle @ with the 
horizontal. If the coefficient of friction for the sphere and plane is 14, what is the 
maximum value of @ that will allow the sphere to roll without slipping? 


660. ‘Two solid cylindrical disks are keyed to an axle as shown in Fig. 412. A 
string is wrapped around the axle in its central plane, and a force, P, is exerted by the 
string in a direction parallel to the plane on which the disks roll and tangent to the 
under surface of the axle. Each disk weighs 20 lb. and is 2 ft. in diameter. The 
axle is 6 in. in diameter and weighs 40 lb. The magnitude of the force P is 8 lb. 
Will the disks and axle roll forward or backward? Find the acceleration of the 
central axis of the disks and axle. Ans. a = 1.91 ft./sec.? 
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\661, Hf the string in the preceding problem is wrapped around the axle in the 
opposite direction so that the force P is tangent to the top of the axle, what is the 
acceleration of the central axis of the disks and axle? 


oF homogeneous sphere having a weight of 100 lb. and a radius of r ft. is 
placed on a horizontal surface. A horizontal force of 20 lb. is applied to the sphere, 
the action line of the force being Mr ft. from the surface. The coefficient of friction 
for the sphere and surface is {9. (a) Find the linear acceleration of the center of 
the sphere. (6) Find the angular acceleration of the sphere. (c) What type of 
motion does the sphere have? Ans. da = 3.22 ft./sec.?; a = 0; Translation. 

663. A homogeneous sphere and a homogeneous cylinder start from rest at the 
top inclined plane and roll without slipping to the bottom of the plane. Which 
will reach the bottom in the shorter time? 


aS 
Fp 2b age w& 
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664. The resultant, R, of all forces acting on the connecting rod (Fig. 418) is 
320 Yh-and its action line is located as shown. If the connecting rod is 30 in. long 
and weighs 80 lb., what is the linear acceleration of the mass-center of the rod and 
the angular acceleration of the rod, assuming the rod to be of constant cross-section? 

Ans. G@ = 129 ft./sec.?; a = 74.2 rad./sec.” 
65. A solid sphere having a radius of 8 in. and a weight of 161 Ib. is made to roll 
up a Tough inclined plane (Fig. 414) by means of a flexible cord, one end of which is 
attached to an axis through the center of the sphere. The cord passes over a smooth 
peg and has attached to its other end a suspended body B which weighs 100 lb. 
Find the acceleration of the body B and the tension in the cord. ; 


Fig. 414. Fig. 415. 


\ 666. In Fig. 415, A is a body consisting of two cylindrical disks having a radius 
of 8 in. connected by an axle having a radius of 2 in. (similar to the arrangement 
in Fig. 412). The weight of A is 40 lb. and the radius of gyration about the axis of 
the axle is 5in. A cord wrapped around the axle passes over a smooth, weightless 
pulley and is attached to a body B that weighs 60 lb. The coefficient of friction be- 
tween B and the horizontal plane is 0.2. If A rolls, without slipping, down the in- 
clined plane, find the tension in the cord and the acceleration of B. 

Ans. T = 21.86 lb.; a = 5.29 ft./sec.? 
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667. A plane 12 ft. square with two of its sides horizontal makes an angle of 30° 
with the horizontal. A homogeneous cylinder rolls, without slipping, along one of 
the diagonals. If the cylinder starts from rest at the upper corner what will be the 
velocity of its mass-center when it reaches the lower corner? 


668. A homogeneous sphere rolls down a plane that makes an angle of 45° with 
the horizontal. If the coefficient of friction between the sphere and plane is 0.2 will 
the sphere roll without slipping? Ans. No. 


669. A homogeneous sphere haying a weight of 64 Ib. and a radius of 1 ft. rolls, 
without slipping, on a smooth horizontal plane when acted on by a horizontal force 
of 16 1b. Find the distance from the plane to the action line of the force. 


MMMM, 


—— 
Ys, Yi 


Na B 
Fia. 416. Fia. 417. Fig. 418. 


670. A homogeneous cylinder 1 ft. in diameter has a flexible cord wrapped 
around its central plane. One end of the cord is attached to a fixed plane as shown 
in Fig..416. The cord is taut when the cylinder is allowed to fall. Find (a) the 
acceleration of the mass-center, (b) the angular acceleration of the cylinder, and 
(c) the distance traveled by the mass-center in 2 sec. 

Ans. @ = 21.4 ft./sec.?; a = 42.9 rad./sec.?; s = 42.9 ft. 


\ 671. A uniform rod AB (Fig. 417) moves with its ends B and A in contact with 
smodoth-planes which are vertical and horizontal respectively. A variable horizontal 
force, F, is applied at the end A. The weight of the rod is 16.1 Ib. and its length is 
8 ft. If the value of F for the position of the rod shown (@ = 60°) is such that the 
angular acceleration, a, of the rod is 3 rad./sec.”, and the angular velocity, «, is 
2 rad./sec., what are the values of F, Na, and Np? 

Ans. Na = 6.17 lb.; F =— 0.08 lb.; Ng = 1.22 Ib. 


\ 672. In Fig. 418, AB is a uniform slender rod 3 ft. long that is suspended from O 
by a flexible cord OA 2 ft. long. The weight of the bar is 16.1 lb. When a horizontal 
force P is applied to the bar the initial linear acceleration of the mass-center is 
8 ft./sec.? horizontally to the right and the angular acceleration is 4 rad./sec.? 
counter-clockwise. Find the magnitude, line of action, and sense of P. 

Ans. P = 4 lb. to right and 1.875 ft. below A. 
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REVIEW QUESTIONS AND PROBLEMS 


673. Complete the following statement: The equations of motion for a body are 
the equations expressing the relations between the following three factors or quan- 
tities: 

674. Define: (a) weight of a body, (b) mass of a body. 

675. Is the following definition correct? The engineer’s unit of mass, called a 
slug, is the mass of a body that is given an acceleration of 1 ft./sec.? by a 1-lb. force. 

676. What is the weight of a body having a mass of 1 slug? How many units 
of mass (slugs) in a body weighing W lb.? 

677. State Newton’s second law of motion. 

When attempting to compare the weights of two small bodies (pebbles, say) a 
person instinctively jounces or shakes the bodies in his hands. Why does this 
enable the person to obtain a better estimate of the relative weights than he could 
by merely supporting the bodies in his hands? 

678. In analyzing the motion of a body by use of Newton’s laws of motion, why 
is the body considered to be made up of particles? Define effective force for a 
particle. 

679. State Newton’s third law of motion. 

Let A and B be two bodies between which there are mutual actions; if A is a 
freely falling body and its weight is one of the two (mutual) actions, what body is B? 

680. Explain briefly the four steps followed in obtaining the equations of motion 
for a body. 

681. Point out and correct the error in the following statement: The principle 
of motion of the mass-center states that if the resultant of all the external forces 
acting on any body is a force, its magnitude is equal to the product of the mass of the 
body and the acceleration of the mass-center, a, of the body, and it acts through the 
mass-center in the direction of @. 

682...Write the three equations of motion for a rigid body having each of the fol- 
lowing types of motion: (a) translation, (6) rotation about an axis not passing 
through the mass-center, and (c) plane motion. 

683. (a) State D’Alembert’s principle. (6) Define inertia force for a body. 
(c) Explain the inertia-foree method of solving kinetics problems. (d) What is 
meant by the term “centrifugal force”; is it an actual force exerted by one body on 
another body? 

684. Specify the magnitude, sense, and action line of the inertia force for a trans- 
lating rigid body of mass M having an acceleration a. 

685. If a rigid body rotates about a fixed axis with an angular acceleration, 
under what conditions will the resultant of the external forces acting on the body be 
(a) a force, (6) a couple? 

686. Prove that the resultant of the effective forces (and hence also of the external 
forces) for a rigid body rotating about a fixed axis not through the mass-center 


intersects the line connecting the mass-center and center of rotation at a distance 
ko? : 

— from the axis of rotation. 

F 


687. A rigid body of mass M is given a plane motion by an unbalanced force 
system, the acceleration of the mass-center being denoted by @ What are the 
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magnitude and direction of the resultant of the external forces acting on the body? 
Does this force act through the mass-center? 

688. A rigid body has plane motion: (a) If the acceleration, @, of the mass- 
center is zero and the angular acceleration, a, of the body is not zero, what can be 
said about the resultant of the forces acting on the body? (6) If a is zero and Gis 
not zero, what can be said? 

689. Steam is shut off when a train running at a speed of 30 mi./hr. reaches a 
0.4 per cent down-grade. What will be the velocity of the train after 100 sec. if the 
train resistance is 10 Ib./ton? Ans. v = 27.8 mi./hr. 

690. A man weighing 150 lb. leaves his room by way of a window which is 50 ft. 
above the ground. He has a rope that is long enough to reach to the ground but it 
can support a force only of 125 lb. What is the least velocity with which he can 
reach the ground? Ans. v = 23.2 ft./sec. 

691. Two strings pass over a smooth cylindrical fixed drum whose axis is hori- 
zontal. On one side of the drum the strings are attached to a 50-lb. weight; on the 
other side one string is attached to a 40-lb. weight and the other string to a 30-lb. 
weight. Find the acceleration of the weights and the tension in each of the strings 
during motion. Ans. 130 = 25 lb.; Ta = 33.3 lb.; a = 5.37 ft./sec.? 

692. A door is hung on a track as shown in Fig. 419. The coefficient of friction 
for each of the shoes (A and B) and the track is 44. The door weighs 3001b. What 
force P is required to give the door an acceleration of 4 ft./sec.?? Find the vertical 


reactions of the shoes on the track. 
Ans. P =1121b.; Ra = 43.9 lb.; Rp = 256 lb. 


Fra. 419. Fia. 420. 


693. The drum B (Fig. 420) is rotating with an angular velocity w = 120 r.p.m. 
when the brake C is applied. The drum is a solid cylinder and has a radius of 10 in. 
Its weight is 2000 Ib. If the coefficient of brake friction is 0.2, what force, P, is 
required to reduce the angular velocity of the drum to 30 r.p.m. in 3 sec.? Neglect 
axle friction. Find also the horizontal and vertical components of the reaction of 
the axle on the drum. Ans. P = 203 lb. 


694. A flat-topped boat having a weight of 300 Ib. and a length of 12 ft. is resting 
in still water. A man weighing 150 lb. stands at one end of the boat. The man 
starts to run with a speed increasing at the rate of 10 ft./sec. each second. When 
he reaches the other end of the boat he jumps. Assuming that the water is a perfect 
(frictionless) fluid, what is the acceleration of the mass-center of the boat and man 
(considered as one body) before the man starts to run? While he is running on the 
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boat? After he jumps from the boat but before he strikes the water? What is the 
acceleration of the boat while the man is running on it? 


695. Two spheres A and B (Fig. 421) connected by a light slender rod revolve in a 
horizontal plane about an axle fixed in the top of a vertical post which supports the 
two bodies. A weighs 4 lb. and B weighs 12 Ib. The spheres rotate with an angular 
velocity of 80 r.p.m. What horizontal force acts on the post tending to bend the 
post? The mass of the rod may be neglected. Solve by considering A, B, and the 
rod as a single mass-system. Ans. R = 14.5 lb. 


Fia@. 422. 


696. A circular disk (Fig. 422) weighs 100 lb. and is 4 ft. in diameter. The disk 
rolls to the right on a straight horizontal track. The angular velocity of the disk is 
2 rad./sec. and the angular acceleration is 4 rad./sec.? Find the horizontal force P 
required to produce this motion. Solve in three ways, using the points O, O’, and O”’ 
as moment-centers in the moment equation. The acceleration of O’ is toward the 
mass-center and the acceleration of O” is zero. Ans. P = 87.3 |b. 


697. A solid wooden disk 10 ft. in diameter rotates in a horizontal plane about its 
geometric axis. Two small bodies each weighing 50 lb. are attached to the disk at a 
radius of 4 ft. from the axis of rotation so that 
the radii make an angle of 90°. If the disk 
rotates at 40 r.p.m. what is the resultant hori- 
zontal pull on the axis? Solve by two methods. 

> Ans. 154 lb. 


698. In Fig. 423, A represents a frame which 
revolves about a vertical axis at a constant angu- 
lar velocity w = 40r.p.m. A bar, B, is attached 
to the frame at FH by means of asmooth pin. At 
the end of B a spherical ball, C, is fastened. B 
weighs 20 lb. and is 16 in. long. C weighs 8 lb. 
and is 4 im. in diameter. Find the reaction of 
the pin at FE and of the frame at F, on the bar. 

Ans. E = 89.0 lb., 62 = 161° 40’; F = 46.3. 


CHAPTER IX 
WORK AND ENERGY 


115. Introduction.—In the preceding chapter the relations between 
force, mass, and acceleration were developed from Newton’s laws of 
motion and applied to the motion of bodies under the action of unbal- 
anced forces. As already noted, the quantities involved directly in 
Newton’s laws are force, mass, and acceleration. But, acceleration 
involves the quantities velocity, distance, and time. Now, in many 
problems in engineering, it is convenient to use certain other quantities, 
the more important of which are: work, power, energy, impulse, and 
momentum. The expression for each of these quantities is a combination 
of some of the six quantities (force, mass, acceleration, velocity, dis- 
tance, and time) which are involved in Newton’s laws of motion. Thus, 
force and distance combine to measure work; force, distance, and time 
combine to measure power; mass and velocity combine to measure 
momentum and kinetic energy; force and time combine to measure 
impulse, etc. Although the conceptions of these quantities are more or 
less a result of our experience with physical phenomena, the exact rela- 
tions between them, as expressed in certain principles to be developed 
in the following pages, are based on the definite fundamental laws of 
Newton. 

The present chapter is devoted to a discussion of the meaning and 
use of work, of energy, and of certain principles that express relations 
between these two quantities. Although no fundamental physical laws 
other than those of Newton are used in developing the principles of 
work and energy, nevertheless, the method of analysis which makes 
use of work and energy, possesses certain advantages over the method 
which makes use directly of force, mass, and acceleration, even in cer- 
tain types of problems which involve only rigid bodies having rather 
simple types of motion such as translation, rotation, and plane motion. 
And, in dealing with non-rigid bodies having unordered motion, that is, 
motion in which the particles of the mass system (body) do not follow 
definite known paths, the principles of energy are of particular impor- 
tance. In fact, the study of the behavior of non-rigid bodies in general, 
such as water, steam, gas, and air is largely based on the principles of 
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energy and, hence, these principles play an important part in hydraulics, 
thermodynamics, ete. 


§ 1. Work anp PowrER 


116. Work Defined.—A force does work on a body if the body on 
which the force acts moves so that the displacement of the point of 
application of the force has a component in the direction of the force. 
The amount of work done by a constant force whose point of applica- 
tion has a rectilinear displacement is the product of the force and the 
component of the displacement of its application point in the direction 
of the force. The work may also be expressed as the product of the 
component of the force in the direction of the displacement of its appli- 
cation point and the displacement. The component of the force in the 
direction of the displacement of its application point is often called the 
working component. And the component of the displacement in the 
direction of the force is called the effective displacement. 

117. Algebraic Expressions for Work Done by a Force.—The 
mathematical expression for the work, w, done by a force, F, in a dis- 
placement, s, of its application point depends on the way the force varies 
during the displacement. Several important special cases are con- 
sidered here. 

I. The force is constant in magnitude and in direction and agrees in 
direction with the displacement as, for example, the force exerted in 
lifting a body vertically upward with a uniform acceleration. The 
amount of work done is 

“ w= F-s. 

II. The force is constant in magnitude and in direction but does not 
agree in direction with the 
displacement (Fig. 424). The 
amount of work done is 


w = F cos6-s = F;:s, 


LL ddd iiiiiiiiiiiiiiiiiiiiiiiijpijila 
in which F cos @ is denoted ‘ies 26% 
by F; since F cos 6 is tangent 
to the path of the point of application. 

III. The force varies in magnitude but not in direction, and the 
direction agrees with that of the displacement, as, for example, the 
force exerted in compressing a helical sprmg or the steam pressure 
against the piston of a steam engine after cut-off. Thus, in compress- 
ing a spring, the force corresponding to any position, s, is F (Fig. 425), 
and this force may be assumed to remain constant in an infinitesimal 
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displacement, ds. Hence, according to case I, the work done by the force 
F in the displacement ds is dw = Fds, and the total work done on the 
spring, as F varies from its initial to its final value, is 


89 \ 
w yf Fds.= Fg, h8, 
8} 


where Fy, is the space-average value of the 
force in the displacement As or sg — s,. In 
order to evaluate the integral by the meth- 
od of calculus, F must be expressed in terms 
of s. That is, the manner in which F varies 
Be with s must be known. 


IV. The force varies in magnitude and 
in direction, as, for example, the pressure 
of the connecting rod on the crank pin of . 
an engine (Fig. 426). The expression for 
the work done by the force is found by the 
same method as was used in case IJ] except 
that the tangential component of the force 
— must be used. Hence 


82 
Fra, 425. w= f F.ds 
81 


This expression applies whether the displacement is along a circular 
path or not. But when the displacement takes place in a circular 


Qiiidddrel 


Fra. 426. 


path the elemental displacement ds is expressed by the equation ds = 


rdd. Whence 
82 82 Og 
W =f F ids =f F de if Td6, 
81 81 0, 


in which T is the torque or moment of the force about the center of the 
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circular path. And if the torque remains constant during an angular 
displacement, 6 = 02 — 6,, then 


82 
Q 


i 


Thus, in one revolution, the work done by the force F having a moment 
T about the center of the circular path is w = 7-27. And if n revolu- 
tions occur per unit of time, then the work done per unit of time is 
w= T-20n. ° 

118. Work Done by a Couple.—In Fig. 427, the couple whose 
moment is #'-2r turns through an angle dé during 
which displacement the forces F of the couple may 
be assumed to be constant. The work done by ,f 
the forces of the couple is 27ds or 2Frdé. But %}@8==~<- 
F -2r is the moment of the couple. Therefore, the “A 
work done by the couple in the angular displace- ‘ 
ment dé is the product of the moment, T', of the 
couple and the angular displacement, dé, of the 
couple. Further, if the angular displacement of the couple is @ = 62 — 44, 


then the work done is 
CD) 
w= fi Td@. 
1 


If the moment of the couple remains constant during the angular dis- 
placement 6, the work done by the couple is w = T8. 

119. Work a Scalar Quantity. Sign and Units of Work.—Work is 
a scalar quantity. Thus the work done by one force may be added 
(algebraically) to the work done by another force regardless of the 
directions of the forces or of the displacements of their points of applica- 
tion. And the work done on one body of a system may be added (alge- 
braically) to the work done on the other bodies of the system in order 
to obtain the total work done on the system, regardless of the manner 
in which the bodies move. 

It is convenient to regard the work done by a force as having sign. 
Work is positive when the working component of the force and the dis- 
placement of its application point agree in sense, and work is negative 
when the working component and the displacement are opposite in 
sense. Thus, a force which retards the motion of a body does negative 
work on the body. 

The unit of work is the work done by a unit force acting through a 
unit distance and hence depends on the units used for force and distance. 


Fie. 427. 
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Thus, the more common units for work in the gravitational (engineer’s) 
system of units are the foot-pound, inch-pound, meter-kilogram, ete. 
No one-term names are given to the units of work in the gravitational 
system of units. The common units of work in the absolute syste 
of units are the dyne-centimeter, which is called an erg, and the joule, 
which is 107 ergs. For large units of work the horse-power-hour and 
the kilowatt-hour are used. For a definition of these units see Art. 122. 
120. Graphical Representation and Calculation of Work.—In cal- 
culating the work done by a variable force, by the calculus method, 
the working component, F;, of the force must be expressed in terms of the 
displacement s. If it is impossible to express F; in terms of s, or if, 
when possible, the expression for F; is complex and difficult to use, the 
relation between /; and s may be expressed graphically by means of a 
graph or curve, and the work done may be found from the graphical 
diagram as follows: If values of F; and s are plotted on a pair of rec- 
tangular axes for all positions of the application point of the force F, the 
curve joining the plotted points is called a tangential-force-space (F'; — s) 
curve (Fig. 428). In most problems, only a sufficient number of values 
of F; are plotted to make it possible to draw a reliable F'-s curve, values 
of F, being plotted more frequently when the value of F; is changing 
the more rapidly. The work done by 
a variable force F as shown in Art. 117 


82 
isw = if Fids. But F,ds represents 
$1 
an elemental part of the area (Fig. 428) 
= between the F;-s curve and the s-axis. 
re And the total area under the F;-s curve 
between any two ordinates correspond- 
ing to abscissas s; and so is 


$2 
$=Displacement area = / F ds 
S1 


Tangential or working component 


Via. 428. 


Therefore, the worl: done by a force in any displacement s is repre- 
sented by the area under the tangential-force-space curve between the 
ordinates at sy and sg. This diagram is called a work diagram. In deter- 
mining the amount of work represented by the work diagram, the scales 
used in plotting the F;-s curve must be considered. Thus, if ordinates 
are plotted to a seale of lin. = 50 1b. and abscissas to the scale of lin. = 
5 ft., then each square inch of area under the F;-s curve represents 250 
ft.-lb. of work. 


Since the area of a work diagram equals the product of the average 
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ordinate and the base, the work done by a force equals the (space) 
average value of the tangential (working) component of the force and 
the length of the path described by the application point. 

The area of the work diagram may be found by means of a planimeter 
or by dividing the area into small strips and applying Simpson’s rule. 
Or, in some cases, less exact methods may be employed in estimating 
the area. 

121. Work Done on a Body by a Force System.—So far, the work 
done on a body by a single force or by a couple has been considered. 
In general, however, a body is acted on by a force system, and, in order 
to find the work done on the body in any displacement, the work done 
by the whole force system must be found. The work done by a force 
system is the algebraic sum of the works done by the forces of the system, 
and in general is not equal to the work done by the resultant of the 
system. Thus if two equal, opposite, and collinear forces F, F be 
applied at the ends of a helical spring causing the spring to stretch as 
the magnitude of the forces F’, F increases, the work done by the forces 
in stretching the spring is the product of the average value of F and the 
increase in the length of the spring, although the resultant of the two 
forces F, F is at all times equal to zero. 

If the spring in the above discussion be replaced by a rigid stationary 
bar and two equal, opposite, and collinear forces Y, F be applied along 
the axis of the bar, it is obvious that the work done by the two forces is 
zero, regardless of the manner in which the magnitude of the two equal 
forces may vary during the time they act on the bar, since the point of 
applieation of each force does not move. If the bar is moved in any 
way while the two equal, opposite, and collinear forces are acting on it, 
it can likewise be shown that the work done by the forces is zero, assum- 
ing as before that the bar is rigid, that is, that the distance between the 
points of application of the forces remains constant. Hence an impor- 
tant proposition may be stated as follows: The work done by two forces 
which at all times are equal, opposite, and collinear is zero provided the 
distance between the points of application of the forces remains constant. 
This proposition is true regardless of the displacements of the points of 
application of the forces or the manner in which the magnitude of the 
two equal forces varies during the displacement. 

This principle will be found to be of particular importance in the 
discussion of the principle of work and energy for a rigid body (Art. 131). 
For in a rigid body the distance between any two particles remains con- 
stant and, by Newton’s third law, the forces that the two particles exert 
on each other are equal, opposite, and collinear and hence the work done 
by each such pair of forces in any displacement of the body is zero. 
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Therefore in any displacement of a rigid body the work done by the 
internal forces is zero. 

Although it is not always possible to find the work done by a force 
system acting on a body by finding the work done by the resultant of 
the system, as stated above, it is sometimes possible to do so. Thus, the 
work done by the earth-pulls on the particles of a body (weights of the 
particles) in any displacement of the body is found to be equal to the 
work done by the resultant of the weights of the particles, that is, by 
the weight of the body. This may be formally stated in the following 
proposition: The work done by the weight of a body in any displacement 
of the body is equal to the product of the weight of the body and the vertical 
component of displacement of the center of gravity of the body. 


ILLUSTRATIVE PROBLEMS 


_ Problem 699.—A helical spring (Fig. 429) haying a modulus of 200 lb. /in. is com- 
pressed s = 4 in. by an axial load. How much work is done by the (variable) load 
in compressing the spring? 

Solution.—If Py denotes the force corresponding to any compression, y, of the 
spring, then, from case III, Art. 117, we have 


w= Pydy. 
But 
Py = 200y. 
Hence 
$s 
w = yf 200y dy 
0 
200s? 200(4)? 
Se ae (whens = 4) 
= 1600 in.-lb. 
YELL 20) 0s? 


Fra. 429) The expression w = — ; may be written: 


200s P : 
x — X s = area of triangular work diagram 


= average force times total displacement 
= area of rectangular diagram having the same area as the triangular diagram. 


Problem 700.—The component F of the crank-pin pressure F in Fig. 426 is called 
the tangential effort. The tangential-effort diagram for a steam engine (similar to 
Fig. 430) is drawn to the following scales: 1 in. of ordinate = 24 lb./sq. in. of piston 
area and 1 in. of abscissa = a 30°-are of the crank-pin circle. The area under the 
curve is found to be 11.5 sq. in. Find the work done on the crank-pin per square 
inch of the piston area per stroke (one-half revolution), if the crank length is 7.5 in. 
Also find the total work done per stroke, the diameter of the piston being 14 in. 


Solution.—A 30°-are of the crank-pin circle = 3,92 in. 
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1 sq. in. of the work diagram = 24 « 3.92 = 94.2 in.-lb. Work done per stroke per 
square inch of piston = 94.2 X 11.5 = 1083 in.-lb. = 90.2 ft.-lb. 


14)2 
Total work per stroke = 90.2 X nie = 13,900 ft.-Ib. 


t = thickness 
of plate 


Tangential Effort 


I go? 60° ~—-90°~—=«a120°~—«150° «180° 
<—One half of crank cireumference—> 
Fie, 430. Fia. 4381. 


Problem 701.—In the design of punching machines (see Fig. 454) it is important 
to know how much work is done in punching a hole in a plate. Tests show that the 
work-diagram for steel is approximately of the form shown by the heavy curved line 
in Fig. 431. This diagram may be assumed, without serious error, to be equal to 
the triangular work-diagram in which the maximum pressure P corresponds to a 
shearing strength in the steel plate of 60,000 lb./sq. in. Find the work done in 


punching a }-in. hole in a 2-in. steel plate. 


Solution.—Pmax = shearing area X 60,000 = rdt X 60,000 
=n X ¥ X $ X 60,000 = 103,000 lb. 
The work done in punching the hole, assuming a triangular work diagram, is 


w = average pressure times thickness of plate 


Pmax 103,000 
ie = 
2 j 2 


Problem 702.—A solid cylinder of radius r ft. and of weight W lb. rolls a distance s 
down an inclined plane without slipping. Find the work done on the cylinder while 
it is rolling down the plane if the plane 
makes an angle @ with the horizontal 
(Fig. 482). 


Solution.—The forces acting on the 
cylinder as shown in Fig. 432(a) are the 
weight W, the normal pressure N, and 
the friction F. By introducing two 
equal and opposite forces Ff, F at the 
mass-center (Fig. 432b), and then re- 
solving W into z- and y-components, 
the original three forces may be resolved into a force, W sin ¢ — F, and a couple, Fr, 
as shown in Fig. 432(c). The work done, then, in a displacement 5 of its mass-center, 
is 


w = (Wsin¢ — F)s + Fr-6. 
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But the displacement, 3, of the mass-center equals the length, s, of the plane. And 
s =r, in which @ is the angular displacement of the cylinder. That is, 


S=s=r0. 
Whence 
w= Wsindg:s — Fs + Fs \ 
= W sin ¢:s ft.-lb. 


Thus, it will be noted that F does no work, for, if there is no slipping, the point of 
application of F moves perpendicular to F. Likewise N does no work since its point 
of application has no displacement in the direction of the force. Therefore, the 
work done on the body is the work done by W. But the work done by W is Wh 
(Art. 121), and from the diagram it will be noted that h = s sing. Hence the work 
done on the body is w = Ws sin ¢, which agrees with the result found above. 


PROBLEMS 


703. An automobile that weighs 3500 lb. coasts a distance of 300 ft. up a grade 
of 1 ft. in 50 ft. The total frictional resistance parallel to the road is 0.08 of the 
weight of the automobile. Find the total work done on the automobile while it is 
traveling the 300 ft. Ans. w =— 105,000 ft.-lb. 


704. How much work is.done by the draw-bar pull of an engine in pulling a train 
of 40 cars, each weighing 40 tons, at a constant speed of 30 mi./hr. up a 1 per cent 
grade a distance of 1 mi.? Assume the train resistance to be 6 lb./ton of weight. 


705. A box weighing 80 lb. is pulled up an inclined plane by a force, P, of 60 Ib. 
as shown in Fig. 433. The coefficient of friction is t. Find the work done by each 
force acting on the box if it moves 20 ft. Find the total work done on the box. 

- Ans. 42.8 ft.-lb. 


Fia. 433. Fra. 434. 


706. Two forces P, P (Fig. 434) exert a constant turning moment on the hand- 
wheel of a large valve. The wheel is 18 in. in diameter. How much work is done 
in closing the valve if 8 revolutions of the hand-wheel are required and each force 
has a magnitude of 20 lb.? 

707. The steam indicator card (Fig. 435) is drawn to the following scales: 1 in. of 
ordinate = 100 Ib./sq. in. and 1 in. of abscissa = 5 in. of the stroke of the piston. 
The area of the indicator card is found to be 2.5 sq. in. and the length of the diagram 
is 3 in. (stroke = 15in.). The diameter of the piston is 14in. Find the work done 
per stroke by the steam on the piston. What is the average steam pressure in 
pounds per square inch (mean effective pressure) which will do the same amount of 
work? Ans. w = 16,000 ft.-lb. 
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708. The screw of the bracket clamp (ig. 486) moves vertically 1 in. when the 
hand-wheel is turned 4 revolutions. A helical spring having a modulus of 200 lb./in. 
is compressed by turning the hand-wheel. The average frictional moment of the 
screw is 20 in.-lb. What is the average turning moment applied to the hand-wheel 
in compressing the spring 3 in.? 


Ly, Udy Mp 
CMMNML LLL LS 

Vy Area = 2.5 sq. in“ 
Ltt py py 


Steam pressure, Ib. /eq. in, 


Fia. 435. Fie. 436. 


709. A standpipe 60 ft. high and 6 ft. in diameter is filled with water that is 
pumped from a pond whose level is 40 ft. below the bottom of the standpipe. The 
frictional resistance of the water in passing through the pipe is equivalent to an 
additional lift of 10 ft, How much work is done by the pump in filling the standpipe? 

Ans. w = 8,485,700 ft.-lb. 

\710. In Fig. 437 the body A is moved along a smooth horizontal plane by means 
of a @nstant force P = 10 |b. applied at the end of a cord connected to A and pass- 
ing over a small peg B. Find the work done on A by the cord while A is displaced 
10 ft., assuming no friction between B and the cord. 


AY 
“4 
Y S 
B P 
0 X 
Fia. 437. Fia. 438. Fia. 439. 


711./In Fig. 488, D is a small body that slides on the semicircular track BCA. 
AD is an elastic spring attached to the track at A. The unstretched length of the 
spring is 1 ft. and the modulus of the spring is 5 lb./in. Find the work done on D 
by the spring as D moves from B to C. Ans. w = 24.8 ft.-lb. 
712. A spring S (Fig. 439) is attached at A to a fixed vertical plane and to a 
block B that slides on a smooth horizontal rod OX. The unstretched length of the 
spring is 1.5 ft. and the modulus of the spring is 60 lb./ft. How much work is done 
by the spring on B as B is moved 2 ft. from O by the force P? 
\ 713. A rope which weighs 5 lb. per foot and which is 500 ft. long is suspended by 
oneend from a drum. How many foot-pounds of work must be done to wind up 
200 ft. of the rope? Ans. w = 400,000 ft.-lb. 


714. Determine the work done by all forces acting on the hollow cylinder shown 
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in Fig. 411 (Prob. 658) during a displacement of s ft. of the center of the cylinder. 
Express in terms of W and s. 

715./Two blocks A and B in Fig. 440 are connected by a spring whose unstretched 
lenbtl is 4 ft. and whose modulus is 100 lb./ft. How much work is done on the 
spring as the blocks are moved from the position indicated by the dotted line to the 
position shown in the figure? Ans. w = 117.5 ft.-lb. 


Fria. 440. Fia. 441. Fia. 442. 


716. A cylinder having a radius of 8 in. has a groove of 4in. radius cut in its mid- 
section (Fig. 441), A string is wrapped around the cylinder in the groove and a 
horizontal force P of 10 lb. is applied to the end of the string. The cylinder rolls 
without slipping on the horizontal surface. Find the work done on the cylinder 
while its center travels a distance of 6 ft. 


717. In Fig. 442 the force P applied at the end of a brake lever is 20 lb. The 
coefficient of friction for the brake shoe B and drum Dis 0.40. The drum is rotating 
when the brake is applied. Find the work done on the drum while it makes 10 
revolutions. Assume the friction of the drum axle in its bearing is negligible. 

Ans. w = 2930 ft.-lb. 


122. Power Defined.—The term power as used in mechanics is 
defined as the rate of doing work. The use or function of many machines 
depends upon the rate at which they do work as well as upon the amount 
of work performed. ‘Thus, some machines such as electric generators, 
steam engines, etc., are rated in terms of the power they are able to 
develop under specified conditions of service. 

If the rate of doing work is constant, the power, P, developed may be 


; ap eS ; 
defined by the expression P = >> in which w is the work done in 


time ?t. If the rate of doing work varies, the power at any instant may 
dw 
dt 

Units of Power.—Power, like work, is a scalar quantity. The unit of 
power may be any unit of work per unit of time. Thus, in the gravita- 
tional system of units, the foot-pound per second (ft.-lb./sec.) and 
kilogram-meter per second are common units, whereas in the absolute 
system, the dyne-centimeter per second (erg/sec.) or joule per second 
are in common use, 


be defined by the expression P = 
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In many problems in engineering, however, it is more convenient 
to use a larger unit of power than those mentioned above. In the 
gravitational system of units these larger units are the British or Amer- 
ican horse-power (h.p.) and the force de cheval or Continental horse- 
power. They are defined as follows: 


One British or American horse-power = 550 ft.-lb./sec. 
= 33,000 ft.-Ib./min. 


One Continental horse-power = 75 kilogram-meters per second 
= 4500 kilogram-meters per minute. 


And in the absolute system, the larger units are the watt and kilowatt, 
which are defined as follows: 


10’ ergs per second. 


One watt 


One kilowatt = 1000 watts. 


The watt and kilowatt are used extensively in electrical engineering. 
They may be converted into British horse-power by means of the 
relations 

One horse-power = 746 watts. 


One kilowatt = 1.34 horse-power. 


And, for approximate computations, it is convenient to use 1 horse- 
power = 3/4 kilowatt or 1 kilowatt = 4/3 horse-power. 

For expressing very large quantities of work, the units used are the 
horse-power-hour (h.p.-hr.) and the kilowatt-hour (kw.-hr.). A horse- 
power-hour is the work done in one hour at a constant rate of one horse- 
power. Thus: 


One horse-power-hour = 33,000 X 60 = 1,980,000 ft.-lb. 


Similarly, one kilowatt-hour = 1.34 x 1,980,000 = 2,650,000 ft.-lb. 
123. Special Equations for Power.—If a force, F, remains constant 
in a given displacement of its application point and acts in the direction 
of the displacement, as, for example, the draw-bar pull of a locomotive, 
the work done in one unit of time is /’v, in which v is the velocity of the 
application point, that is, the distance moved through in one unit of 
time. Hence, if F is expressed in pounds and v in feet per second, 
the horse-power developed by the force (or the body exerting the force) is 


Fu 


hp. = 550. 
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If the velocity varies, the above equation expresses the horse-power at 
the instant the velocity is v. If the force does not act in the direction of 
the displacement of its application point, the working component of the 
force must be used in the above equation. And, if the force agrees in 
direction with the displacement but varies in magnitude, as, for example, 
the pressure of the steam against the piston of a steam engine or the tan- 
gential effort against the crank pin, then the value of F (or F;) at any 
instant may be used to obtain the power at that instant. However, the 
average power during a given cycle (or many cycles) of operations is 
generally more useful than the instantaneous power. Thus, in the case 
of a steam engine, the average horse-power is expressed by 


2 Plan 
33,000 ’ 


h.p. = 


in which P is the mean effective pressure (Ib/sq. in.), a is the piston area 
(sq. in.), lis the length of stroke (ft.), and n is the number of revolutions 
per minute (r.p.m.). For Pa is the average force (Ib.) which acts 
through a distance /-2n (ft.) per minute, the number of strokes per min- 
ute being 2n in a double-acting engine, and hence the work (ft.-lb.) done 
per minute (power) is Pa-1-2n and the horse-power is as given above. 

If a couple having a constant moment, 7’, acts through a given angu- 
lar displacement of @ radians, the work done is 7'-@ (Art. 118). And, if 
the couple turns through » radians per unit of time, the work done per 
unit of time is Jw. Hence, if the moment of the couple is expressed in 
pound-feet and in radians per second, the horse-power developed by 
the couple is 

Tw 
hp. = 550 

If the angular velocity is not constant, the above equation expresses 
the horse-power at the instant at which the velocity is w. But in most 
cases the average horse-power during a given cycle of operations is of 
more use than the instantaneous value. 


PROBLEMS 


718. Niagara Falls is approximately 200 ft. high and the rate of discharge is about 
280,000 cu. ft. per see. Compute the horse-power that could be developed if no 
energy were lost. 


719 A locomotive exerts a constant draw-bar pull of 35,000 lb. while increasing 
fies Speed of a train from 30 to 45 mi./hr. What horse-power does the engine 
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develop (a) at the beginning of the period; (b) at the end of the period? What is 
the average horse-power during the period? 
Ans. (a) 2800 h.p.; (b) 4200 h.p.; (c) 3500 h.p. 
720. A man in turning the crank on the winch of 
a crane was found to exert the forces shown in Fig. 
443 at the positions indicated. Plot (freehand) 
carefully a tangential-effort diagram, the crank 
(radius) being 15 in. long. Estimate from the dia- 
gram the mean tangential effort and calculate the 
mean horse-power developed by the man assuming 
that he turns the crank at a constant speed of 
40 r.p.m. 
721, Two pulleys are keyed to the same shaft 
10 ft-apart. One pulley is driven by a belt from an 
engine. The other pulley is belted to and drives a 
machine. If the first (driving) pulley receives 3 h.p. 
from its belt, what torque is transmitted to the 
shaft (and driven pulley), assuming that the shaft rotates at a constant speed of 
150 r.p.m.? Ans. 105 lb.-ft. 
(722, A pump driven by a 3-h.p. motor discharges 200,000 cu. ft. of water from 
one reservoir to another (higher) reservoir whose water level is 20 ft. above that of 
the lower reservoir. If the overall efficiency of the whole installation is 80 per cent, 
how long does it take to pump the water? 
723. What indicated horse-power will the engine referred to in Prob. 707 develop 
if it operates at a constant speed of 250 r.p.m. and is double acting? 
Ans. 243 h.p. 
724, A generator develops 500 kw. and delivers 450 kw. to a machine shop. 
A price of 4 cents per kilowatt-hour is paid. Does the machine shop pay for power 
or for work? What is the cost to the machine shop per day of 8 hours? 
728. A certain machine requires 5h.p. for its operation. If the machine is in use 
6 hr. per day, how many foot-pounds of work are delivered to the machine in one day? 
726. If the efficiency of the pump referred to in Prob. 709 is 60 per cent and the 
time required to fill the standpipe is 30 min., what horse-power must be delivered to 
the pump? 
/ 727. In Prob. 704, what horse-power is developed by the draw-bar pull of the 
engine? Ans. 3330 h.p. 
728. A shaft transmits a turning moment of 120 lb.-ft. from a pulley keyed at 
one end to another pulley keyed at the other end. The shaft and pulleys rotate at 
120 r.p.m. What horse-power does the shaft transmit from the driving pulley to 
the driven pulley? . 


70 Ib, 


80 Tb, 


40 lb. 
Fig. 443. 


§ 2. ENERGY 


124. Energy Defined.—The energy of a body is the capacity of the 
body for doing work. Work may be considered to be done by forces, as 
in the preceding section, or, since forces are exerted by bodies, work may 
also be considered to be done by the bodies which exert the forces, the 
work being done by virtue of the energy which the bodies possess. A 
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body may have the capacity to do work (possess energy) due to a variety 
of conditions or states of the body. Thus, energy may be classified as 
mechanical energy, heat or thermal energy, chemical energy, electrical 
energy, etc., depending on the state or condition of the body by virtue, 
of which it is capable of doing work. Our knowledge of all the condi- 
tions which render bodies capable of doing work is far from complete, 
but experience shows that any of the forms of energy may, under the 
proper conditions, be transformed into other forms. 

Mechanical energy is of particular importance in connection with the 
kinetics of bodies and is therefore considered at some length in the 
following pages. The other forms of energy are discussed briefly in 
Art. 129. Mechanical energy is divided into potential energy, or 
energy of position or configuration, and kinetic energy or energy of 
motion. 

From the definition of energy it follows that energy, like work, is a 
scalar quantity. Thus, the energy of any mass-system is the sum of the 
energies of the various particles of the system’regardless of the directions 
of motion of the particles. 

The units of energy are the same as the units of work discussed in 
the preceding section. 

125. Potential Energy.—The potential energy of a body is the 
capacity of the body for doing work due to the configuration of the body; 
that is, to the relative positions of the particles of the body. Thus a 
compressed spring, and the compressed steam in a boiler, are capable 
of doing work by virtue of the relative positions (configuration) of their 
particles. Likewise, a system of bodies may possess potential energy by 
virtue of the relative positions of the bodies. Thus, the water above a 
mill dam is said to possess potential energy since it is capable of driving a 
water wheel. Strictly speaking, however, the energy is possessed not 
by the water alone but by the system consisting of the earth and the 
water. But, since the earth is usually regarded as being fixed, it is con- 
venient to regard the water as possessing the energy. 

The potential energy of a body may be defined quantitatively as 
the amount of work which a body is capable of doing against forces, in 
passing from the given position or configuration to some standard posi- 
tion or configuration, assuming that no other change in the state or 
condition of the body takes place. This definition, however, does not 
lead to a definite quantity for the potential energy of the body for a 
given configuration, unless the work done by the body (mass-system) 
depends only on the initial and final configuration of the mass-system and 
not at all on the paths described by the parts of the system while coming 
to the standard state. Mass-systems for which this condition is ful- 
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filled are called conservative mass-systems, and the force system which 
acts on such a mass-system while its potential state changes is called a 
conservative force system. 

The potential energy of conservative systems, only, will be con- 
sidered herein since, in most kinetics problems which involve non- 
conservative systems, the kinetic energy of the system is of greater 
importance in the solution of the problems. The most common case 
of a non-conservative system is that in which the mass-system does 
work against frictional forces, such as sliding and journal friction and the 
friction of the particles developed in deforming an inelastic body. Con- 
servative mass-systems occur frequently in engineering problems. In 
fact any rigid body under the action of a force system in which friction 
does not occur (or may be considered negligible) is a conservative system, 
provided, of course, that no change in the state or condition of the body 
except that of configuration takes place. A common example of a con- 
servative system is that of the earth and an elevated body (whether 
rigid or not). The work done on the body in any displacement is equal 
to the earth-pull (weight) of the body times the vertical displacement of 
the center of gravity of the body (Art. 121), regardless of the intermediate 
positions occupied by the body in moving from one position to another 
position. Another example is that of an elastic body, for, if the body is 
elastic, the energy possessed by the body when in a given strained con- 
dition, that is, for a given configuration of its particles, is the same 
regardless of the relative displacements of the particles which occurred 
while being put in the given strained condition. The standard configu- 
ration may be arbitrarily chosen, but, for convenience, it is so chosen 
that the potential energy of the body is positive or zero. Thus, in the 
case of the earth and an elevated body the earth is considered fixed and 
the standard configuration occurs when the body is in contact with the 
earth. <A discussion of the mathematical test for a conservative system 
is beyond the scope of this book. 


PROBLEMS 


729. /A helical spring whose weight is 20 lb. and whose modulus is 200 lb. per in. 
is compressed 3 in. at sea level by applying forces to its ends by means of a clamp. 
What is its potential energy, considering its unstrained condition at sea level as the 
standard configuration? If this compressed spring is now taken to the top of a 
tower 100 ft. above sea level what will be the potential energy of the spring? 

Ans. Hp = 75 ft.-lb; Hp = 2075 ft.-lb. 


730. A flexible, weightless cord passes over a fixed cylinder whose axis is hori- 
zontal. From the ends of the cord are suspended two bodies weighing 20 lb. and 
30 Ib. The standard configuration of the system consisting of the cord and two 
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bodies will be assumed to occur when the bodies are at the same level. What will be 
the potential energy of the system if the configuration is changed by allowing the 
30-Ib. body to descend 2 ft. and the 20-lb. body to ascend the same distance? 


\ 731. A body B weighing 60 Ib. is attached by a flexible string to a spring S 
(Fip,.444). The pulley over which the string passes is weightless and frictionless} 
The spring has a modulus of 40 1b./in. If a force P of 50 lb. is 
gradually {applied to B, what is the change in the potential 
energy (a) of tthe spring; and (b) of the spring and body B 
considered as one system? 

Ans. (a) AE, = 106 in.-lb.; (6) AZ, = 31 in.-lb. 


732. Water is supplied to a Pelton water-wheel from a lake 
whose surface is 800 ft. above the wheel. The water striking 
the blades of the wheel discharges through a nozzle, the 
amount of water discharged per second being 3.5 cu. ft. ‘The 
wheel drives an electric generator. If 10 per cent of the 
energy of the water flowing through the conduit is lost and if 
the efficiencies of the water-wheel and generator are 80 per cent 
Fie. 444, and 90 per cent, respectively, how much power (in kilowatts) 
is delivered to the switchboard? 


126. Kinetic Energy.—The kinetic energy of a body is its capacity 
for doing work due to its motion. Thus, by virtue of its kinetic energy, 
a body is capable of doing work against forces which change its motion. 
For example, a jet of water does work on a tangential water-wheel; 
a steam forging hammer does work on the material which is deformed by 
the hammer; the rotating flywheel on a punching machine does work in 
punching the hole in the metal plate, ete. 

The kinetic energy of a body at any instant may be defined quanti- 
tatively as the amount of work that the body is capable of doing against 
forces which destroy its motion, that is, which bring it to a state of rest. 
The expression for the kinetic energy of a body (mass-system) should, 
therefore, contain a quantity (velocity) which is a measure of the motion 
of the body and also a quantity (mass, moment of inertia, ete.) which 
is a measure of the (kinetic) property of the body that has an influence 
in governing its change of motion. The “velocity of a mass-system,” 
however, is, in general, an indefinite and meaningless phrase since in 
general the velocities of the various parts of a system are not the same. 
Hence, an expression for the kinetic energy of a particle is first obtained 
and, since energy is a scalar quantity, the kinetic energy of a system of 
particles (mass-system) is the arithmetic sum of the kinetic energies of 
the particles. However, the expression for the kinetic energy of a 
particle is of considerable importance in itself since in many problems 
a physical body may be regarded as a particle without introducing 
serious errors. 
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127. Kinetic Energy of a Particle—In Fig. 445, let P be a par- 
ticle of mass m ina 
body (assumed rigid 
for convenience only) 
which moves so that 
P travels from posi- 
tion P’ to P’”’, along 
the path shown, while 
its velocity decreases 
from v at P’ to zero 
at P’”’ due to the forces 
against which the par- 
ticle does work. The 
work done on _ the 
particle by the forces Fra, 448. 
(which form a con- 
current system) is equal to the work done by their resultant R. Or, 


Pie 


— 
S 
Path of \P 
( \ 


$2 
w= if Rids. But, by definition, the kinetic energy, H,, of the par- 
$1 


ticle is the work which the particle does against the forces. Hence, the 
defining equation for the kinetic energy of a particle is 


B--u=- f Rds. 
$1 


This expression may be transformed so that H; is expressed in terms of m 
and v by means of the following relations: 


8 
p= mG; 6 =—, and —=9 


82 82 82 dv 
a = {f Rds --f mas = — —ds 
8] 4 §] 8] dt 
82 as i 
= — — dy =— dv = 4m”. 
f m qt v / mv 2 


Therefore, the kinetic energy of a particle of mass m having a velocity 
is equal to $mv*. That is, 


Thus 


Units.—If W is expressed in pounds, g in feet per second per second, 
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and v in feet per second, EH; will be expressed in foot-pounds. Thus, 
energy is expressed in the same units as is work. 


PROBLEMS \ 
733. By making use of Eq. (4) of Art. 85, prove that the kinetic energy of a 
particle having uniformly accelerated rectilinear motion is Vomv. 


“734--A baseball weighing 51% oz. is thrown vertically downward with an initial 
velocity of 40 ft./sec. from the top of a tower 100 ft. above the ground. Find the 
kinetic energy of the ball when it reaches the ground. Ans. Ex, = 42.8 ft.-lb. 


<%35, Phe German long-range gun which shelled Paris from a distance of approxi- 
mately 76 miles was 118 ft. long. The muzzle velocity of the projectile was not far 
from 5000 ft./sec. The diameter of the projectile was 8.15 in. and its weight was 
264 1b. It attained a height of about 24 miles, was in flight about 3 min., and reached 
Paris with a velocity of about 2300 ft./sec. (For a description of the gun see Journal 
A.S.M.E., Feb., 1920.) Neglecting the energy due to the rotation of the projectile, 
calculate the kinetic energy of the projectile as it left the gun, and also its energy at 
the end of its flight. Find the loss of kinetic energy per second during the flight. 


736. A steel ball weighing 1 lb. is attached to one end of a wire 3 ft. long and is 
rotated about the other end with an angular velocity of 120 r.p.m. What is the 
kinetic energy of the ball? Ans. Hx = 22.0 ft.-lb. 


737. A pulley 4 ft. in diameter has attached to its rim two small pieces of metal 
at opposite ends of a diameter. If each piece of metal weighs ¥% lb., what is the 
kinetic energy of the two pieces of metal when the pulley is rotating at 200 r.p.m.? 


128. Kinetic Energy of a Body.—Since energy is a scalar quantity 
the kinetic energy of a body (whether rigid or not) is the arithmetic 
sum of the kinetic energies of its particles. Hence, for any mass- 
system, 

Ey = =hmv". 


It is convenient, however, to express the kinetic energy of a rigid body 
in terms of the mass (or some other kinetie property such as moment of 
inertia) of the whole body, and either the linear velocity of some par- 
ticular point in the body (as, for example, the mass-center) or the 
angular velocity of the whole body. Thus, for rigid bodies having the 
special motions of translation, rotation, and plane motion the expressions 
for the kinetic energy are found as follows: 

I. Translation of a Rigid Body.—All parts of the body have the 
same velocity at any instant whether the motion is rectilinear translation 
or curvilinear translation, that is, v in the last equation is constant. 
Hence 

Ey = Dymv* = 407d. 


But 2m is the mass of the body and may be denoted by M. Therefore 
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IT. Rotation of a Rigid Body.—The angular velocities of all particles 
are the same at any instant, that is, the angular velocity w of any par- 
ticle with respect to the center of rotation is the angular velocity of the 
body. The linear velocity, v, of any particle, P, of mass m, at a dis- 
tance, 7, from the axis of rotation, O, (Fig. 446) is equal torw. Hence the 
kinetic energy of the body is 

E;, = DAm? = 42m(or)? = Fo? =m’. 
But Smr? is the moment of inertia of the body with respect to the axis of 
rotation and is denoted by J,. Thus, J, = Dmr?. Therefore 


Ex = 41w". 


= —>; 
0 
Pith Ova 


Fig. 446. Frag. 447. 


III. Plane Motion of a Rigid Body.—As shown in Art. 96, the motion 
of the body at any instant may be considered to be a combination of a 
rotation about an axis through any point, O, in the plane of motion with 
the angular velocity, w, of the body and a translation defined by the 
motion of O. Hence the velocity, v, of any particle P of mass m (Fig. 
447) is the resultant of the velocity, wr, which P is given by the rotation 
about O, and the velocity, vo, which is given to all particles by the trans- 
lation. And, since the body is rigid, the velocity wr has a direction 
perpendicular tor. Thus 

_v* = (wr)? + v,7 + 2v,wr cos 8. 

In Fig. 447, let O be the origin and, for simplicity, let the z-axis have the 
same direction as v,. The kinetic energy of the body may then be 
found in terms of the mass of the whole body, the angular velocity of the 
body, and the linear velocity of one point (in this case the point QO) in 
the body as follows: 


Ey = D4mo = $2m(wr? + 0. + 2v wr cos 6) 
= 4mo*r? + 4Imv— + Zmvowr cos 6 


= t0°Lmr? + $0.7Zm + wroZmr cos 0. 
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But Smr? is the moment of inertia of the body with respect to the axis 
through O from which r is measured. ‘Thus mr? =I1,. Further, 
r cos @ = y, whence Lmr cos 6 = Zmy = M7, in which M is the mass of 
the body and 7 is the distance of the mass-center from the z-axis, 
Therefore 

E, = 41.07 + $Mv? + Myo. . . .. . (1) 


provided that the directions of the z- and y-axes and w are chosen as in 
Fig. 447. Now since the point O is any point in the plane of motion it 
may be chosen at the mass-center. That is, the motion of the body 
may be resolved into a rotation about an axis through the mass-center 
and a translation defined by the motion of the mass-center. If the 
point O is taken as the mass-center, then, 7 = 0, J, becomes J, and 
vo becomes 6. Hence the kinetic energy is given by the expression 


B= io? time. . 22 eee 


It is important to note that, although plane motion of a rigid body 
may be resolved, at any instant, into a rotation about an axis through 
any point in the plane of motion and a translation defined by the motion 
of that point, it does not follow that the kinetic energy of the body at the 
given instant is the kinetic en- 
ergy due to the rotation plus 
the kinetic energy due to the 
translation, wnless the assumed 
rotation is about an axis through 
the mass-center of the body and 
the translation is defined by the 
motion of the mass-center. 

Alternative Method. — Plane 

Fie. 448. motion of a rigid body may be 

considered to be a pure rotation 

about the instantaneous axis of rotation (Art. 97), and hence if O in 

Kq. (1) is taken as the instantaneous center 7, vg becomes zero and 
I, becomes J; and thus the expression for LE; becomes, 


i 


Bye leit No ee eee (3) 


This expression for Z; may be shown to be equivalent to the expression 
in Eq. (2). Thus the Hy of the connecting rod shown in Fig. 448 is 


Ey = $1 = $0 + MP)? = 4a? + ge. 
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PROBLEMS 


738. Find the kinetic energy of the rocker arm AD (Fig. 449) from the following 
data: OB = 10 in.; OA = 8 ft.; angular velocity of crank OB = 50 r.p.m.; 6 = 30°; 
length of rod AD = 4.5 ft.; and the weight of the rod is 22.7 lb. 

Ans. Hy, = 4.95 ft.-lb. 
739, The rod BCD (Fig. 450) is caused to oscillate by the crank OA and connect- 
ing rod AC. The crank is 4 in. long and rotates at 90 r.p.m. What is the kinetic 
energy of the rod BCD and the small weight EZ in the position shown? The rod is of 
uniform cross-section and weighs 20 lb., and E weighs 4 lb, 


Fra. 449. Fra. 450. Fig. 451. 


~740./A hollow cylinder whose outer radius is r and whose radius of gyration with 
respect to its geometrical axis is ~/34r starts from rest and rolls without slipping 
down a plane inclined 30° with the horizontal (Fig. 451). The weight of the cylinder 
is 20 Ib. (a) Find the velocity of the mass-center and the kinetic energy of the 
cylinder when it has rolled a distance s = 10 ft. (6) If the cylinder were allowed to 
fall vertically from rest what would be the velocity of the mass-center and the kinetic 
energy when it has fallen a distance h = 5 ft.? 

Ans. (a)0 = 13.5ft./sec., H, = 100 ft.-lb.; (6) 0 = 17.9 ft./sec., H, = 100 ft.-lb. 

741. A car weighing 1000 lb. is mounted on four cylindrical disk wheels each of 

which weighs 100 lb., the total weight of car and wheels being 1400 lb. The diameter 
of each wheel is 18 in. When the car is traveling on a straight track at 30 mi./hr. 
what is the ratio of the kinetic energy of the wheels alone to the kinetic energy of the 
car and wheels? Disregard the weight of the axles. 


742. A slender rod, similar to the spoke of a flywheel, is 3 ft. long and rotates 
about an axis through one end at a constant speed of 120 r.p.m. The rod weighs 
50 1b. Find the kinetic energy which the rod possesses. Ans. Hx = 368 ft.-lb. 

743. Two spherical bodies each weighing 20 Ib. are connected by a slender rod . 
and revolve at 90 r.p.m. in a horizontal plane about a vertical axis located midway 
between the two bodies. The center of each ball is 10 in. from the axis. The diam- 
eter of each ball is 4in. The weight of the rod is 6 lb. Find the kinetic energy 
of the system. 

744, The winding drum of a mine hoist is 14 ft. in diameter, its radius of gyration 
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is 6 ft., and its weight is 7 tons. A cage weighing 6 tons is raised by it. When the 
cage is rising at the rate of 40 ft./sec. what is the kinetic energy of the system? 
Ans. E, = 554,000 ft.-lb. 


745. A homogeneous sphere weighing 48.3 lb. rolls without slipping on a hori- 
zontal surface. The velocity of the center of the sphere is 10 ft./sec. Determind 
the kinetic energy of the sphere by making use, in addition to the other necessary 
quantities, of the moment of inertia of the sphere about an axis through (a) the lower 
end of the vertical diameter, (b) the mass center, and (c) the upper end of the vertical 
diameter. 


129. Non-mechanical Energy.—Experience shows that some bodies 
are capable of doing work (possess energy) by virtue of certain states or 
conditions of their parts, the nature of which is not definitely enough 
known to make it possible to determine their energy by the methods 
used in the preceding articles. Energy which cannot be determined 
directly as potential or kinetic energy is called non-mechanical energy. 
Thus, heat or thermal energy, chemical energy, and electrical energy are 
forms of non-mechanical energy. 

A body is capable of doing work by reason of its heated state or con- 
dition since by giving up its heat it may do work, under favorable condi- 
tions, as in the case of steam in the cylinder of a steam engine. Energy 
possessed by a body by virtue of its heated state is called heat or thermal 
energy. 

Certain bodies are capable of doing work by reason of their chemical 
state or condition. Thus, carbon (coal) and oxygen combine and pro- 
duce heat which as noted above may in turn do work. Energy pos- 
sessed by bodies due to the state of their chemical elements is called 
chemical energy. 

Some bodies are capable of doing work by virtue of their electrical 
state or condition. Thus, a copper wire on an armature moving in a 
field of force may develop electric current which in turn may do work in 
driving a motor. Or, a charged condenser may do work as its electrical 
condition changes, ete. Energy which arises out of the electrical con- 
ditions of bodies is called electrical energy. 

Any one of these, so-called, special forms of energy may be con- 
verted, under favorable conditions, into mechanical energy, and there 
is considerable evidence to indicate that all energy is mechanical energy. 
Thus, according to this view, the heat energy of a body could be deter- 
mined as kinetic energy if the motions of the individual particles were 
known. And, certain forms of chemical and electrical energy could be 
determined as potential energy if the molecular forces were definitely 
known. ‘Therefore, the energy possessed by bodies by virtue of special 
states of their molecular structure are considered as non-mechanical 
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forms of energy, not because these special forms are necessarily different 
from mechanical energy, but because the energy cannot be determined 
directly as mechanical energy, and, therefore, has to be transformed into 
mechanical energy and then measured. Thus, one unit of heat energy, 
the British thermal unit (B.t.u.), has a definite mechanical equivalent 
which carefully made experiments have shown to be 


1 B.t.u. = 778 ft.-lb. 


However, the lack of knowledge of the molecular structure and con- 
ditions by virtue of which bodies possess energy does not prevent the 
application of certain principles of energy to such conditions. In fact, 
the outstanding feature concerning energy is that certain general 
principles of energy, such as principles of the conservation of energy 
and of degradation of energy, etc., are the basis upon which our knowl- 
edge of the behavior of non-rigid bodies, in general, is built and thus 
they furnish a method of approach to problems for which the principles 
of force, mass, and acceleration are inadequate. They are of special 
importance, therefore, in the study of hydraulics, thermodynamics, 
electrodynamics, physical chemistry, ete. 

In the following section certain principles concerning mechanical 
energy are developed and applied to the motion of bodies (mainly rigid) 
in which the motions of the particles are definitely known. And even 
though the principles of force, mass, and acceleration may be used for 
many of the problems considered, nevertheless, it will be noted that even 
for rigid bodies the principles of work and energy are of great importance 
in many kinetics problems as met in engineering practice. 


§ 3. PRINcIPLE OF Work AND ENERGY 


130. Preliminary.—As stated in Art. 99, in order to deal with the 
main problem in kinetics, a relation is found between the forces acting 
on the body, the kinetic properties (mass, moment of inertia, etc.) of 
the body, and the change of motion (involving acceleration, velocity, 
distance, etc.) of the body. This may be done by determining the 
relation between the work done by the forces acting on the body and 
the kinetic energy of the body, since work and kinetic energy involve 
quantities in terms of which the three factors in the kinetics problem as 
mentioned above are expressed. And sinée, in general, the motions of 
all particles of a body are not the same, the principle of work and kinetic 
energy will be developed for a particle first and then extended to the 
motion of a body. However, as already noted, in many problems the 
body may be regarded as a particle without introducing serious errors. 
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131. Principle of Work and Kinetic Energy.—I. For a Particle.— 
In Fig. 452 let A’ and A” be two positions of a body, the motion of which 
changes due to the unbalanced forces (F'1, f'2, F’3, and F'4) which act on it. 
The body is assumed, for convenience, to be composed of small cubes 
of different materials rigidly attached (glued together), each cube 
being regarded as a particle of 
the body. Let P be one of the 
particles which describes the 
path shown in the figure as 
the particle moves from P’ to P”” 
while its velocity changes from 
v; to vg due to the unbalanced 
(concurrent) forces which act 
on it. Let the resultant of the 
forces acting on P be denoted 
by R and its component tangent 
to the path of P be denoted by 
Fia. 452. R;. It will be noted that some 
of the particles (cubes) have 
their velocities changed (are accelerated) by forces exerted only by other 
particles of the body (internal forces) whereas other particles are acted on 
both by internal and by external forces. _ 
The work done by the forces acting on the particle as it moves 


82 
along its path from P’ to P’’isw = if Rids but Rids may be expressed 
$1 
in terms of the mass, m, and velocity, v, of the particle by means of the 
relations: 
dv ds 


R; = ma; G@=—, and » =—- 
t ty t di’ dt 


82 82 89 dv 
wef ras = fo ma,ds -{ m -= ds 
81 8} s dt 
0g 


Hence 


1 


02 
ds 
i m— dy = modv = }mv2” — 4mv,? 
vy dt v1 


AE;, = change in kinetic energy of the particle. 


Il 


Il 


Therefore, the work done by the forces acting on a particle of a body (whether 
rigid or not) during any displacement is equal to the change in the kinetic 
energy of the particle in the same displacement. Or, expressed in the form 


of an equation 
: ’ w= AE, = 4mv,? — 4mv,?. 
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II. For a System of Particles—The principle of work and kinetic 
energy for a system of particles (body) may now be derived. Since 
work and energy are scalar quantities, the work done on a body is the 
algebraic sum of the works done on all the particles. And the change 
in the kinetic energy of the body is the algebraic sum of the changes in 
the kinetic energies of all the particles. But the work done by all the 
forces acting on all the particles equals the work done by the external 
forces which act on the body (w,) plus the work done by the internal forces 
of the body (w;). Thus, by writing the above equation for each particle 
and adding both sides of the equations, the resulting equation is 


We t+ Wi = 4Dmvq" 5D," = Adin. 


That is, the work done on a system of particles (whether rigid or not) by all 
of the external and internal forces in any displacement of the system is equal 
to the change in the kinetic energy of the system in the same displacement. 

III. For a Rigid Body.—The principle may now be expressed for 
the special case of a rigid body, for, as pointed out in Art. 121, the inter- 
nal forces in any mass-system occur in pairs of equal opposite and 
collinear forces whether the body is rigid or not, but the work done by 
these forces is zero, in general, only if the application points of each 
pair of forces remain a fixed distance apart, which is the case in a rigid 
body. Hence, for a rigid body, w; = 0. Therefore 


WwW. = AE;,. 


That is, the work done by the external forces acting on a rigid body in any 
displacement is equal to the change in the kinetic energy of the body in the 
same displacement. 

Although an absolutely rigid body does not exist in nature, the work 
done by the external forces in causing the relative displacements of the 
particles in physical bodies is usually negligible in comparison with the 
work done by the forces in causing the displacement of the body as a 
whole. 

Application of Principle to Special Cases of Motion of Rigid Bodies — 
By making use of the expressions developed in Art. 128, the principle of 
work and kinetic energy may be expressed for important special cases of 
motion of rigid bodies as follows: 


I. Translation. 
We = 5M (w,? a v1”). 
II. Rotation. 
We —= $14 (wg” — w4”). 
ITI. Plane Motion. 
We = 4M (0q? — 0,7) + FI (wy? — «”). 
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Units—If the pound, foot, and second be arbitrarily selected as the 
units of force, length, and time, respectively, as is usually done in the 
engineer’s system of units (Art. 103), then w, will be expressed in foot- 
pounds and kinetic energy will likewise be expressed in foot-pounds, the 


W : ¢ 
mass of the body (a1 = ey being expressed in slugs. 
g 


ILLUSTRATIVE PROBLEMS 


Problem 746.—An engine capable of exerting a maximum draw-bar pull of 
51,000 lb. is used on a certain railroad having small grades to draw freight trains 
having a maximum weight of 2000 tons, 
the average weight of a freight car with 
its cargo being about 45 tons. The train 
resistance per ton of weight varies with 
the car weight and with the speed. If an 
average value of 8 lb./tcn is used and the 
engine pulls a 2000-ton train while going 
up a 4 per cent grade, how far will the 
train travel while its velocity is increasing from 15 to 30 mi./hr.? How long will it 
take? 


Solutton.—The forces acting on the train are shown in the free-body diagram 
(Fig. 453). The angle @ (exaggerated in the diagram) for a 14 per cent grade is so 


small that tan @ may be considered to be equal to sin 6. Hence, sin 6 = sag 
We = AE, = 3M(v,? — vv), 
2000 x 2000 1 2000 < 2000 
51,000 — 16,000 — =} s = = 2 _ 99? 
( ; 200 ) ‘=> mo “= =) 
15,000s = 62,200 XK 1452, .«. s = 6020 ft. 
But 
v D) 22 + 44 
g Re 0 5a gay ee eee 
2 ; 2 
Whence 


t = 182.5 sec. = 3.04 min. 


Problem 747.—The punching and shearing machine shown in Fig. 454 has a 
capacity for punching a 21-in. hole in a }4-in. steel plate. The pinion shaft (and fly- 
wheel) is driven at 220 r.p.m. from a counter-shaft by means of a belt drive to the 
tight pulley on the pinion shaft. Each operation of punching a hole (punching 
cycle) causes a fluctuation (decrease) in the speed of the flywheel. The “coefficient 
of speed fluctuation” is 0.8, that is, the speed of the flywheel decreases 20 per cent 
in each punching cycle. If the work done in punching the hole is all supplied by the 
flywheel, what moment of inertia should the flywheel have? What is the moment 
of inertia of the flywheel on the machine as actually designed (as shown in Fig. 454), 
neglecting the material in the hub and spokes? If the difference in the belt tensions, 
Tz — T}, is 286 lb. and the pinion shaft turns through an angle of 230° while the hole 
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is being punched, how much work is done on the shaft (and flywheel) by the belt 
while the hole is being punched? The diameter of the pulley is 22 in. 


Gear Wheel 


Flywheel if 


Fig. 454. 


Solution —The maximum value of the force P required to punch the hole, using 
60,000 lb./sq. in. for the ultimate shearing strength of the material of the plate, is 
P =rd Xt X 60,000 
=a X$ X = X 60,000 = 235,500 lb. 
The work done in punching the hole, assuming a triangular work diagram (see Prob. 
701), is 
eel 235,500) 
w=-X= = : = 58,875 in.-lb. 
& 2 2 4 
= 4900 ft.-lb., which is supplied by the flywheel. 
For the flywheel we have then 


We = A; = 41 (we? _ wy”). 


s 220 X 27\? 220 x 2r\? 
1 => a a a ae 0.8 4 = y Vf 
4900 al [( 60 ) ( x 60 ) ] 95.5 


I = 51.3 slug-ft.? 


Hence, the moment of inertia of the flywheel should be 51.3 slug-ft.? in order that the 
speed be decreased not more than 20 per cent. Assuming the flywheel to be made of 
cast iron which weighs 450 lb./cu. ft., the moment of inertia of the flywheel as actually 
designed, neglecting hub and spokes, is 


I =43M (ro? +117). (See Prob. 993.) - 


| ee 19.5\2] 4.5 19.5\2 
Se ee ie oe — < 450 x | 2? + (—— 

ol (F2)'| xB x x| +(42)'] 

1 

2 


Whence 


Tv 


32.2 xX 1.386 X 0.875 X 450 X 6.64 = 74.3 slug-ft.” 
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The work done on the flywheel while the hole is being punched is 


Vi . 
= . — a 230 tore see 1050 ft.-lb. 
w= 2T-0 286 X 75 X X Te0 


Problem 748.—A solid homogeneous cylin- 
der rolls up an inclined plane without slipping 
(Fig. 455). The weight of the cylinder is 120 
lb. and its diameter is 3 ft. If the angle, ¢, of 
inclination of the plane is 15° and the velocity 
of the center of the cylinder is 20 ft./sec. just 
as it comes in contact with the incline, how far 
up the plane will the cylinder roll? 


Solution.—The forces acting on the cylinder 
while rolling up the plane are shown in Fig. 455. 
Fia. 455. And the work done by the forces, as was shown 
in Prob. 702, is W sin ¢-s. Thus 


We = AE, 
— Wsin¢d-s = 4(Mbe? + Iw?) — (Mo? + Iw). 
Or 
W sin ¢-s = 3(Mo;2 + Iw,2), since 52 and wy are zero. 
Also 
8 =rTre = 1.5. 
Hence 
1 120 e120 = 20 \2 
120 X 0.2588 = - 2 —— 9 2 
ce X= 3 9g +S = (5 = xe) (2) 
Whence 
746 + 372 
= 311 = 36 ft. 
PROBLEMS 


749. A bullet fired with a velocity of 1000 ft./sec. penetrates a block of wood to 
a depth of 12 in. If the bullet were fired through a board of the same wood 2 in. 
thick, find its velocity after passing through the board. Assume the resistance of 
the wood to the bullet to be constant. Ans. v = 918 ft./sec. 


760. A body weighing 80 lb. is projected along a rough horizontal plane with a 
velocity of 8 ft./sec. It comes to rest in a distance of 10 ft. Find the coefficient of 
kinetic friction. 


751. An automobile which weighs W lb. is moving at the rate of 30 mi./hr. 
when it comes to the foot of a hill. Power is then shut off. The slope of the hill is 
1 ft. in 50 ft. How far will the machine coast up the hill if the total frictional resist- 
ance (parallel to the road) is 0.08W? Ans. s = 301 ft. 


752. A box slides from rest 10 ft. down a plane inclined 30° to the horizontal. 
After reaching the bottom of the plane the box moves on a horizontal floor. If the 
coefficient of friction between the box and plane and between the box and floor is 
0.38, how far will the box move on the floor before coming to rest? 


. 758. A bullet that weighs 1 oz. is moving with a velocity of 2000 ft./sec. when it 
strikes a plank normally and passes through it. The velocity on leaving the plank 
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is 1200 ft./sec. If the average resistance to penetration is 5000 lb., how thick is the 
plank? Ans. t = 5.96 in. 


754. A weight of 8.05 lb. is placed on a horizontal plane and touches one end of a 
horizontal spring whose other end is in contact with a vertical wall. The weight is 
moved toward the wall, compressing the spring 6 in. The spring is then released 
causing the weight to be projected away from the wall. The modulus of the spring 
is 2 lb./in. and the kinetic friction between weight and plane is 1 lb. What is the 
velocity of the weight when the spring regains its normal length? If the spring is 
stopped at that time, how much farther will the body move before coming to rest? 


756. A body B (Fig. 456) that weighs W lb. falls from rest through a distance h 
Pear and strikes a helical spring whose modulus is 40 lb./in. If the maximum 
compression s of the spring is 6 in., what is the value of W? Neglect the mass of 
the spring. Ans. W =24\)b, — 


Hp 


i B 
iG 


YZ, 


Fia. 456. Fia. 457. Fia. 458. 


756. A block B (Fig. 457) that weighs 16.1 Ib. slides without friction along a 
vertical rod OY. A spring S, whose unstretched length is 3 ft., is attached to B 
and to-the stationary plane OX at A as shown. If a constant vertical force P of 
50 Ib. is exerted on B, what will be the velocity of b after a displacement of 4 ft., 
assuming that B starts from rest at O? The modulus of the spring is 20 lb./ft. 


Disregard the mass of the spring. 


757. A simple pendulum (Fig. 458) consists of a cord having a length, r, of 4 ft. 
and a bob (assumed to be a particle) having a weight, W, of 6 lb. The pendulum is 
displaced an angle, 6, of 60°. What will be the velocity, v, of the bob when in its 
lowest position, if air resistance is neglected? Note that the pull 7 of the cord on 
the bob does no work. Ans. v = 11.36 ft./sec. 

758. A shearing machine has 3 h.p. delivered to it by the belt. Every two 
seconds an operation occurs which requires seven-eighths of all the energy supplied 
during the two seconds; the other one-eighth of the energy is required to overcome 
the friction of the machine. During each operation the speed of the flywheel 
decreases from 120 to 80 r.p.m. Assuming that the work done in shearing is done 
by the flywheel, what should be the moment of inertia of the flywheel? If the 
weight of the flywheel is 400 lb. what is its radius of gyration? 

759. The flywheel shown in Fig. 459 is made of cast iron which weighs 
450 Ib./cu. ft. If the turning moment exerted by the shaft to which the flywheel is 
keyed delivers 5 h.p. to the flywheel for 1 min., what will be the angular velocity of 
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the wheel at the end of this period assuming that the wheel starts from rest? Solve, 
(a) neglecting the hub and spokes, and (5) neglecting the hub and assuming the 
spokes to have a constant cross-section equal to the mean cross-section and to 
extend from the center of the shaft to the rim. 

Ans. (a) » = 8921r.p.m.; (b) o = 862 r.p.m., 


34 x 4% 
x 


Fig. 459. 


760. Two steel balls B, B (Fig. 460) are connected by a rigid slender rod that 
rotates in a vertical plane about the axis XX and turns a light wooden drum about 
the same axis. The drum in turn lifts the weight A by means of a rope that is wound 
around the drum. Each ball is 4 in. in diameter and weighs 8.05 lb. If the rod is 
given an angular velocity of 100 r.p.m., what is the weight of A if it is lifted 20 ft. 
while the rod and balls are coming to rest? Neglect the mass of the drum and of 
the rod and also neglect all frictional forces. 


761. If the flywheel shown in Fig. 459 is used on the punching machine shown in 
Fig. 454 and the punching machine is required to do the same amount of work 
(4900 ft.-lb.) in punching a hole as was found in Prob. 747, what will be its speed 
after punching the hole? The speed of the flywheel before the hole is punched ‘is 
220 r.p.m., as stated in Prob. 747. Neglect the hub and spokes in determining the 
moment of inertia of the flywheel. Assume the weight of cast iron to be 450 Ib./cu. ft. 

Ams. 157 r=p:m. 

762. Water flows through a conduit that is 7.76 mi. long and has a cross-section 

of 100 sq. ft. The velocity of the water is 10 ft./sec. Find the kinetie energy of 


the water. Discuss what would probably happen if a valve at the lower end of the 
conduit were closed rather suddenly. 


763..A train weighing 500 tons is drawn on a horizontal track by an engine 
Whose draw-bar pull varies with the speed so that it always develops 200 h.p. How 
many seconds does it take to pull the train 1000 ft. starting from rest? How much 
work is done on the train by the draw-bar pull? Neglect train resistance. 


Ans. t = 68 sec.; w = 7,480,000 ft.-lb. 
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764. The vertical bar in Fig. 461 is 4 ft. long and weighs 80 lb. The bar 
is displaced slightly from the position shown and rotates about O. When it 
comes to a horizontal position it strikes the two springs shown and continues to 
rotate until the spring S; is compressed 4 in. The springs have the same modulus. 
Find the modulus of the springs. Assume the bar to be rigid and of constant 
cross-section. 


—| 


, 


ee so | 2. 
oe 


Fia. 461. Fre. 462. 


765. The hand-operated screw press shown in Fig. 462 is used for embossing, 
lettering dies, punching thin plates, ete. The diameter of the screw is 214 in. The 
screw has triple threads with a pitch of 244 in. Each ball weighs 100 lb. and the 
diameter of each ball is 9 in. If the balls are revolved at 60 r.p.m., what is the 
maximum size (diameter) of hole that can be punched in a 14-in. steel plate, assuming 
the shearing strength of the steel to be 60,000 Ib./sq. in. and the efficiency of the 
screw to be 15 per cent. Also assume the work diagram for punching the hole to be 
triangular. (See Prob. 701.) Ans. d = 0.60 in. 


766. A sphere rotates about an axis through its center. Its speed is increased 
from 600 rad./min. to 90 rad./sec. while it turns through 10 revolutions. If the 
moment of inertia of the sphere with respect to the axis of rotation is 20 slug-ft.2, 
find the moment of the couple acting on the sphere. 


767. A generator driven by a hydraulic turbine has a speed of 600 r.p.m. and 
delivers 1000 h.p. An additional load of 200 h.p. is put on the generator. If 2 sec. 
elapse before the governor can act, what must be the moment of inertia of the rotating 
parts in order that the decrease in speed shall be 1 per cent? 

Ans. I = 5600 slug-ft.? 


768. A homogeneous sphere rolls, without slipping, up a plane inclined 45° to 
the horizontal. If the initial velocity of the center of the sphere is 40 ft./sec., how 
far will the sphere roll before coming to rest? 


769. A car weighing 966 lb. is mounted on four cylindrical disk wheels. Each 
wheel weighs 161 lb. and has a diameter of 4 ft. (The total weight of the car and 
wheels is 1610 lb.) If the car travels on a straight horizontal track with a velocity 
of 20 ft./sec., what force parallel to the track is required to stop the car in.a distance 
of 100 ft.? Assume that the wheels do not skid. AWSs IP = IPO Iie, 


770. A solid cylinder weighing 500 Ib. is rolled up an inclined plane by means of 


306 c WORK AND ENERGY 


a descending weight B (Fig. 463). The diameter of the cylinder is 4 ft. The pulley 
over which the rope runs is assumed to be frictionless and weightless. Body B 
weighs 300 lb. If the cylinder starts from rest at the bottom of the incline, with 
what velocity will its center reach the top? 


Fia. 463. Fia. 464. 


771. A solid disk 18 in. in diameter is mounted on a shaft 4 in. in diameter (Fig. 
464). The shaft rolls, without slipping, on two inclined tracks. The disk weighs 
120 lb. and the weight of the shaft may be neglected. The angle of inclination, ¢, 
is 15°, and the incline is 8 ft. long. If the disk starts from rest at the top, what will 
be the velocity of its center at the bottom of the incline? 

Ans. v = 3.46 ft./sec. 

772. A hollow steel cylinder with an outside radius of 1 ft. and an inside radius 
of 6 in. weighs 966 lb. The cylinder rolls with its axis horizontal and without slip- 
ping up a plane making an angle of 30° with the horizontal. If the initial velocity of 
the mass-center of the cylinder is 10 ft./sec. up the plane, what will be the velocity 
of the mass-center when it has reached a position 10 ft. down the plane from the 
initial position? 

773. A solid sphere 1 ft. in diameter and weighing 100 lb. rolls down the inside of 
a thin-walled hollow cylinder whose radius is 6 ft., the axis of the cylinder being 
horizontal. In its initial position the line from the center of the sphere perpendicular 
to the axis of the cylinder makes an angle of 60° with the vertical. If the sphere 
starts from rest, find its kinetic energy and the velocity of its center when it is in 
its lowest position. 

Ans. Ex = 275 ft.-lb.; 6 = 11.24 ft./sec. 

774. A plane 10 ft. square with two edges horizontal makes an angle of 30° with 
the horizontal. A solid steel cylinder weighing 100 lb. and having a radius of 6 in. 
rolls without slipping along one of the diagonals. If the cylinder starts from rest 
at the upper corner what is its kinetic energy and the velocity of its center when it 
reaches the lower corner? 


132. Conservation of Energy.—One of the greatest achievements 
of the nineteenth century was the recognition and statement of the prin- 
ciple of the conservation of energy. Like Newton’s laws of motion it is 
an inductive generalization from observation of, and experience with, 
physical phenomena. The principle states that in any change of the 
state or condition of an isolated material system the total amount of 
energy of the system remains constant. By an isolated system is meant 
one on which no bodies external to the system have any effect. Hence, 
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an isolated system neither gives nor receives energy. Thus, the dis- 
tribution of energy within the isolated system may be altered and the 
various forms of energy changed into other forms but the total amount 
of energy remains constant. Or, as sometimes stated, energy may be 
transformed or transferred but cannot be created or destroyed. As 
noted in Art. 129, the principle of conservation of energy is of particular 
importance in the study of material systems which possess non-mechan- 
ical energy, although it is also of much value in the study of mechanical 
energy. Although an isolated system does not exist in nature, certain 
systems approach closely thereto, as, for example, the earth and a falling 
body, provided that the action (and reaction) between the earth and 
body is large compared with the resistance of the air and the attractions 
of other bodies on the falling body. Again, although external forces act 
on a system of bodies, the work done by the forces may be zero (or 
negligible) as in the case of a simple swinging pendulum and the earth in 
which the pull of the string on the bob is always normal to the dis- 
placement of its application point and the effect of the air is negligible. 


§ 4. Erricrency. DiIssiIpATION OF ENERGY 


133. Efficiency Defined.—The efficiency of a machine, as, for 
example, a steam engine, an electrical motor, a chain hoist, a jack 
screw, etc., is the ratio of the energy output of the machine in a given 
period of time to the energy input in the same period, provided that no 
energy is stored in the machine which becomes available at a later 
period, By input is meant the amount of energy received by the 
machine, a portion of which is transformed or transmitted into the 
work for which the machine is designed. The work done or energy 
delivered by the machine is called the output. Thus, denoting efficiency 
by e, we have 
_ energy output po ie power output 


energy input power input * 


As already noted, in the transformation and transference of energy 
(which is the main function of many machines), some of the energy 
always takes the form of a lower grade of energy (heat energy) and 
thereby becomes unavailable for the particular process for which the 
machine is used. The amount of energy which thus miscarries or leaks 
out in the process is spoken of by various names, such as lost energy 
(or lost work), energy leak, dissipated energy, etc. Since dissipation of 
energy occurs with every physical process, the output is always less than 
the input and, therefore, the efficiency is always less than unity. 
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The efficiency as defined above is the over-all efficiency of the 
machine. Certain parts of the machine, however, may have their 
individual efficiencies; and the over-all efficiency is the product of the 
efficiencies of the several elements of the machine. 

134. Dissipation of Energy.—The work done against frictional forces 
is the most frequent cause of dissipation of energy in machines. Energy 
dissipated in doing work against frictional forces is transformed into heat 
energy. Electrical resistance in connection with electrical machinery 
also causes a loss of available energy by developing heat. The work 
done against friction is, in some machines, a necessary evil to be 
reduced to a minimum, as in the case of prime movers, bearings, 
teeth of gears, etc.; whereas, in other machines or machine elements, 
the main object of the machine is to dissipate all the energy received 
by the machine, as in the case of friction brakes and absorption 
dynamometers. 

135. A Simple Dynamometer. Prony Brake.—A simple dynamom- 
eter, commonly called a prony brake, is shown in Fig. 465. A is a 
flanged pulley keyed to a rotating shaft. The power transmitted by the 
shaft is not only dissipated or absorbed but is also measured by the 
brake. B, B are bearing blocks against which the pulley develops a 
frictional resistance, the magnitude of which is varied by adjusting the 
nuts C, C. D is the 
frame or beam with 
its end E resting on 
the platform of a 
weighing scale. When 
the pulley is running, 
the beam develops an 
additional pressure on 

Fic. 465. the platform, due to 

the friction of the 

pulley on the bearing blocks. The work lost in friction and the power 
developed by the shaft may be found as follows: 

It will be assumed that the seales are adjusted to read zero when the 
beam rests on the platform and the pulley is not running. Thus, the 
scale reading is a measure of the pressure, P, at EH dué to the friction 
developed on the bearing blocks when the pulley is running. Since the 
brake frame is in equilibrium under the action of the forces, N, P, and F 
(F denotes the total frictional foree on the two blocks), the sum of the 
moments of P and F about the axis of the shaft must equal zero. Or 


\ 


Platform 
“” “of Scales 


Er = Pa, 
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And the work done by the frictional moment Fr in 1 sec. is 


ws = Frw = Pao, 

20 
60° 
where n is the number of revolutions per minute (r.p.m.) of the shaft and 
pulley, the expression for wy; becomes 


in which is expressed in radians per second. And, since w = 


2rPan z arPan 
COueee 30 


(Lie 


If P is expressed in pounds and a in feet, then wy; will be expressed in 
foot-pounds, and the horse-power developed by the frictional moment 
“(and hence by the shaft) is 

aPan wPan 


MP = 5052 550 16,500 


This expression may be simplified if the dynamometer is constructed 
so that a has a special value. It should be remembered that the scale 

- reading should not be used for the value of P unless the scales are 
adjusted to read zero when the pulley is not running. 
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775. What force, P, is required to raise a load, Q, of 200 lb. by means of the 

differential chain hoist shown in Fig. 466 if e = 30 per cent, re = 8in., andr, = 4in.? 
Ans. P = 167 Ib, 

776: The dynamometer shown in Fig. 467 was devised by Lord Kelvin in con- 

nection with the laying of the Atlantic cable for braking the cable drum as the cable 

was laid out. If it is used in the test of a steam engine, find the horse-power absorbed, 

using the following data: W = 400 lb.; speed of engine = 150 r.p.m.; r = 4 ft.; 
reading of spring balance is 85 lb. Ans. 36)h.p. 

777. In a test of a jackscrew (see Fig. 210) with a screw 1.5 in. in diameter and 

a pitch of 4 in., it was found that a pull of 72 Ib. at the end of a 15-in. lever was 

required to raise a load of 2400 lb. when no lubricant was used, and a pull of 63 lb. 

when an oil lubricant was used. What is the efficiency of the jack for each case? 

Ans. e =-11.8 per cent; e = 13.5 per cent. 


778. The band brake described in Prob. 293 allows a certain load to lower at a 
constant speed such that the brake sheaves rotate at 120 r.p.m., in a counter-clockwise 
direction. What horse-power is absorbed by the brake? 

779. An automobile when traveling at a speed of 50 mi./hr. delivers to the trans- 
mission shaft 80 h.p. If the efficiency in transmitting the power from the engine to 
the rear wheels is 80 per cent, what is the propelling force (tractive effort) developed? 

Ans. F = 480 |b. 

780. A jet of water 2 in. in diameter having a velocity of 150 ft./sec. impinges 

against the buckets of a tangential water-wheel. If the efficiency of the wheel is 
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90 per cent, what horse-power is delivered by the wheel? Assume the weight of 
water to be 62.4 lb./cu. ft. : 


LLB 


Fia. 466. Fia. 467. 


781. In the band brake shown in Fig. 468 the scale S indicates a force of 120 lb. 
when P = 20 lb. and when the drum D is rotating at 150 r.p.m. What horse-power 
is being developed by the motor that turns the shaft on which the drum is keyed? 


Fia. 468. Fia. 469. 


782. Figure 469 represents one form of a dynamometer. A cast-iron disk keyed 
to the shaft rotates inside the drum as the shaft turns. The disk rotates in a water- 
tight compartment between two copper plates that are attached to the drum, and 
pressure of the copper plates against the disk is produced by water from the city 
mains which fills the spaces between the copper plates and the ends of the drum. 
The narrow spaces between the disk and the copper plates are filled with oil. As 
the shaft (and disk) rotates, the drum (due to the friction developed on the copper 
plates) tends to turn, causing a pressure at D on the scale beam, which is balanced 
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by the poise weights A and B. The weight of A and B together is 150 lb., and that 
of B alone is 3.5lb. The divisions on the large scale are.1 in., and those on the small 
scale are 0.4 in. When both A and B are set at zero on the scales they are just 
balanced by the weight of C. If, in order to maintain balance when the disk is 
rotating, A is set at the tenth division and B is set at the fifteenth division, what 
is the pressure of the dynamometer on the scale beam at D, and what horse-power is 
developed by the shaft when rotating at 240 r.p.m.? The distance from the center 
of the shaft to D is 18 in. Ans. 8.69 h.p. 


REVIEW QUESTIONS AND PROBLEMS 


783. Define work done by any force (a) in words, (b) as a mathematical expression. 
Write an expression for the work done by a couple in terms of the moment of the 
couple. 

784. Show that the following statement is correct. In lifting a body that weighs 
3960 lb. vertically upwards a distance of 100 ft., the work done on the body by the 
lifting force is 0.2 h.p.-hr. 


785. Define kinetic energy of a particle (a) in words, (6) as a mathematical 
expression. Using this mathematical expression, show that the kinetic energy of 
the particle is 44mv*. Assuming that the engineer’s system of units is used, what are 
the units of m and », and of 44mv?? 


786. Point out and correct the errors in the following demonstration that the 
kinetic energy of a rotating rigid body is 4Jqw*: Ex for a particle is 44mv?. Therefore 
Ey for the whole body is %4Mv?. But v= rw. Hence, 4Mv? = 144Mr'o. But 
Mr? = I; therefore, Ey = 41 ow. 


787. If the kinetic energy of a rigid body having plane motion is expressed as the 
sum of two terms (144Mv,? + 14] .w*), what point in the body must be selected as 
the point O? 


788. The following equation expresses the principle of work and kinetic energy 
as applying to a non-rigid mass-system we + wi; = AH;. Explain why w; becomes 
zero for a rigid body. State in words the principle of work and kinetic energy for a 
rigid body. 

789. State the conditions to which the equation we = 144M (v2? — v1) applies. 


790. What is the greatest speed at which a motor capable of delivering 10 kw. 
can lift an elevator weighing 1000 lb., frictional forces being neglected. 
Ans. v = 7.37 ft./sec. 


791. A small sphere weighing 4 lb. is suspended by a string 6 ft. long and swings 
as a pendulum. As the sphere passes through its lowest position its velocity is 
10 ft./sec. How far vertically above its lowest position does it rise? 

Ans. fh = 1.55 tts 

792. A body weighing 16.1 lb. is projected up a smooth plane making an angle 
of 30° with the horizontal with an initial velocity of 20 ft./sec. After moving 4 ft. 
the body strikes axially a helical spring, which is fixed at its upper end, and com- 


presses it 3 in. Find the modulus of the spring. 
Ans. Modulus = 176 lb./in. 


793. In Fig. 470 the pulley B which has a diameter of 20 in. is keyed to the 
shaft of a motor that is rotating at 90 r.p.m. The weight of A is 10 lb. and the spring 
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S is stretched 3 in. The modulus of the spring is 20 Ib. per in. Calculate the horse- 
power delivered by the motor to the shaft on which the pulley is keyed. 
Ans. 0.72 hp. 


794. A disk D (Fig. 471), weighs 120 lb. and is 4 ft. in diameter. The axle to 
which it is keyed also carries a drum, B, 10 in. in diameter, to which a friction-band 
brake (not shown) may be applied. If the disk is rotating at 100 r.p.m. when the 
brake is applied, what is the average frictional force developed on the circumference 
of the drum if the disk is brought to rest in 20 revolutions? Neglect the mass of the 
friction drum. Ans, F = 7.8 |b. 


R 
ope s 
Ean 
30° 
Fia. 470. Fie. 471. Fie. 472. 


795. A two-wheeled cart (Fig. 472) weighs 360 lb. including the weight of the 
wheels; the weight of each disk wheel is 60 lb. and the diameter is 4 ft. What force 
P parallel to the track is required to give the cart a speed of 15 mi./hr. in a distance 
of 100 ft., starting from rest? Ans. P= 212 Ib. 


CHAPTER X 
IMPULSE AND MOMENTUM 


136. Preliminary.—In Art. 115, the statement was made that 
impulse is a quantity which involves force and time, and that momentum 
is a quantity which involves mass and velocity. And the fact was noted 
that the use of these quantities in the analysis of the motion of bodies 
requires no fundamental laws in addition to Newton’s laws of motion. 
However, methods which make use of impulse and momentum offer 
advantages, in certain types of problems, over the methods of work and 
energy (Chapter IX) and of force, mass, and acceleration (Chapter 
VIII). 

In determining the effect of forces on the motion of bodies, thus far, 
by the method of force, mass, and acceleration and by the method of 
work and energy, it has been assumed that the forces have acted on 
rigid bodies during a definite (comparatively large) interval of time, and 
when the forces were not constant the manner in which they varied 
during the period was assumed to be known. ‘To such conditions the 
methods of impulse and momentum also apply, and in many cases offer 
a simpler method of solution than the methods previously discussed. 
Forces sometimes act, however, for a very short (indefinite) interval of 
time during which the value of the force at any instant is not known. 
These forces may, nevertheless, produce very appreciable changes in the 
motion of the body. Such forces are called impulsive forces. The 
principles of impulse and momentum are of special value when consider- 
ing the motion of bodies under the action of impulsive forces. The 
bodies upon which impulsive forces act deform under the excessive 
pressures produced and hence, in determining the motions of bodies 
under the influence of impulsive forces, the bodies cannot always be 
assumed to be rigid without introducing appreciable errors. As 
examples of impulsive forces the following may be mentioned: the force 
exerted on a projectile due to the explosion of the powder; the action of 
one billiard ball on another; the force exerted by the ram of a pile driver 
on the pile; the pressure between two railway cars when making a 
flying coupling; the action of a steam jet on the blades of a high-speed 
steam turbine; the pressure exerted by the water in a pipe line on a 


valve which is closed suddenly. 
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The purpose of the present chapter is to make clear the conception 
or meaning of impulse and of momentum, to develop certain principles 
which express relations between these quantities, and to apply these 
principles to problems in kinetics. \ 
§1. ImpuLsE 


137. Impulse and Impact Defined. Units—The impulse of a con- 
stant force is defined as the product of the force and the time interval 
during which the force acts. Thus, the impulse of a force F is defined 
by the equation ' 

Imp. = F- At, 


provided that the force remains constant during the time interval At. 
If the force varies in magnitude but not in direction, the impulse for an 
indefinitely short period of time dé, is F-dt, and, for a time interval 


At = tz — t;, the impulse is 
tg 
Imp. = yh Fat. 
ty 


In order to evaluate this integral by the method of calculus, F must be 
expressed in terms of t. The impulse of a force which acts on a body 
during a very short (indefinite) interval of time is also given by the 
above expression but, as noted in the preceding article, the impulsive 
force cannot be expressed in terms of ¢, since its law of variation is not 
known, and hence the impulse cannot be determined directly but is 
found in terms of the change of momentum of the body on which the 
force acts, as is discussed in the subsequent pages. 

The impulse of an impulsive force is sometimes calied an 7mpact, that 
is, an impact is a sudden impulse. The term impact, however, is also 
frequently used as descriptive of the act of collision of bodies. In some 
problems it is convenient to estimate the time interval of the impulsive 
force and to express the impact as the product of an average value of the 
force and an assumed or estimated time interval At = tf. — 4. Thus 


t2 
Imp. -{ Fdt = Fay: At, 
t 


1 


in which Fa, denotes the time-average value of the impulsive force 
which is assumed to act during the time interval At. The impulse of a 
force frequently is called linear impulse in contrast with the moment of 
the impulse which is called angular impulse. (See Art. 139.) 
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Units —The unit of an impulse is a combination of a unit of force 
and of time and, hence, is a compound unit. The unit of impulse has 
no special name. In the gravitational or engineer’s system of units 
(Art. 103) if the pound is selected as the unit of force and the second for 
the unit of time, the unit of impulse is the pound second (lb. sec.). 

138. Components of Linear Impulse.—The impulse of a force, like 
the force itself, is a directed or vector quantity, the sense and action line 
of the impulse being the same as that of the force. An impulse of a 
force, therefore, may be resolved into components and may have a 
moment with respect to a point or a line. The component, in any 
direction, of the impulse of a constant force is the product of the com- 
ponent of the force in the given direction and the time interval At during 
which the force acts. That is, 


(Imp.)z = F,-At; (Ump.), = Fy- At, ete. 


And, if the force varies in magnitude or in direction during the time 
interva) At = ty — t,, the components of the impulse are 


: te te 
(Imp.)x -[ 0s: mp )y= fo F dt, ete. 
t t 


aS 1 


Linear Impulse of a Force System.—The linear impulse, in any direc- 
tion, of a force system is the algebraic sum of the components, in the 
given direction, of the impulses of the forces of the system. Thus, for a 
force system in which the forces are constant, the linear impulse of the 
force system in any direction 2, is 


(Imp.), = 2F,: At. 
Or, if the forces of the system vary during the interval At = ft, — 4, 


then 
mp sf F,dt. 


ty 


139. Moment of Impulse. Angular Impulse.—The moment of the 
impulse of a constant force about any point or axis is the product of 
the moment, 7’, of the force about the given point or axis, and the time 
interval, At, during which the force acts. The moment of the impulse 
of a force is also called the angular impulse of the force. Thus, the 
angular impulse of a constant force with respect to an axis O, is defined 
by the equation : 
(Ang. Imp.), = T,- At, 


in which 7, is the moment of the force with respect to the axis O. 
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And, if the force varies in magnitude during the time interval 
At = t. — t,, the moment of the impulse is expressed by the equation 


ta 
(Ang. Imp.) -f figats \ 
h 

Units.—In the gravitational system of units, if the units of force, 
time, and length are the pound, second, and foot, respectively, the unit 
of angular impulse is the pound-second-foot (1b.-sec.-ft.). 

Angular Impulse of a Force System.—The angular impulse of a force 
system about any axis is the algebraic sum of the angular impulses of 
the forces of the system about the given axis. Thus, if the forces of 
the system are constant, the angular impulse of the system about the 


axis O is 
(Ang. Imp.) = =T At. 


And, if the forces vary, the angular impulse of the force system about 
the axis O, for the time interval At = t2 — u, is expressed by the equa- 
tion 


te 
(Ang. Imp.) "= ahh Dats 
ty 

It should be noted that the linear (and angular) impulse of a constant 
force, or of a variable force for which the law of variation is known, is 
not as important a conception in the analysis of the motion of a body as 
is the impulse of an impulsive force. However, as already noted, even 
for constant forces which act during a comparatively long time interval, 
the methods of impulse and momentum may possess advantages over 
other methods. 


PROBLEMS 


796. A body weighing 40 lb. slides down an inclined plane in 4 see. The plane 
makes an angle of 60° with the horizontal. If the coefficient of friction is 0.2 find 
the component of the linear impulse of the force system acting on the body parallel 
to the plane. 


797. The linear impulse of the total pressure of the steam on the piston of a steam 
engine is 4200 lb.-sec. The diameter of the cylinder is 14 in. and the engine runs at 
200 r.p.m. Find the average (time average) pressure (in pounds per square inch) 
of the steam against the piston during one stroke. Ans. p = 182 1b./in.? 

798. A train having a weight of 2000 tons travels up a 14 per cent grade. The 
draw-bar pull of the engine is 50,000 Ib. and the train resistance is 8 Ib./ton of weight. 
If it takes 2 min. to travel up the grade, find the linear impulse of the force system 
acting on the train for the 2-min. interval. 


799. A constant frictional moment of 200 lb.-ft. is applied to a rotating drum by 
means of a band brake (see Fig. 214). If the moment decreases the angular velocity 
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of the drum uniformly from 90 r.p.m. to 10 r.p.m. while the drum makes 30 revolu- 
tions, find the angular impulse of the band brake on the drum. 
Ans. 7200 lb.-ft.-sec. 
800. A force acts on a body along a fixed straight line, the magnitude and sense 
of the force being indicated by the ordinate to the graph shown in Fig. 473. Find 


the impulse of the force for the period of 4sec. Find the impulse for the first three 
seconds. 


Fs] 
g a 
iS fe} 
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801. The torque-time curve for a couple that acts on a body is a semi-circle as 
shown in Fig. 474. What is the angular impulse of the couple for a period of 4 sec.? 
Ans. Ang. Imp. = 31.4 lb.-sec. ft. 


802. A car coasting on a straight track is brought to rest by bumping into a spring 
bumper. From a study of the change in the velocity of the car it is found that the 
impulse of the force exerted on the car by the spring while being compressed is 
100,000 Ib.-sec. If the time consumed in compressing the spring is 4 sec., what is 
the time-average value of the force exerted by the spring? 


803. A disk is keyed to a shaft and the moment T exerted by the shaft on the disk 
varies according to the law 7 = 2? + 4t, where T' is expressed in pound-feet and 
tin seconds. Find the angular impulse of the shaft on the disk in the interval t = 0 
tot = 4 sec. Ans. Ang. Imp. = 74.7 lb.-sec.-ft. 


= 


§ 2. MommentumM 


140. Momentum of a Particle Defined. Units—The momentum 
of a moving particle, at any instant, is defined as the product of the 
mass of the particle and its velocity at the instant. Thus, the momen- 
tum of a particle of mass m moving with velocity v is defined by the 
equation 

Mom. = mv. 


Momentum, like velocity, is a directed or vector quantity. Further- 
more, like force, momentum is represented by a localized vector, that 
is, it has a definite position line; the direction of the momentum of 
a particle is the same as that of the velocity of the particle, and its 
position line passes through the particle. 

The momentum of a particle frequently is called linear momentum in 
contrast with the moment of momentum of the particle which is called 
angular momentum. 
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Units.—The unit of momentum is a combination of a unit of mass 
and a unit of time, and hence is a compound unit. The unit of momen- 
tum has no special name. In the gravitational or engineer’s system of 
units, the unit of mass is a derived unit called a slug, as explained i 
Art. 103, derived from the units of force, length, and time; hence the 
unit of momentum is also a derived unit. Thus, if the pound, foot, and 
second are chosen for the units of force, length, and time, respectively, 
the unit of momentum is expressed by 


1 Ib. Xl see. 1 fe 
iba 1 sec 


1 unit of mass X 1 unit of velocity = = 1lb.-sec. 
It will be observed, therefore, that momentum is expressed in the same 
fundamental units as is impulse. 

141. Components of Momentum. Angular Momentum.—Since the 
momentum of a particle is a vector quantity, it may be resolved into 
components, and, like any localized vector, it has a moment with respect 
to any point, the moment being defined as the product of the magnitude 
of the momentum and the perpendicular distance from the position line 
of the momentum vector to the point or moment-center. The moment 
of the momentum of a particle is also called the angular momentum of 
the particle. The components of the momentum of a particle of mass m 
moving with velocity v (Fig. 475), and the angular momentum of the 
particle with respect to the point O are expressed by the equations: 


(Mom.)z = (mv), = mW-- 
(Mom.), = (mv), = mv, 

(Ang. Mom.), = mv-r, or 
(Ang. Mom.), = mvz-y — mv,-2. 


The latter expression states that the 
angular momentum of a particle 
equals the algebraic sum of the 
moments of the components of the 
Fia. 475. momentum of the particle. 

From the expression mur it is 


evident that the units of angular momentum are slug - 


eet = 
seconds 


slug-feet? 


eet or, if m is expressed in its fundamental units, then the units 
seconds 


of mur are pound-foot-seconds, which are the same as those of angular 
impulse. 
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142. Linear Momentum of a Body.—The component of the linear 
momentum, in any direction, of any body (mass-system) is the algebraic 
sum of the components in the given direction of the momentums of the 
particles of the body. In general, the momentums of the particles of a 
body vary in magnitude and in direction. It was shown in Art. 109, 
however, that the linear momentum of the whole body may be found 
from the mass of the whole body and the velocity of the mass-center of 
the body. Likewise the component, in the x-direction, of the linear 
momentum of the mass-system (Art. 109) is 


(Mom.), = m’vz! + m!v," + m’"0,/" + +++ = Miz 


A similar equation may be written for the y-component. Thus for any 
mass-system we may write 


(Mom.), = Mv,; (Mom.), = Mv,; and Mom. = Mv. 


That is, the linear momentum of any moving mass-system is the product of 
the mass of the whole system and the velocity of the mass-center of the system, 
and its direction agrees with that of the velocity of the mass-center. 

It should be noted that the linear momentum vector does not, in 
general, pass through the mass-center of the mass-system. If, however, 
the mass-system is a rigid body that has a motion of translation, then 
the linear momentum vector passes through the mass-center of the 
body. (The proof is left to the student; see Art. 110 for method of 
proof.) 

A.general expression could also be obtained for the moment of the 
linear momentum (angular momentum) of any mass-system having any 
motion, but it will be found more desirable to derive expressions that 
apply only to rigid bodies having the special motions of rotation and 
plane motion. 

143. Angular Momentum of a Rotating Rigid Body.—Let Fig. 476 
represent a rigid body rotating about a fixed axis through O with an 
angular velocity w. The linear velocity of any particle of the body 
at a distance r from the axis of rotation is rw, and the linear momentum 
of the particle of mass m is mv or mrw perpendicular to r. Therefore, 
the moment of momentum of the particle about the axis of rotation is 


mor = mrwo-r = mre, 


and the algebraic sum of the moments of the momentums of all the 
particles about the same axis is 


. 2 
(Ang. Mom.)) = 2mr?w = w&mr?, 
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NUNC Bes (Ang. Mom.), = Iw, 


in which J, is the moment of inertia of the body about the axis of rotation. 


Fic. 476. Fia. 477. 


Position of the Linear Momentum Vector.—The distance, g, from the 
center of rotation, O, to the linear momentum vector Mo for a rotating 
rigid body (Fig. 477) may be found by use of the principle of moments 
as follows: 


Mig = Iw = Mk? a whence, g = 
‘fa 


= | 


in which &, is the radius of gyration of the body about the axis of rotation. 

144. Angular Momentum of a Rigid Body Having Plane Motion.— 
Since a plane motion of a rigid body may be considered as a combina- 
tion of a rotation and a translation (Art. 96), the velocity of any par- 
ticle P (Fig. 478) is the resultant of a velocity rw due to the rotation 
of the body with angular velocity 
w about an axis through any 
* point O perpendicular to the 
plane of motion, and the velocity 
Vo due to the translation which 
gives to each particle the velocity 
Vo of the point O. Therefore, the 
components of the momentum 
of the particle P are mrw and 
mv, as shown in Fig. 478. And, 
if m(¥o)z and m(vo), denote the 
x- and y-components of mvp, 
: then the angular momentum of 
the particle with respect to the axis through O is 


Fria. 478. 


mra-? + M(Vo)a°Y — M(Vo)y* Xs 


\ 
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and the angular momentum for the whole body with respect to the 
axis through O is 


(Ang. Mom.), 


Umrr2w + Tm(vo)cy — DM(Vo) yx 


wim + (vo)zlmy — (Vo) yma 
= 1,041 (Up )eily. — (Ue gMixne - 2. (1) 


where the directions of the x- and y-axes and w are taken as shown in 
Fig. 478. If the point O is taken as the mass-center, G, of the body, the 
above expression reduces to 


(Ang. MOM nerceuen — Too, 3 OO CG oe 26 (2) 


since 7 and & are then equal to zero and I, becomes J. 

It is important to note that, although plane motion of a rigid body 
may be considered as a rotation about an axis through any point O in the 
plane of motion, combined with a translation, Eq. (1) shows that the 
angular momentum of the body about the axis through O is not equal 
to I,w unless O is chosen as one of the three following points: 


(1) The mass-center of the body, in which case the expression 
for the angular momentum in Eq. (1) reduces to I,w (or Jw), since 
& and 7 are zero as already noted. 

(2) The instantaneous center of zero velocity, in which case 
the expression reduces to J,w since v, is then zero. 

(3) A point whose velocity is directed toward (or away from) 
the mass-center. To prove this, let v, in Fig. 478 be directed 
toward G and, for convenience, let the x-axis be coincident with v,. 
The resulting expression for the angular momentum then becomes 
Tw. 


Position of the Linear Momentum Vector—The distance, q, of the 
linear momentum vector Mi from O when O has any one of the three 
positions specified above may be found, as in the case of pure rotation, 
from the principle of moments. Thus 
ko7a 

d 


Mig = Iw = Mk,?w. Hence, ¢ = 
in which &, is the radius of gyration of the body about the axis through O. 


PROBLEMS 


804. A small body (particle) weighing 8 Ib. is attached to one end of a string and 
is made to revolve as a conical pendulum (see lig. 353). If the body revolves at a 
distance of 15 in. from the axis with an anzular velocity of 90 r.p.m., find (a) the 


322 IMPULSE AND MOMENTUM 


linear momentum of the body, (b) the angular momentum of the body with respect 
to the axis of rotation. 
Ans. (a) Mom. = 2.93 lb.-sec.; (b) Ang. Mom. = 3.66 lb.-ft.-sec. 

805. A slender rod rotates in a horizontal plane about a vertical axis through 
one end of the rod. If the rod is 3 ft. long, weighs 4 lb. per foot, and rotates at, 
120 r.p.m., find its angular momentum about the axis of rotation. 

806. Determine the linear momentum of the rod described in the preceding prob- 
lem and find the position of the momentum vector. 

Ans. Mom. = 7.02 lb.-sec.; q = 2 ft. 

807. Find the angular momentum, about the axis of rotation, of the flywheel 
shown on the punching machine in Fig. 454, when the flywheel is rotating at 225 r.p.m. 
Use the value of J found in Prob. 747. 

808. Two small bodies A and B (Fig. 479) move on a circle whose radius is 2 ft. 
When in the positions shown the velocity of A is 40 ft./sec. and the z-component of 
the momentum of the system consisting of the two bodies is 5 lb.-see. The weight 
of A is 5 1b. and that of Bis 8 lb. What is the velocity of B? 

Ans. vp = 6.89 ft./sec. 


20 
& 
5 
§ 
£ 
g 
ot 
Time 
Fie. 480. Fig. 481. 


809. A small body A in Fig. 480 weighs 4 lb. and is made to rotate clockwise with 
a constant angular velocity of 60 r.p.m. in a cireular path in a plane parallel to the 
yz-plane. Calculate the angular momentum of the body with respect to the y-axis 
in terms of 0, where @ is measured from a line parallel to the y-axis. Draw (free- 
hand) a curve showing approximately the variation of the angular momentum with @. 

810. A small block travels in a straight path along a horizontal plane; its linear 
momentum varies with time as shown in Fig. 481, in which the momentum is expressed 
in lb.-sec. units and time in seconds. Describe the motion of the block and ealeulate 
the change in linear momentum of the block during the third second. 

Ans. A Mom. = 4 lb.-sec. 

811. A solid cylinder weighing 128.8 Ib. rolls, without slipping, down an inclined 
plane. The linear velocity of the mass-center of the cylinder at a given instant is 
30 ft./sec. The diameter of the cylinder is 18 in. Find the angular momentum of 
the cylinder (a) about an axis through the mass-center perpendicular to the plane of 
motion, (b) about the instantaneous axis of rotation. 


812. A door of uniform thickness and 3-ft. width swings about a vertical axis 
through one edge with an angular velocity of 2 rad./see. The door weighs 96.6 Ib 
Find the angular momentum of the door about the axis of rotation. Also find the 
magnitude of the linear momentum and the position of the momentum vector. 

Ans. Ang. Mom. = 18 lb.-sec.-ft.; Mom. = 9 lb.-sec.; q = 2 ft. 
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813. A homogeneous sphere weighs 322 Ib. and has a radius of 1 ft. The sphere 
rolls, without slipping, on a horizontal plane. If the kinetic energy of the sphere is 
700 ft.-lb., what is the angular momentum about an axis through the center of the 
sphere perpendicular to the plane of motion? Find the linear momentum of the 
sphere and the position of the momentum vector. 


§ 3. PRINcIPLES OF IMPULSE AND MOMENTUM 


145. Preliminary.—In order to determine the effect of a force system 
on the motion of a body, that is, in order to treat the usual problem in 
kineties, by means of the quantities impulse and momentum, the rela- 
tions which exist between the impulse of the force system and the 
momentum of the body on which the force system acts must be estab- 
lished. ‘These relations are expressed by means of two principles, 
namely, (1) the principle of linear impulse and linear momentum and 
(2) the principle of angular impulse and angular momentum. 

146. Principle of Linear Impulse and Linear Momentum.—It was 
stated in Art. 109 that the algebraic sum of the components, in a given 
direction, of the external forces acting on any body (whether rigid or 
not) is equal to the mass of the body times the component of the accel- 
eration of the mass-center of the body in the given direction. That is, 
if z denotes any direction, 

diz a 


=F, = Ma, = M~ = | (Miz) alle are ses NGS) 


And, by integrating this equation, the following equation which expresses 
the principle of linear impulse and linear momentum is obtained 


te ile 
if LF ,dt = i d(Mo;). 
ay ee 


te 
2 f F,dt = Mov", - Mv’,, ° . ° ° . (2) 
4 


Or 


in which 5”, and 0’, are the x-components of the velocity of the mass- 
center of the body at the end and at the beginning, respectively, of the 
time interval t. —t. The principle of linear impulse and linear 
momentum then, as expressed in Eq. (2) may be stated in words as 
follows: The algebraic sum of the components, in any direction, of. the 
impulses of the external forces acting on a body during any time interval is 
equal to the change in the component of the linear momentum of the body in 
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the same direction during the same interval of time, or, stated in the form of 
an equation, 


Ciip.Js.= AUMONG) 2 «5 | nee ae 


in which x represents any direction. \ 

It should be noted also that equation (1) expresses an important 
principle which may be stated in words as follows: The algebraic sum 
of the components, in any direction, of the external forces acting on any body 
is equal to the rate of change of the component of the linear momentum of the 
body in the same direction. 

147. Principle of Angular Impulse and Angular Momentum.—The 
relation between the angular impulse of the forces acting on a body and 
the angular momentum of the body will now be found for rigid bodies 
having a motion of rotation or a plane motion. 

Rotation of a Rigid Body.—It was shown in Art. 111 that, if a rigid 
body rotates about a fixed axis, the algebraic sum of the moments of the 
external forces about the axis of rotation is equal to the product of the 
moment of inertia of the body about the axis of rotation and the angular 
acceleration of the body. That is, 

dw d 
UP, = Toe = Loa = Fe (J 40)" ea 
Now by integrating this equation, the following equation, which 
expresses the principle of angular impulse and angular momentum 
for a rigid body rotating about a fixed axis, is obtained: 


to w2 
Uf DT dt = 4 d(I,w). 
ty @] : 


tg 
sf nat = o@2 — Ia, ew a kk (2) 


ty 


Or 


in which w and ws are the angular velocities of the body at the beginning 
and end, respectively, of the time interval tg — ,. 

The principle expressed by Eq. (2) may be stated as follows: The 
algebraic sum of the angular impulses of the external forces acting on a 
rotating rigid body, about the axis of rotation, for any time interval, is 
equal to the change of angular momentum of the body about the same axis in 
the same interval of time. Or stated in the form of an equation, 


(Ang. Imp.), = A(Ang.Mom.), . . .. . (8) 


It should be noted also that Eq. (1) expresses an important principle 
which may be stated in words as follows: The algebraic sum of the 
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“moments of the forces acting on a rotating rigid body about the axis of 
rotation 1s equal to the rate of change of the angular momentum of the body 
about the same axis. 

Plane Motion of a Rigid Body—It was shown in Art. 114 that 
the equation 27’, = I,a also applies to a rigid body having plane 
motion, provided that the point O is the mass-center of the body. 
Therefore, Eq. (2) and (8) apply also to a rigid body having plane 
motion provided that O is the mass-center of the body. Thus the equa- 
tion (Ang. Imp.), = A(Ang. Mom.), becomes (Ang. IMD.) mass-center 
= A(Ang. Mom.) mass-centery and, if the forces acting on the rigid body 
are constant, this may be written: 


=T- At = I(w2 — w1) 


The equation (Ang. Imp.), = A(Ang. Mom.),, however, is not 
restricted to the case where O coincides with the mass-center of the 
body but may be used where O is any point in the plane of motion, as 
may be shown by starting with the general expression for 27, 
in equations (1) of Art. 114 instead of starting with the restricted 
equation 27, = I,a.. But, as noted in Art. 144, (Ang. Mom.), is not 
equal to I,w unless O is the mass-center of the body, or the center of 
zero velocity, or a point whose velocity is directed toward (or away 
from) the mass-center. 

148. Method of Analysis of the Motion of a Body by Means of 
Impulse and Momentum.—It was noted in Art. 108 that, in the analysis 
of the motion of any body under the action of an unbalanced force 
system, relations must be found which involve (1) the forces acting on 
the body, (2) the kinetic properties of the body, and (8) the kinematic 
properties of the motion of the body (linear and angular velocity or 
acceleration, etc.). 

Now these three factors are involved in the principles of impulse and 
momentum. And, as noted in Art. 100, in the analysis of the motion 
of a body that has a plane motion, three equations are needed. Two of 
these equations are obtained by expressing the principle of linear 
impulse and linear momentum with reference to any two rectangular 
axes in the plane of motion, and the third equation is obtained by 
expressing the principle of angular impulse and angular momentum 
with reference to an axis perpendicular to the plane of motion. Thus, 
the three equations may be written as follows: 


(Imp.), = A(Mom.)z, 
(Imp.), = A(Mom.),, 
(Ang. Imp.), = A(Ang. Mom.),. 


326 IMPULSE AND MOMENTUM 


The particular forms of the expressions for the above quantities depend 
upon the type of forces (whether constant or variable, etc.), the kind 
of body (whether rigid, etc.), and the type of motion (whether transla- 
tion, rotation or plane motion). ; 


ILLUSTRATIVE PROBLEMS 


Problem 814.—A cylindrical jet of water 114 in. in diameter impinges on a fixed 
blade which is inclined at an angle of 30° 
with the direction of the jet as shown 
in Fig. 482. The velocity of the jet is 

Zs tea 25 ft./sec. Find the horizontal and ver- 
eee ” tical components of the pressure of the 


P. 
: OF iy water on the blade (or blade on the water). 
Fixed blade : ; 
Py Assume that the magnitude of the velocity 
Fig. 482. of the jet is not changed by the action of 


the blade. Also assume that the only 
force acting on the water while it is in contact with the blade is the pressure of the 
blade. 

Solution—Let P, and Py, be the unknown horizontal and vertical pressures 
exerted by the blade on the water, these pressures being the cause of the change in 
the momentum of the water. 

The principle of impulse and momentum states that 


DS AE (Oe ee a 

ely 2G = M (nl! Ulysse 
Let At be taken as any convenient time interval (1 sec., say). Then J is the mass 
of the water upon which the blade acts in the same time interval. 


Taking the direction of the velocity of the impinging water as positive, and the 
weight of water as 62.5 lb./cu. ft., we have, 


From (1), 
(1.5)? & 25 X 62.5 
Ppa) 25 — 25c¢ oy 
fie ea 
Whence 
P, = 0.594(25 — 21.65) = 1.99 lb. 
From (2), 


Py:1 = 0.594(25 sin 30° — 0) = 7.48 lb. 


Problem 815.—A cylinder weighing W lb. and 
having a radius of r ft. rolls, without slipping, up a 
plane making an angle of 30° with the horizontal. A 
force of 44 W lb. perpendicular to the axis of the cylinder 
is exerted on the cylinder by means of cords wrapped 
around short cylindrical projections on the ends of the 
cylinder as shown in Fig. 483. The radius of the projec- 
tions is 44r. What is the velocity, 5, of the center of the 
cylinder 4 sec. after starting from rest? 

Solution.—The free-body diagram of the cylinder is 
shown in Fig. 483. From the principles of impulse and 
momentum we have: 
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2F,-At = M(o", —0':) or 4W—-3W+F)4= ue (1) 
g 
ZFy-At = M(o"y — d’y) or (N —0.866W)4=0.- . . . . (2) 
= = W 
DT -At =I (wz — w) or (gW- ar — Fr)4 = goes 5 a (6) 


From (8), , oye 
= =W —F 7 dv, since rag = v. 


Substituting this value of F in (1) and solving, we find 


Problem 816.—The wheel in Fig. 484 is rotating with an angular velocity of 
120 r.p.m. when the brake shoe A is applied. The force P is increased gradually 
from 0 to 20 lb. in 5 sec. and then gradually decreased to 0 again as indicated in the 
force-time diagram in Fig. 484(b). Find the angular velocity of the wheel at the end 
of 10 sec. The weight of the wheel is 322 lb., its radius of gyration is 1.5 ft., and the 
coefficient of friction « between the wheel and brake shoe is 0.3. 


N=4 \2 
F=1.2P 


Fe 
a 
0 5 10 
Time, sec, 
(a) (b) (c) 
Fia. 484. 


Solution—From the principle of angular impulse and momentum we have 


= fra = A(Iw) 


where T is the torque acting on the wheel at any timet. From the free-body diagram 
of the wheel (Fig. 484c) we see that the frictional force F = wN at any instant is 
1.2P, the value of the normal pressure N being found by considering the equilibrium 
of the bar on which P is acting. Hence the torque 7’ = Fr = 2.4P. But P = 4¢. 


Therefore, 
322 /3\2 
= ey rg 
2 T dt = aH 2.4 X 4tdt = = (3) (Lpenaa) 
19.2 ep a aoe) 
ms , ori 1 we 

19.225 90 

dS es 
Hence, 


we = 1.90 rad./sec. = 18.15 r.p.m. 


PROBLEMS 
817. A jet of water 2 in. in diameter has a velocity of 30 ft./sec. in a horizontal 
direction. If the jet impinges normally against a fixed vertical plane, what is the 
pressure of the water on the plane? 
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818. A 514-02. baseball moving horizontally with a velocity of 150 ft./sec. is 
struck by a bat and is deflected 135° from its original direction as indicated in Fig. 
485. If the speed of the ball as it leaves the bat is 130 ft./sec., compute the hori- 
zontal and vertical components of the impulse of the bat on the ball. Assuming 
that the time of contact is 149 sec., determine the average value of the force during 
the impact. 

Ans. (Imp.)z = 2.58 lb.-sec.; (Imp.)y = 0.98 lb.-sec.; Faverage = 138 lb. 


v'= 180 ft./sec. 
Se 
Ball N 
aN, 
Gea 
v'=160 ft./sec. GY 
Bat 
Fig. 485. Fig. 486. Fia. 487. 


819. A horizontal stream of water having a velocity of 20 ft./sec. strikes a fixed 
blade as shown in Fig. 486 Assuming that the friction of the water on the blade is 
negligible find the horizontal force exerted on the blade. The cross-section of the 
stream is 2 sq. in. 


820. A horizontal stream of water having a velocity of 40 ft./sec. strikes a moy- 
ing blade as shown in Fig. 487. The velocity wu of the blade is 10 ft./sec. in the direc- 
tion of the velocity of the water. The diameter of the stream is 2 in. Find the 
horizontal force exerted by the water on the blade. Ans. P = 5.36 lb. 


821. A body slides down a plane inclined 45° with the horizontal. If the coeffi- 
cient of kinetic friction is 0.2, how many seconds will it take for the velocity of the 
body to change from 10 ft./sec. to 30 ft./sec.? 


822. A certain machine gun fires 350 bullets per minute. If each bullet weighs 
1 oz. and the muzzle velocity of the bullets is 2200 ft./sec., what is the average 
reaction of the gun against its support? Neglect the reaction due to the discharged 
gases. Ans. Ravyerage = 24.9 lb. 


823. In the relief valve shown in Fig. 488 
the discharge area is assumed to be equal to 
the circumference of the pipe times the lift of 
the valve times cos 45°. The rate of dis- 
charge of the water is 2 cu. ft./sec. The 
diameter, d, of the pipeis6in. The “ lift ’’ is 
0.25 in. The pressure p in the pipe is 
30 lb./sq. in. Find the force exerted by the 
spring on the valve. Hint: The force caus- 
ing the change in the horizontal component 
of the momentum of the water from Mv, to 


Mv, cos 45° is the difference between the 
Fra. 488. : : 
pressure on a cross-section of the water in 
the pipe and the force exerted by the spring. Ans. P = 650 Ib. 


824. The table of a planing machine together with the material bolted on it 
weighs 5 tons, I'ind the time required to change its velocity from 20 ft./min. 
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(cutting stroke) to 40 ft./min. in the opposite direction (return stroke) if the average 
force of the pinion on the rack while the velocity is being changed is 200 Ib. 
Ans. ¢ = 1,55'see. 


825. Water flows in a straight pipe with a velocity of 10 ft./sec. The pipe is 
4 ft. in diameter and 2 mi. long. Calculate the linear momentum of the water. 
What would be the effect of closing a valve quickly if the valve is near the discharge 
end of the pipe? What is the time of closing the valve if the average additional 
pressure due to closing is 20 lb./sq. in.? 

826. An 800-lb. shell is fired from a gun weighing 160,000 lb. with an initial 
velocity of 1400 ft./sec. What will be the maximum velocity of recoil of the gun? 
How far will the gun recoil if a constant resistance of 18,000 lb. begins to act immedi- 
ately after the explosion? Ans. v = 7 ft./sec.; s = 6.76 ft. 

827. A flywheel weighing 1288 lb. is keyed to a shaft 4 in. in diameter. The 
shaft transmits a turning moment of 1200 in.-lb. to the flywheel, thereby increasing 
its angular velocity from 600 rad./min. to 50 rad./sec. in 10 sec. Find the radius 
of gyration of the flywheel. 

828. The rotating parts of a horizontal-shaft turbine weigh 20 tons and have a 
radius of gyration of 2 ft. It takes 10 min. for the turbine to come to rest from a 
speed of 55 r.p.m. under the influence of journal friction alone. The shaft is 12 in. 
in diameter. What is the average coefficient of friction? Ans. pw = 0.00238. 

829. A sphere having a weight of 64.4 lb. and a diameter of 30 in. rolls, without 
slipping, down a plane inclined 30° with the horizontal. What will be the velocity 
of its center at the end of 5 sec. if the initial velocity of its center is 30 ft./sec.? 


830. A homogeneous cylindrical disk (Fig. 489) weighs 128.8 lb. and has a 
radius of 1 ft. It is mounted so that it rotates in a horizontal plane about a smooth 
vertical axis at O. A couple of variable moment 7’ = 8é° is applied to the disk, 
T being expressed in lb.-ft. and tin sec. If the initial value of w is 54 rad./sec., how 
long will it take the disk to come to rest? _ Ans. t = 3 sec. 


ix] 
So 


Force, Ib. 


Time, sec, 


Fie. 489. Fia. 490. Fia. 491. 


831. The weight of A in Fig. 490 is 20 lb. The string attached to A passes over 
a smooth peg and wraps around a drum of radius r; = 5 in. attached to a wheel 
having aradius rg = 18in. The radius of gyration of wheel and drum is 15in. The 
wheel rolls without slipping. How many seconds are required for A to acquire a 
velocity of 10 ft./sec., starting from rest? The weight of the wheel and drum is 
64.4 Ib. ; Ans. t = 3.56 sec. 

832. A body rests on a smooth horizontal surface and is acted on by a horizontal 
force that passes through the mass-center of the body. The weight of the body is 
64.4 lb. The force is constant in direction and its magnitude varies as the ordinate 
to a circle as shown in Fig. 491. Find the linear velocity of the body at the end 
of 3 see. Ans. v = 25.3 ft./sec. 
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833. A homogeneous cylinder rolls, without slipping, down a plane inclined 30° 
to the horizontal. Find the velocity of the center of the cylinder 3 sec. after starting 
from rest. 


834, How long will it take the cylinder described in Prob. 670 to acquire an 
angular velocity of 10 rad./sec., starting from rest? Ans. t = 0.233 sec. 4 


835. A homogeneous circular cylinder haying a radius of 1 ft. and a weight of 
32.2 lb. rests on a horizontal plane, the axis of the cylinder being parallel to the 
plane. In the plane of symmetry perpendicular to the axis is turned a narrow groove 
6 in. deep. A constant horizontal force of 32 lb. is applied through a cord wrapped 
around the groove, the horizontal portion of the cord being tangent to the groove at 
its lowest point. If the cylinder rolls without slipping find the velocity of the 
horizontal portion of the cord at the end of 1.5 sec. 


836. A cylinder weighing 96.6 lb. and having a radius of 6 in. is mounted on a 
horizontal axle whose axis coincides with the axis of the cylinder. A body weighing 
32.2 lb. is suspended from a cord wrapped around the cylinder. If the body is 
allowed to descend from rest, what will its velocity be at the end of 2 sec.? Neglect 
bearing friction. Ans. = 25.8 ft. 


149. Conservation of Momentum.—J. Linear M. omentum.—As 
already noted, the principle of linear impulse and linear momentum for 
the motion of any mass-system under the action of an unbalanced exter- 
nal force system is expressed by the equation 


(Tip); = A(M?,), 


in which z represents any direction. Now if the resultant of the forces 
which act on the body has no component in the z-direction, the impulse 
of the force system in the z-direction will be zero, and hence A(M3,) 
will be equal to zero. Thus 


Mv, = a constant. 


That is, of the resultant of the external forces which act on a body has no 
component in a given direction, the component of the linear momentum of 
the body in the given direction remains constant. This statement expresses 
the principle of conservation of linear momentum. 

IT, Angular Momentum.—As already noted, the principle of angular 
impulse and angular momentum for the motion of any body under the 
action of an unbalanced external force system is expressed by the 
equation 

(Ang. Imp.). = A(Ang. Mom.),. 


Now if the external forces which act on the body have no resultant 
moment about a given axis, O, the angular impulse of the forces about 
the same axis will be zero, and hence A(Ang. Mom.), will be equal to zero. 
Thus 


(Ang. Mom.), = a constant. 
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That is, if the external forces which act on a body have no resultant moment 
about an axis, the angular momentum of the body with respect to that axis 
remains constant.. This statement expresses the principle of the con- 
servation of angular momentum. 

It was shown in Arts. 143 and 144 that the angular momentum 
of a body about an axis, O, is expressed by J,w if one of the following 
conditions is satisfied: (1) The body is rigid and rotates about a fixed 
axis, the O-axis being taken as the axis of rotation; (2) the body is rigid 
and has a plane motion and the point O is (a) the mass-center of the 
body, or (b) the instantaneous center of zero velocity, or (c) a point 
whose velocity is toward (or away from) the mass-center. Furthermore, 
I, also expresses the angular momentum of a non-rigid mass-system 
that rotates about a fixed axis provided that all parts of the mass-system 
have the same angular velocity. Thus, if a rod rotates about a fixed 
axis as bodies slide radially outwards (or inwards) along the rod, the 
mass-system is not rigid but the angular momentum of the system 
about the axis, O, of rotation is Iw. 

Therefore, the principle of conservation of angular momentum when 
the above conditions are satisfied, may be expressed as follows: 


I, = a constant. 


Thus if 7, decreases, w must increase, and vice versa. For example a 
gymnast who leaves the swinging trapeze at the top of a circus tent with 
a relatively small angular velocity w (his body being extended) may 
increase his angular velocity and make several complete turns in mid- 
air as he descends in a vertical plane by ‘‘doubling up.”” His moment 
of inertia is thereby decreased and his angular velocity is increased a 
sufficient amount to keep J,w constant since no external torque acts on 
him while he is descending. 
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Problem 837.—The weight of the parts of a 3-in. field gun (Fig. 492) which move 
during recoil is 950 lb. The weight of the projectile is 15 lb. and that of the powder 
charge is 1.5 lb. The muzzle velocity is 1700 ft./sec. Determine the velocity of 
free recoil at the time the projectile reaches the end of barrel, assuming that the 
projectile leaves the gun with a horizontal velocity. 


Solutton.—Three bodies are to be considered; the projectile, the powder charge, 
and the recoiling parts of the gun. Since the recoil is free, no horizontal external 
forces are acting on these three bodies while the projectile is reaching the muzzle of 
the gun, and hence the linear momentum of the system remains constant. That is, 
the momentum of the projectile plus the momentum of the gases is equal to the 
momentum of the recoiling parts. Thus 


Myrp + Mgig = Myo, 
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The gases (and unburned powder) form a non-rigid body, and hence the velocity 
d,, of the mass-center must be used. It is usually assumed that 0, is one-half of the 


' ‘ 
[Recoil =45 in-——> 


10° elevation ——_ 1 


Fia, 492. 


velocity of the projectile. Thus, using weights instead of masses since they are 
proportional, we have 
1700 
15 X 1700 5. X= 950 v,. 


Hence 


25,500 + 1275 


= 28.1 ft./sec. 
950 


r 


The velocity of free recoil as the projectile reaches the muzzle of the gun is about 
0.7 of the maximum velocity of free recoil. The bore is filled with gases for a short 
interval after the projectile leaves the gun and these gases continue to exert pressure 
on the breech and thus to increase the velocity of recoil. 


Problem 838.—Two spheres (Fig. 493) are mounted on a light rod on which the 
spheres may slide without friction. The rod 
and spheres rotate about the vertical central 
axis. A string is attached to each sphere 
and runs over pulleys so that the pull of 
each string is directed along the rod. Each 
sphere weighs 8 lb. and is 214 in. in diameter. 
When the distance of the center of each 
sphere from the axis of rotation is 2 ft., the 
angular velocity of the rod is 60 r-p.m. If 
SEO the spheres are pulled a distance of 6 in. 
Via. 493. : along the rod toward the axis of rotation 
what will be the angular velocity of the rod? 


Solution.—sSince the external forces acting on the spheres have no moment about 
the axis of rotation, the angular momentum with respect to the axis of rotation 
remains constant. That is, the angular momentum of the spheres before they are 
pulled in is equal to their angular momentum after they are pulled in. Whence 


Tyo = Towo. 


Little error will be introduced by considering the spheres to be particles and by 
neglecting the mass of the rod. Thus 
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60 X 27 


PME S(O aoe = 2M X (1.5)?we. 
Hence 
4X 2r 
w2 = Dore 11.15 rad./sec. = 106.6 r.p.m. 


Thus it will be noted that, as the moment of inertia of the spheres decreases, their 
angular velocity must increase. And since the moment of inertia decreases as the 
square of the distance from the axis of rotation, 
a relatively small inward movement of the 
spheres causes a relatively large increase in the 
angular velocity. . 

If the pulls of the strings are released 
when the spheres are at any distance, x (Fig. 
494), from the axis of rotation, then no force 
in the horizontal plane will be acting on either 
sphere, and hence each sphere will continue 
with constant speed in a straight line until 
it strikes the stop at the end of the rod as 
indicated in Fig. 494. That is, the linear mo- 
mentum of each sphere remains constant until 
the stop is hit and then changes from mv to 
mv: The angular momentum of the sphere, 
however, is the same after the sphere strikes Fia. 494. 
the stop as it was before the sphere struck the 
stop since no moment is introduced by the pressure of the stop. Thus mv-x = mv;-r. 
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839. A 2-oz. bullet moving with a velocity of 2000 ft./sec. strikes, centrally, a 
block ofswood which is moving on a smooth horizontal plane in the same direction 
as the bullet with a velocity of 20 ft./sec. If the block of wood in which the bullet 
embeds itself weighs 16.8 lb., what is the resulting velocity of the block and bullet? 

Ans. v = 384.6 ft./sec. 

840. Two similar pulleys are running loose on a shaft. One has an angular 
velocity of 10 r.p.m. and the other a velocity of 30 r.p.m. in the opposite direction. 
They are suddenly coupled together by means of a friction clutch. What will be 
the angular velocity of the pulleys after the clutch has ceased to slip? What pro- 
portion of the kinetic energy is lost? 

841. A disk D and a small body A (Fig. 495) are rotating at 90 r.p.m. about the 


1Y 
kK—r A 
D -—> <- 
P . 
AS) |BI 
ly OUOOTTTT7 TTT Ch 7, 
Fie. 495. Fira. 496. 


axis YY. The body A is attached to a string that passes through a small hole at 
the center of the disk. The distance, r, of A from the axis of rotation is 24 in. and 
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the weight of A is 8lb. The top surface of the disk is smooth. If by pulling on the 
string r is decreased to 8 in., what will be the angular velocity of A? 
Ans. w = 84.8 rad./sec. = 810 r.p.m. 

842. Three bodies A, B, and C (Fig. 496) whose weights are 40 lb., 10 lb., and 
20 Ib., respectively rest on a smooth horizontal surface. If A is given a velocity 9f 
20 ft./sec. to the right and B a velocity of 10 ft./sec. to the left and C remains at 
rest until A and B come into contact with it, what will be the final velocity of the 
three bodies assuming that after coming into contact they remain in contact? 


843. A 4.7-in. howitzer field gun rests on a wooden platform. Recoil is checked 
by heavy ropes attached to stakes driven into the ground in front of the gun. Assum- 
ing that the slack in the ropes allows the velocity of free recoil to be developed, find 
the velocity of recoil from the following data: Weight of gun, 7000 lb.; weight of 
projectile, 63 lb.; weight of powder charge, 6 lb.; muzzle velocity, 1500 ft./sec. 

Ans. v = 14.1 ft./sec. 

844, A bullet weighing 1 oz. and moving horizontally with a velocity of 
1500 ft./sec. strikes centrally a wooden sphere weighing 99 oz. that is suspended 
vertically by a cord, the distance from the point of suspension to the center of the 
sphere being 4 ft. With what velocity will the sphere (and embedded bullet) start 
moving after the impact? How far will the sphere rise vertically above its initial 
position? 

845. A man weighing 150 lb. jumps into the center of a boat that weighs 180 lb. 
He lands in the boat with a velocity having a horizontal component of 10 ft./sec. 
The boat is drifting with a velocity of 5 ft./sec. in the same direction. Neglecting 
the resistance of the water, find the resulting velocity of the boat and man. If it 
takes 14 sec. for the boat to acquire this resulting velocity, what is the average value 
of the horizontal force exerted by the man on the boat? 

Ans. v = 7.27 ft./sec.; P = 25.4 lb. 


846. A tank partly filled with water rests on a flat-topped car. The car and 
tank are moving along a straight track at 10 mi./hr. when a stone weighing 200 Ib. 
is dropped vertically into the water. The weight of the car is 400 lb. and that of 
the tank and water is 800 lb. Neglecting the friction of the car on the track, what is 
the velocity of the car after the stone has been dropped in the water? If the tank 
slides on the car for 14 sec. before coming to rest relative to the car, what is the 
average value of the horizontal force that is exerted by the car on the tank while the 
velocity of the tank (and ear) is being changed? 


7, 


Fra. 497. Fie. 498. 


847. In Fig. 497, A and B are two sprocket wheels mounted on horizontal axles 
which rest in smooth bearings. Each wheel weighs 20 Ib. and has a diameter of 
4 ft. and a radius of gyration of 1.75 ft. A body C weighing 10 Ib. hangs from a light 
inextensible chain which passes over the two wheels as shown. C descends from 
rest and 2 sec. elapse before the slack in the chain is taken up. If the weight of the 
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chain is neglected what will be the angular velocity of the two wheels immediately 
after the 2-sec. period, assuming that the weight C is detached from the chain just as 
the chain between the pulleys becomes taut? Ans. w = 6.87 rad./sec. 


848. Two spherical balls (Fig. 498) connected by a rod rotate about a vertical 
axis with an angular velocity w of 30 r.p.m. Each ball weighs 200 Ib. and is 1 ft. in 
diameter. The rod also weighs 200 lb. A man weighing 161 lb. jumps vertically 
and catches hold of the bar at A. What is the angular velocity of the system after 
the man catches hold of the bar? 


849. A block of wood weighing 20 lb. is suspended by a long string. The block 
is swinging with a velocity of 40 ft./sec. through its lowest position when a bullet 
weighing 2 oz. and moving with a horizontal velocity of 2000 ft./sec. strikes the block 
and is imbedded in it. What will be the velocity of the block and bullet (a) if the 
velocities of the block and bullet before impact are parallel but opposite in sense? 
(b) if the velocities are parallel and have the same sense? (c) if the velocities are at 
right angles? 

Ans. (a) v = 27.4 ft./sec.; (b) v = 52.2 ft./sec.; (c) v = 41.6 ft./sec. 


150. Impact.—The equations of Art. 148 which express the principles 
of impulse and momentum apply to the motion of bodies whether the 
bodies move under the action of impulsive forces or of forces which act 
during a finite time interval. In fact, as stated in Art. 136, the prin- 
ciples of impulse and momentum are particularly well adapted to the 
solution of kinetics problems which involve sudden impulses. 

The effect of impulsive forces on the motion of a body, in most 
problems, is so large in comparison with the effect of the other forces 
which act on the body that the effect of the other forces on the motion 
of the body, while the impact lasts, may be neglected. The only details 
of the change in the motion of a body that can be determined, when 
the change in the motion is caused by impulsive forces, are the initial 
and final velocities of the body. For, the distance traveled during the 
impact is indefinitely small; the time interval is also indefinitely small, 
and hence the acceleration produced is indefinitely large since the change 
in velocity is a finite quantity. Thus the distance, time, and accelera- 
tion are indeterminate. There is, however, a definite (appreciable) 
change in the velocity, although, as Just noted, the manner in which the 
velocity changes during the period of the impact is unknown and only 
the initial and final values of the velocity can be determined. There- 
fore, the momentum of the body at the beginning and at the end of the 
impact period are definite quantities, and, since these quantities are 
involved in the principles of impulse and momentum, problems which 
involve impulsive forces yield to this method of solution although the 
impulse of the impulsive forces is used and not the forces themselves. 

Direct Central Impact.—If two bodies collide and the velocity of 
each is directed normal to the striking surfaces, the impact is said to be 
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direct. If two bodies collide in such a way that the action line of the 
pressures exerted by the bodies on each other is directed along the line 
connecting the mass-centers of the two bodies, the impact is said to be 
central. 

The period of impact may be divided into two parts: (1) the time 
of deformation during which the impulsive force is increasing to its 
maximum value as the two bodies deform, and (2) the time of restitution 
during which the bodies are separating and partially recovering from 
the deformation. If the two bodies were perfectly elastic, the period of 
deformation would be equal to the period of restitution, and the velocity 
of separation would be equal to the velocity of approach. But, all 
bodies are more or less inelastic, and hence the velocity of separation is 
always somewhat less than the velocity of approach. 

Coefficient of Restitution—For direct central impact of two bodies, 
the ratio of the relative velocity of separation to the relative velocity 
of approach is defined as the coefficient of restitution. Thus, if the veloci- 
ties before impact are denoted by v; and v2 and after impact by v’; and v2 
and if e denotes the coefficient of restitution, the value of e is defined by 
the following equation: 

v's = v5 
eS — = Or »v 
PY BHA 


5g — ty = ely Sa) Pe 


Experiments show that the value of the coefficient of restitution for two 
spheres in central direct impact depends only on the materials of the 
two spheres. It is generally assumed that the value of e as found for two 
spheres of any two materials is the same for other bodies of the same 
materials whether the impact is central and direct or not. But if the 
impact is not central and direct, the components of the velocities normal 
? to the impact surfaces must be used in 
——- Pe equation (1) instead of the total velocities. 

151. Impact of Two Translating 
Bodies.—Direct Central Impact.—In Fig. 
499 are represented two translating 
bodies which collide with direct central impact. It is assumed that 
the values of 


LLL dd dd ddd tdi isddiddditddtdsét1pividae 


Fig. 499. 


My, Mo, 24, vo, and e 


are known, and it is required to find the values of 


td t 
v, 01, tf Padt or UP a) pitas and f Pat or (Py aor te 
0 td 


where v is the velocity of the bodies at the end of the deformation period 
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ta, v’; and v’2 are the velocities of the bodies after the impact, and ¢, is 
the restitution period. 

Evidently five equations must be found from which the five unknown 
quantities may be determined. ‘The five equations may be found as 
follows: From the principle of conservation of linear momentum Hq. 
(1) and (2) below are obtained. Thus 


Myv, + Move = (M; + Mo2)v for the periodtg. . . (1) 
(M, + Mo)v = Myv's + Mov's for the period t, . .. (2) 
And, from Art 150, 


vy a v's a e(vy = Vg) Soe go oh me 4 (3) 


From these three equations the values of v, v';, and v’g may be found. 
The impulses for the periods tg and t, may now be found by applying 
the principle of linear impulse and momentum for the periods tg and {,, 
which leads to the following equations: 


fi Padt = M,(v = 11) — Mo(v = V9), Seat Oe (4) 
0 


t 
ff Pat = My(v'; — v) = Mo(v'2 —v) ~~ . . . (5) 
ta 
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850. A freight car weighing 40 tons and traveling at a speed of 20 mi./hr. on a 
straight track overtakes another car weighing 30 tons and traveling on the same 
track in the same direction at a speed of 15 mi./hr. If the value of e is 0.2, find the 
velocity of each car after impact and the impulse of each car on the other both for 
the time of deformation and for the time of restitution. 

851. A body weighing 50 lb. moving to the right collides with a 30-lb. body 
moving to the left. The speed of each body is 15 ft./sec. ‘The impact of the two 
bodies is direct and central. If the coefficient of restitution is 0.6, find (a) the velocity 
of each body after impact, (b) the velocity of each body at the end of the deformation 
period. Ans. v1’ =— 3 ft./sec., vo’ = 15 ft./sec.; v = 3.75 ft./sec. 

852. A sphere which is at rest is struck directly by another sphere having the 
same mass and diameter. ‘The velocity of the center of the latter is 20 ft./sec. If 
the coefficient of restitution is 0.5, find the velocities of the centers of the spheres 
after impact. ¥ 

853. A ball drops from rest 16 ft. and strikes a horizontal rigid steel plate. If 
the ball rebounds 9 ft., what is the coefficient of restitution? Ans. ¢ = 0.75. 


854. A falling weight of 1000 Ib. is used to drive a pile into the ground. If the 
weight of the pile is 800 lb. and the weight is dropped 20 ft., what will be the depth 
of penetration of the pile, assuming an average resistance to penetration of 30,000 lb.? 
Assume the impact between the weight and pile to be perfectly inelastic (e = 0). 

Ans. = 4.73 in. 
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REVIEW QUESTIONS AND PROBLEMS 


855. Define linear impulse of a force (a) in words; (b) as a mathematical expres- 
sion. Is impulse a vector quantity? 

856. What is another name for angular impulse of a force? What are the units 
of angular impulse? 

857. Is the linear momentum of a particle a vector quantity? State in words 
the meaning of (mv);. What are the units of linear momentum? 

858. What is another name for moment of momentum of a particle? What are 
the units of moment of momentum? 

859. Prove that 2(mv); = Mo;, and state in words the meaning of the equation. 

860. Where in the body is the position line of the linear momentum vector Mo: 
(a) for a translating rigid body, (b) for a rotating rigid body? 

861. Point out, and correct, the errors in the following demonstration that the 
angular momentum of a rotating rigid body is Jj~w: The linear momentum of the 
body is Mo, and the angular momentum of the body about the axis of rotation O is 
Mor. But 5 = fw, and hence (Ang. Mom.) = Mf’w. Thus (Ang. Mom.)o = Iq, 
since Mr? = Ip. 

862. Starting with the equation 2F, = M4Gz;, derive the equation expressing the 
principle of linear impulse and linear momentum for any mass-system acted on by 
constant forces. 

863. Point out, and correct, the error in the following statement of the principle 
of conservation of angular momentum: If the forces acting on any body haye no 
resultant moment about a given axis O, then J,w of the body will remain constant. 

864. A projectile weighing 2 lb. and moving in a horizontal direction with a 
velocity of 80 ft./sec. strikes centrally a small box of sand and remains embedded in 
the sand. The box of sand weighs 18 lb. and is resting 
on a horizontal plane when the projectile strikes it. The 
coefficient of friction for the box and plane is 0.20. With 
what velocity does the box (and projectile) start to move, 
and how long will it take to come to rest? 

Ans. + = 1.24 sec. 

865. Solve Prob. 815, using O’ as the moment-center in 
applying the principle of angular impulse and momentum. 

Fie. 500. 866. In Fig. 500, A is a disk keyed to the vertical 

shaft and rotating with it at 30 r.p.m. The disk B is not 

keyed to the shaft and is not rotating. If the disk B is allowed to slide down the 

shaft until it comes in contact with the disk A, what will be the angular velocity of 

the two disks after slipping between the disks has ceased? Each disk is 4 ft. in 

diameter and weighs 161 lb. Neglect the mass of the axle. What frictional 

moment is exerted on B by A if slipping between the disks 

occurs for 2 sec.? What percentage of the energy of the 
system is lost? 

Ans. w = 1.57 rad./sec.; TJ’ = 7.85 Ib.-ft.; loss = 50 
per cent. 

867. A cylinder is made to roll, without slipping, on a 
horizontal plane by the pull, P, on a string that is wound 
around a groove in the central plane of the cylinder as shown 
in Fig. 501. The eylinder weighs 64.4 Ib. Find the velocity 
of the center of the cylinder 4 sec. after starting from rest if 
1 = KO) Nay A Ans. 0 = 22.2 ft./sec. 


Fre. 501. 


PART IV. SPECIAL -TOPICS* 


CHAPTER XI 
MECHANICAL VIBRATIONS 


152. Introduction.—A mechanical vibration as met in most engi- 
neering problems is a periodic motion, usually of small amplitude, which 
repeats itself in a definite time interval called the period of the vibration; 
each repetition of the motion is called a cycle, and the number of cycles 
per unit of time is called the frequency of vibration. 

The prevention of vibration in machine parts and structural members 
is important in eliminating excessive wear, in reducing repeated stresses 
that are likely to cause the failure of a member by a progressive fracture 
called a fatigue failure, and in reducing objectionable noise. 

In the analysis of the essential dynamics features of the vibratory 
motion of a machine member, the member may usually be replaced by a 
concentrated mass (particle) connected to its supports by one or more 
weightless springs. The simplest and also the most common type of 
vibration is a simple harmonic motion. This motion was discussed in 
Arts. 86 and 107 and the student is advised to read these articles again 
before proceeding with the next article in which a simple harmonic 
motion will be analyzed in somewhat greater detail. 

A motion, such as a simple harmonic motion, that can be described 
in terms of a single coordinate is said to have one degree of freedom. 
The vibrations considered here are restricted to this class of motions. 

153. Free Vibrations.—Consider the motion of a small rigid body of 
mass m and weight W (Fig. 502) suspended by an elastic weightless 
spring from a rigid support. The spring constant or modulus of the spring 
(that is, the force required to deflect the end of the spring a unit distance) 
will be denoted by k, and the static deflection of the end of the spring 


due to the weight W will be denoted by 6,;; hence k = ~. It is 
st 


1 Bach topic or chapter is self contained and may be studied without reference to 
the preceding topics in Part IV. The topics treated in Part IV are somewhat more 
advanced than those discussed in Parts I, II, and III, but no additional principles 
are employed. 
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assumed that the body is free to move only along a vertical line which 
will here be taken as the z-axis, x being regarded as positive when 
measured downward from the position of 
static equilibrium of the body. Let the 
body be given some initial displacement zx, 
and, as it is released, let it be given an 
initial velocity v,. The body will then 
oscillate or vibrate with an amplitude A; 
the forces acting on the body when it has 
any displacement x are shown in Fig. 502, 
and by applying the equation of motion 
DF, = ma; to the body we obtain 


“Usps 


nstretched 


: all 
1 
! U 
st. 


length of spring 


e) dx k 
W— (W+ kz) = ma, or — =——z. (1) 
_ Position ot fae equilib, dt m 
a Wrke 8 This equation is the defining equation for 
Y _. a a simple harmonic motion (Art. 86). Re- 
3 k 
a Er | placing the constant — , for convenience, by 
8 =---f- m 
: pete p’ and noting that W = ké.:, we have 
yL----4- | 
eet) 
Fra. 502. ete meray ae beneath ys 
m W Ost 


Hence Eq. (1) may be written 
dx 


dee => px A e . ° . . . ° . . . (3) 


The value of x that satisfies Eq. (8) must be a function of ¢ whose 
second derivative with respect to ¢ is equal to the original function multi- 
plied by —p”. The functions z = B cos pt and x = C sin pt (where 
B and C are constants) satisfy the equation, as does also their sum. 
Hence the general solution to Eq. (3) is 


* = .B cos pt 4+- OC sin pt) 4. so puee ee! 


where B and C may be regarded as constants of integration whose values 
depend on the initial conditions of the motion. The velocity of the body 
at any instant during the oscillation may be found by differentiating 
Eq. (4). Thus 

dx 


v= 7, =— Bpsin pt + Cp cos pt . Cee OF 


If the initial conditions of the motion are known, the values of B and C 
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can now be found. For example, let it be assumed that when ¢ = 0, 
the displacement « = 2, and that the body has an initial velocity v = v, 
in the positive (downward) direction. ‘Substituting these values in 


Eq. (4) and (5), we find that B=<,, and @=~2- Thus Eq. (4) 
becomes Pp 


v 
r=a,cospi+—sinpti ...... (6) 
Pp 


A useful interpretation of Eq. (6) may be made by representing the 
displacement x as the projection, on the diameter of a circle, of a rotating 


Vo 
vector. Thus, in Fig. 503, assume that the vectors B = x, and C = — 


rotate, at right angles to each other, about O with an angular velocity p, 
called the natural circular frequency of vibration, and assume also that 
the vector A which is the resultant of vectors B and C also rotates about 
O with angular velocity p. It will be noted that the projection of A on 
the z-axis is c = B cos pt + C sin pt. The angle which the vector A 
makes with the x-axis is pt — ¢ where ¢ is the angle between the vectors 
Band A. Thus 


o= Bcosp + C.sinpi = Actos (pti —¢) . . . . % 2. © 


where 


ee ol 2 
A=VB+C'= A too + (2) = the amplitude of motion (8) 


a Re bette ees! ed he ee Seen) 


Fia. 503. Fra. 504. 


By plotting the z-projections of the vectors B and C as ordinates and 
time as abscissas the curves shown as B and C in Fig. 504 are obtained. 
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The displacement x at any time ¢ is obtained by adding algebraically 
the corresponding ordinates to these two curves, and is plotted as the 
ordinate to the curve denoted as A in Fig. 504. 

Because of the difference in the directions of the vectors in Fig. 503 
their maximum projections on the z-axis do not occur at the same time t. 
Thus the maximum value of the displacement x, which is represented by 


the maximum ordinate to the curve A, occurs at a time ; after the ordi- 


nate in curve B attains its maximum value. The angle ¢ is called the 
phase angle. 

It will be observed that the simple harmonic motion defined by 
Eq. (6) or Eq. (7) may be regarded as the resultant of two simple 


A : Vo . Z 
harmonic motions x = z, cos pt and x = — sin pt which have the same 
P 


frequency but different amplitudes, and which differ in phase by 90°. 
Equations (6) and (7) and Fig. 504 show that the oscillatory motion 
repeats itself whenever the angle pt changes through 27 radians. There- 


: : rie 
fore the time interval J for each cycle of motion (the period) is = 
Pp 


Thus =. 
Qn W [Sse 

=— =%rr1/—=2rV— ..... (10) 
Pp kg \ g 


The number of cycles per second, called the frequency, f, is then 


S —> SS ic A | 
Tp or on Nap ge VG 


By substituting g = 386 in./sec.” and expressing 6,; in inches we have 
ei i: 

f==—W— = 3.127~/— cycles persecond (12) 
Qa Ost Ost 


Equations (10) and (11) show that the period and frequency of free 
vibration of a body depend only on the weight of the body and the 
stiffness of the string, and are not affected by the initial conditions of 
the motion. These equations will be found to be applicable to periodic 
motions of widely different arrangements of elastic members. In other 
words, Fig. 502 is a conventionalized diagram that can be used with 
small error to replace many actual motions of bodies that vibrate with 
small amplitudes. 

The motion described above is called a free vibration; once started, 
it continues at constant frequency and amplitude without the aid of 
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externally applied driving or exciting forces. Damped free vibrations 
in which frictional forces cause the amplitude of the motion to decrease 
with time are discussed in Art. 158. Forced vibrations which are main-~ 
tained by an exciting force that may vary with any frequency are dis- 
cussed in Art. 159. 

Spring Constant.—In a system of vibrating elastic bodies, such as 
shown in Fig. 505, the vibration of one of the bodies, body M for example, 
is frequently reduced for convenience to the simple case treated in the 
preceding discussion by assuming that the body is caused to vibrate 
with equal freqtiency by an equivalent spring attached to the body as in 
Fig. 502. The constant for the equivalent spring is obtained from the 
spring constants of the several elastic 
bodies of the system. For this purpose 
a somewhat more comprehensive defini- 
tion of spring constant is needed than 
that used in connection with Fig. 502. 
The constant of an equivalent spring 
for any body of a system is the force 
acting on the body tending to restore it 
to its equilibrium position when its displacement from the equilibrium 
position is unity. 

To find the equivalent spring constant for M in Fig. 505, let the 
vertical force that must be applied to the body M to cause it to deflect 
one inch be denoted by F. Since F is equal (but opposite) to the restor- 
ing force, it is equal to the equivalent spring constant. It will be 
assunted that OM is a rigid weightless rod. The force in the spring S 


Via. 505. 


l 
when F is acting on M is found from equilibrium to be 7 F. The cor- 
b A 
responding deflection of the spring S is 7 ; and hence the force in the 


b , 
spring is also expressed as k 1? where k is the constant of the spring S. 
Therefore 
l b b\? 
pee | or p=(*)i 
b 2 
Thus the equivalent spring constant for M is (*) k, and hence from 


LO an ic 
Eq. (11) the frequency of vibration is — - aa 
Qn | YW 


344 MECHANICAL VIBRATIONS 


ILLUSTRATIVE PROBLEM 


Problem 868.—A body M weighing 150 lb. falls from a height h of 1.5 in. (Fig. 506) 
upon a helical spring, the modulus of which is 200 lb./in. If the body remains 
attached to the upper end of the spring; (a) determine the fre 
quency of the resulting free vibration; (b) write an equation for 
the displacement of the vibrating body, assuming that t = 0 at 
the instant the weight makes contact with the spring; (c) deter- 
mine the amplitude of motion, and the maximum shortening s 
of the spring that occurs during the vibration. 


Solution.—(a) From Eq. (2) the natural circular frequency is 


kg [200 x 386 
P= = 150 = 22.7 rad./sec. 


and from Eq. (11) the frequency of vibration is ‘ 


Yi 


PNT 
Fra. 506. ae eee 8 3.61 cycles per sec. 


Qn 6.28 


(b) At the instant the weight makes contact with the spring the initial conditions 


for the motion are 


150 ; 
Lo =— Set Sant =— 0.75 in. 


vo = V2gh = V2 X 386 X 1.5 = 34 in./sec. 
in which the origin of coordinates is at the position of static equilibrium of the body. 
Hence, from Eq. (6), the displacement at any time ¢ is 


Vv, 
x = 2ocos pt + es sin pt = — 0.75 cos 22.7¢ + 1.5 sin 22.7¢ 


(c) From Eq. (8) the amplitude of motion is 
A= As + (2) = V (0.75)? + (1.5)? = 1.67 in. 


Therefore the weight vibrates with an amplitude of 1.67 in. about the position of 
equilibrium and the maximum shortening s of the spring is 


s =A + b5¢ = 1.67 + 0.75 = 2.42 in. 


PROBLEMS 


869. A helical spring when supporting a weight of 400 lb. deflects 1 in. If the 
weight is increased to 1600 lb. and is displaced from its equilibrium position and then 
released so that it can vibrate freely, what will be the period of vibration? 

870. The motor in Fig. 507 weighs 1000 lb. and is mounted on four springs, each 
having a modulus of 2000 lb./in. Calculate the natural frequeney with which the 
motor will vibrate if given a vertical displacement from its equilibrium position and 
then released. Ans. f = 8.85 cycles per sec. 

871. In Fig. 508 the body M weighs 40 Ib. and the weight of the bell-crank B is 
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negligible. The modulus of the spring S is 20 lb./in. Calculate the equivalent 
spring constant and determine the frequency of vibration of the system. 
Ans. k = 2.22 lb./in.; f = 0.74 cycles per sec. 


Li if, hihi Le 


So S Se 
S2 
| (a) (2) 
Fie. 507. Fie. 508. Fia@. 509. 


872. A body M weighing W lb. is suspended from two springs, S$; and So arranged 
in series as shown in Fig. 509(a). If the spring constants of the two springs are 
ki and ko, respectively, show that the equivalent spring constant for the system is 

kike 
ki + ke 
the equivalent spring constant is ki + ke. 

873. Assume that the body in Fig. 502 is raised by a force until the length of 
the spring is the same as its unstretched length and that the force is then suddenly 
removed. Write an expression for the displacement x in terms of 6s; and the time ¢ 
after the force is removed. Show that 
the maximum elongation of the spring is 
twice as great as the static elongation 
caused by the weight of the body. 

Note: Additional problems will be 
found after Art. 156. 


If the springs are arranged in parallel as shown in Fig. 509(6) show that 


154. Simple Pendulum.—aAs a / 
simple application of a free vibra- / 
tion, let it be required to find the vi 

. period of vibration of small ampli- f 


tude of a simple pendulum con- 

sisting of a particle C (Fig. 510) /, 
suspended by a weightless cord of oe a eee 
length | from the point O, and 
allowed to swing in a vertical plane 
along the path B’B. Using the equa- 
tion of motion ZT, = I,a, we have 


W ..d°0 
—Wisno=—P— ...... 
sin alaer: (13) 
and since sin @ = @ approximately, when 0 is small, the last equation may 
be written a6 g 


pei a a te a 14 


346 MECHANICAL VIBRATIONS 


This equation has the same form as Eq. (3) when : is replaced by p?. 


Hence the period of vibration, if the amplitude is small, is 


[A ec 


If the amplitude 6; is not small enough to permit the assumption that 
sin 6 = 6, it can be shown that the period is 


eae, t+ Ge (Sy oe + (Feyoe + ere |. (16) 


here b = = 
where sin 


155. Compound Pendulum.—A physical body of finite dimensions 
(in contrast to a particle) which oscillates 
\ or swings about a horizontal axis is called 
a compound pendulum. Fig. 511 repre- 
sents a section of such a pendulum that is 
free to oscillate about a horizontal axis 
through O. Let it be required to find the 
period of vibration for oscillations of small 
amplitude. Using the equation of motion 
DT, = I,a, we have 


Wore: 
—WFsin@ = ape atte teas (17) 
or, if @ is small 
WwW a9 = 
2 gi 
Fia. 511. dt? ae ke 6 . e . ° . e (18) 


where k, is the radius of gyration of the pendulum about the te of 
rotation. The last equation is the same in form as Hq. (8) tpt e mer 


replaced by p”. Hence the period of the compound pendulum for oscilla- 
tions of small amplitude is 


2 ke? 
OE iy 


By comparing Eqs. (15) and (19) it is seen that for small amplitudes the 
period of oscillation of a compound pendulum will be the same as that 
of a simple pendulum if the length / of the simple pendulum is equal to 
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2 

te of the compound pendulum. The point O,; in Fig. 511 is called the 
center of oscillation. It will be noted that the center of oscillation is also 
the center of percussion (Art. 113). Furthermore, it can be shown that 
the center of oscillation may be made the center 
of rotation without changing the period. of 
oscillation. That is, in a compound pendulum 
the centers of oscillation and suspension are inter- 
changeable. 

156. Free Torsional Vibration As another 
application of Eq. (6) let it be required to find 
the period of vibration (or of oscillation of small 
amplitude) of a torsional pendulum. In Fig. 
512 a disk is rigidly attached to the slender 
_eylindrical rod or shaft of length 1. If the disk is 
given an angular displacement 6, and is then 
released, the disk will oscillate under the in- 
fluence of the torque exerted by the rod. The 
torque is proportional to the angular displace- Fie. 512. 
ment, provided that the elastic strength of the 
material is not exceeded, and is opposite in sense to 6. Thus, using the 
equation of motion 2T, = I,a, we have 


WHI 


<= hea=e leo ee Olan 1c Oey Fe eC) 


dt? I, 

where-k is the torsional spring constant, or the torque required to 
produce a unit angle of twist of the rod or shaft to which the disk is 
attached. Eq. (20) is also the equation of motion for free torsional 
vibrations of many machine parts such as rotors or flywheels in cases 
where the mass of the shaft is relatively small. Equation (20) has the 
same form as Hq. (1). Thus the solution is of the same form as Eq. (6) 
and hence the angular displacement at any time is given by the equation 


6 = 6, cos pt + — sin pt Cho? ety ape WA) 
P 


in which p = qe , 9, 1s the initial angular displacement, and w, is the 


initial angular velocity of the disk or the value of w when t = 0. 
The period of oscillation therefore is 


Qa JE 
T=— = 2 Sl ee ee 
Fs TNF (22) 


348 MECHANICAL VIBRATIONS 


The torsional spring constant for a cylindrical rod or shaft, as given in 
books on strength of materials is 
rd*G 
ye 


(23) 


where d is the diameter of the rod, G is the shearing modulus of elasticity 
of the material of the shaft, and 1 is the length of the rod. For a cylin- 


il 
drical disk [, = 5 ; r” where r is the radius of the disk, and hence 


16Wrl 
IP sx Die md'G (24) 


Two Bodies Connected by Shaft. Nodal Point—When two heavy 
masses such as the rotors of a large motor and generator are connected 
by a relatively small shaft as shown in Fig. 

N 513, torsional vibrations of the system will 

Game result if the shaft is given a twist by turning 
the rotors in opposite directions and then 
releasing them. Since, after release, there 


0 0 : 
I< io are no external torques acting on the system, 
i} : . \ . 
Hie. 513. the principle of conservation of angular mo- 


mentum (Art. 149) may be applied. Thus, if 
I, and I, are the moments of inertia of the two rotors and w; and we 

are their angular velocities at any time, we have 
I10; + Two = OF OF (y= aoe . (25) 

1 

Hence the two bodies rotate in opposite directions during the vibration 
since their angular velocities are of opposite sign, and there must be a 
section, N (called the nodal section), of the shaft that remains stationary. 
Thus, the motion of each body may be considered as that of a torsional 
pendulum on a shaft which is fixed at N, and the position of this nodal 
section can be determined since the period of oscillation for each part of 


the system is the same. From Eq. (22) the period is 
T = 20 Ht eae at ee eee 
where k; and kg are the torsional spring constants of the two parts of 


the shaft as divided by the point VN. Therefore = = 2 , and by sub- 
U1 1 
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stituting the values of k from Eq. (23) this equation becomes 
Oe Se : Tol 
I-b Ty’ © h+h 
By using this value of b for the length of the shaft in Eq. (23) and sub- 


stituting the resulting value of k, in Eq. (26), the peried of free torsional 
vibration for the system in Fig. 513 is found to be 


eo a TyIol 
ees sf oteta = 2 
3 nd'G(Iy + Is) as JG, + Ie) oe) 


where J is the polar moment of inertia of the area of the cross-section of 
the shaft about the axis of the shaft. 


(27) 
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874. The disk in Fig. 512 has a weight of 32.2 lb. and a radius of 6 in. A torque 
of 4000 in.-Ib. gives the steel rod to which the disk is attached an angle of twist of 
0.04 radian which is the maximum angle of twist the rod can sustain without having 
its elastic limit exceeded. What will be the frequency of oscillation of the disk 
assuming the motion of the disk is started by twisting it through an angle less than 
0.04 radian and then releasing it without initial velocity? Neglect the mass of 
the rod. Ans. jf = 41.1 cycles per sec. 


Fia. 514. Fig. 515. Fra. 516. Fia. 517. 


875. A small body of mass m and weight W is attached to the center of a tightly 
stretched weightless elastic wire of length 2/ (Fig. 514) in which there is a stress S. 
If the mass is displaced laterally a small distance and then released, show by use of 
the equation of motion ZF, = maz that the body has a simple harmonic motion and 
determine the period of vibration. Assume that the increase in stress in the wire 
due to a small lateral displacement is small in comparison with S and may therefore 


be neglected. sane we 
: art 298 


876. The body M in Fig. 515 weighs 8 lb. It is given a small vertical displace- 
ment from its equilibrium position and then released, The constant for each of the 
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springs is 30 lb./in. Calculate the frequency of the vibration of M, neglecting the 
mass of the springs. Ans. f = 8.56 cycles per sec. 


877. A steel pendulum consists of a circular disk 10 in. in diameter and 1 in. 
thick, and a rectangular bar 30 in. long, 3 in. wide, and 1 in. thick, as shown in 
Fig. 516. If the pendulum oscillates about a horizontal axis through O, what is thie 
period of oscillation?, Ans. T = 1.75 sec. 


878. In Fig. 517 a weightless wire M has attached to its lower end a slender rod 
B of weight W and length c. When B is given a small angular displacement in the 
horizontal plane and then released, it is observed to oscillate with 3 complete oscilla- 
tions per sec. If W = 8 lb. andc = 1.5 ft., what is the torsional spring constant of 
the wire? Ans. k = 199 in.-lb./rad. 


879. An elevator weighing 10 tons is slowly lowered by a cable whose cross- 
sectional area is 1.5 sq. in. and whose modulus of elasticity is 20 < 10° Ib./in.?. 
When the length of the cable is 112 ft., the hoisting drum is suddenly stopped. 
If the mass of the cable is neglected, find the frequency of vibration. Note: The 
stretch of a bar or cable caused by a static axial force W, as found in texts on strength 


! Wi 
of materials ise = aE? in which ais the cross-sectional area of the cable, /is the length 
a 


of the cable, and H# is the modulus of elasticity of the cable. 
Ans. f = 38.3 cycles per sec. 


880. A rectangular block floats in water with a depth of immersion d. The cross- 
sectional area of the block parallel to the water surface is A and the weight of water 
per unit volume is w. If the block is given a small vertical displacement y from its 
equilibrium position and then released it will oscillate. If the inertia and friction of 
the water are neglected, show by applying the equation of motion 2Fy = may that 


Cah ae L y and hence that the frequency of the oscillation is f = eS YT this 
dt d 2a Nd 


problem the water is the spring; what is the spring constant? 


881. The motor in Fig. 507 is supported by coil springs placed under the four 
corners of the motor frame. The variable torque on the motor produces a small 
rocking (angular) vibration of the motor in its supports; the axis of vibration may 
be assumed for small vibrations to be the same as the axis of rotation, O, of the motor. 
If the spring constant for each of the four springs is k and the moment of inertia of 
the motor and frame about O is Jo, show that the natural frequency of the angular 

2 
vibration is f = : ny 
~N Io 

882. A simple pendulum 4 ft. long swings through an angle of 60° (that is, 
6, = 30°). Find the period of oscillation; (a) by the approximate method and 
(b) by the exact method. Ans) (a) Tf = 2.21 secs: (6) i= 9395 sec: 


883. Find the length of a uniform slender bar having a period of oscillation of 
1 sec. when allowed to swing as a compound pendulum about an axis through one 
end of the bar. Ans. 1 = 1.22 ft. 


884. Liquid is placed in a U-shaped glass tube (Fig. 518), the total length of the 
liquid column being /. Pressure is applied to one side of the column depressing it as 
shown and the pressure is then suddenly released allowing the column of liquid to 
oscillate, Assuming friction to be negligible, show by applying the equation of 
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¢ ; d: 2 
motion ZF, = maz to the liquid that a =— a x and that, therefore, the period 


of vibration is T = 27 4/—-~ 


Fra. 518. Fia. 519. . Fira. 520, 


885. A cantilever beam of constant cross-section (Fig. 519) when supporting a 

1 wi 

3 HI 

(see any text on strength of materials) in which # is the tensile modulus of elasticity 

of the material of the beam and J is the moment of inertia of the cross-section of the 

beam with respect to its horizontal centroidal axis. Show that the period of vibration 
3 


3EIg 
is not negligible, it can be shown that only a very small error is introduced in obtain- 
ing the period of vibration by neglecting the mass of the beam and assuming that 
4 of the mass (and weight) of the beam is added to that of the body M. If the 
weight of the beam is 144, what error (in per cent) is introduced by neglecting 
the weight of the beam? 


886. A simple beam of constant cross-section (Fig. 520) when supporting a body 
1 wi 

= 48 EI — 
(See Prob. 885 for meaning of H and J.) Assuming that the mass of the beam is 
negligible compared to that of M, show that the frequency of vibration of M is 


1 48HIg 


mane WE If the mass of the beam is not negligible, it can be shown that 
T 


only a very small error is introduced in obtaining the period (or frequency) of vibra- 
tion by neglecting the mass of the beam and assuming that 14 of the mass (and 
weight) of the beam is added to that of the body M. If the weight of the beam is 
144W, what error (in per cent) is introduced by neglecting the weight of the beam? 
887. In Fig. 519 let the body M be suspended from the end of the beam by means 
of a coiled spring whose constant is k. Find the equivalent spring constant for the 
system; the spring constant for the beam may be obtained by using the expression 
38EIk 
3EI + kis 
888. The moment of inertia of a body may be found experimentally by allowing 


the body to oscillate as a compound pendulum and observing the period of oscillation. 
Show from Eq. (19) that 


body M of weight W at its free end deflects elastically an amount 6,4 = 


_of M, neglecting the mass of the beam, is T = 27 If the mass of the beam 


M of weight W at the center of the span deflects elastically an amount 65: = 


for 5.¢in Prob. 885. Neglect the weight of the beam. Ans. ki = 


WTy 
An? 
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in which J, is the moment of inertia of the body about the center of oscillation, 
T is the period of a complete oscillation of the body and 7 is the distance from the 
center of oscillation to the mass-center of the body. 

889. The connecting rod of a steam engine weighs 300 lb. and 
the distance of the center of gravity from the crank-pin is found (by 
balancing) to be 50 in. When suspended from the crank-pin end and 
allowed to vibrate as a compound pendulum, it is found to make 30 
complete oscillations in 75 sec. Determine the moment of inertia of 
the rod with respect to the axis of the crank-pin and also with respect 
to a parallel axis through the center of gravity. 

Ans. I = 198 slug-ft.2; I = 36.5 slug-ft.? 

890. The pendulum (Fig. 521): of a Charpy impact machine, 
which is used to determine the resistance of materials to impact, 
weighs 50.5 lb., and the distance of the center of gravity from the axis 
of rotation, as determined by balancing, is found to be 27.33 in. 
When allowed to vibrate about the axis of rotation, the pendulum is 
observed to make 35 complete oscillations in 61 sec. Find the mo- 
ment of inertia of the pendulum with respect to the axis of rotation. 

Ans. I= 8.85 slug-ft.? 

891. A body M whose weight is W (Fig. 522) is suspended from a cylindrical 
rotor by means of an inextensible cable. The rotor has a moment of inertia J about 
its axis of rotation O. The motion of the rotor is restrained by the spring S whose 


Fia. 521. 


Fia. 522. Fia. 523. 


modulus is k. If M is given a small downward displacement and then is released 
determine, by use of the equation of motion XT, = Joa, the period of vibration. 


Ans. T = 27 


892. A Diesel engine whose flywheel and other rotating parts, represented by A 
in Fig. 523, have a combined moment of inertia of 600 slug-ft.*, drives a generator 
whose rotor, represented by B, has a moment of inertia of 100 slug-ft.2 The steel 
shaft connecting the engine to the generator is 4 in. in diameter and 5 ft. long. The 
shearing modulus of elasticity of steel is @ = 12 X 10°lb./in.2 Neglecting the mass 
of the shaft calculate the natural frequency of torsional vibration of the system. 

Ans. f = 11.1 cycles per sec. 


157. Analysis of Free Vibrations by Principle of Work and Energy.— 
The principle of work and energy (Art. 131) is frequently useful in deter- 
mining the natural frequency of free vibration of an elastic system. 
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As an example, this principle will be applied to the motion of the system 
shown in Fig. 502. The principle states that during any displacement, z, 
of the body, the work done on the body is equal to the change in kinetic 
energy of the body (w = AH;,). Thus, referring to Fig. 502, we may 
write 


ka? 1W 
EY a et — wt eae (29) 


We — (We + 
2g 


where 2 is the velocity at the start and v2 at the end of the displacement. 

It will be noted that in considering the displacement of the body from 
position « = 0 to position x = rz, = A, where x», or A denotes the 
maximum displacement (amplitude) of the body from its equilibrium 
position, that ve is zero when x = A and that when x = 0 the velocity 
v, is the maximum velocity of the body during the vibration which will 
be denoted by v». Hence, Eq. (29) becomes 


kA? = tm? dpe whe im PARI) 


If the elastic properties of the spring are not exceeded, the restoring 
force kx is always directed toward the origin and is proportional to the 
displacement x, and hence the motion is a simple harmonic motion. 
Therefore, the displacement may be represented as the ordinate to a sine 
curve (Art. 86). Hence 

dx 
SA sin pe. and 0, = Fite AD COs pt secure (OL) 
where p has the same meaning as in Art. 153. 
From Eq. (31) it is evident that the maximum value of v is vy, = Ap, 
and hence Eq. (80) becomes wee 
Ww ek 
kA? =— (Ap) or p?= hh: eee oz) 
g W 
which agrees with the expression for p in Hq. (2). The method of work 
and energy is useful in many simple types of problems, and has particular 
advantages in problems in which the mass of the spring is considered as 
part of the vibrating system; the method then leads to Rayleigh’s 
method which is discussed in books on vibrations. 


ILLUSTRATIVE PROBLEM 


Problem 893.—In Fig. 524 is shown a device for measuring the vibrations of 
ships. The body D is a stiff bar connected to a smooth pin at O, S is a spring whose 
constant is k, and B is a small body attached to the end of D. The weight of D 
and B is W and the distance of their center of gravity, G, from O is]. The moment 
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of inertia of D and B about O is I>. The initial spring tension is such that the bar D 
is in equilibrium when in a horizontal position. If D is displaced from its equilibrium 
position and then released, find the period of 
vibration. 


Solution.—When the system is in its equ 
librium position the stress in the spring is 
found from one equation of equilibrium, by 


l 
taking moments about O, to be W zs If Dis 


given a small angular displacement @,, down- 
Fra. 524. ward from its equilibrium position, the in- 


I > 
crease in length of the spring is b@, and the stress is increased to Ws + kbOn. 
Hence the work done by the spring is 


1 l l 1 
caer a 2 = m a V Om — kb", ). 
(W241) + Bim) b (wi +5 ) 


And since the work done by the weight of D and B is W16,,, the total work done on 
D and B is —3kb?6?,,. Hence applying the principle of work and energy for the 
displacement 6 = 0 to @ = 4m we have 

w = AH; = 41 (we? — wt) 
or 

—4kb6?m = $1o(0 — wm) 
where wm is the maximum angular velocity of D. 


dé 
Since the motion is harmonic @ = @, sin pt, and hence w = — = 6mp cos jt. 


dt 
Thus wm = 6mp and the last equation becomes 
kb? 
$kb20%m = 31 6%mp?. Whence p? = —- 
oO 
; F é . Qa T 
The period of vibration then is T = — = 27, / —2. 
P kb? 
PROBLEMS 


894. In Prob. 893 assume the weight of D to be negligible and the weight of B 
to be W. Find the period of vibration by the method used in Prob. 893. Check 
the result by using the equation of motion 27, = Joa and by solving the resulting 
differential equation. In this problem assume / to be the length of D. 


tL |W 
An AT orca 
ns hs és 


895. If, in Prob. 894, W = 82 lb., 1 = 30 in., and b = 3 in., what must be the 
value of the spring constant k to make the period of vibration one second? 

896. Determine the frequency of vibration of the pendulum in Fig. 525 which 
consists of a stiff weightless bar of length J and a small body MZ whose weight is W. 
The spring constant for each of the two springs S, S, is k. 


ib 
Ans. jeer 


27k 
sae 
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897. Assume the mass of the rigid bar AB in Fig. 526 to be negligible and the 
spring constant for the spring S to be k. Calculate (a) the natural frequency of 


Fia. 525. Fia. 526. 
vibration of the system and (b) the equivalent spring constant K for the system. 
Oe kg iy \2 
Sas AGE =I Tea vik =a (5) 


158. Free Vibration with Viscous Damping.—Free vibrations, that 
is, vibrations that are not maintained by driving or exciting forces, 
gradually die out because of the damping due to frictional resistance 
encountered during motion. In the analysis of vibration problems the 
damping force developed is usually assumed to be proportional to the 


d. 
velocity of the body and is expressed as —c ae where c¢ is called the 


damping constant. Thus the frictional forces are assumed to be of the 


type developed by the viscosity of the oil in a dashpot; W-+ ker 
by assuming a proper damping constant this assump- 0 
tion usually yields satisfactory results even though » 


other types of friction may be damping the motion. 
ORE 
If a frictional force equal to —c ie is added to the F W 
dex, 
force system shown in Fig. 502, the force system will be = hon 
as shown in Fig. 527 and the equation of motion for the pends 
resulting damped free vibration may be written as follows: 


LF. = Mz 


dx W dx 

which may be written 5 ; 

ae dx 5 t 

= — = 0 APM See Pets Hm 

TE ee a a (33) 
where 

k 
ide has 
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An inspection of this equation indicates (as is shown below) that « must 
be such a function of ¢ that each successive derivative of xz with respect 
to t is equal to the original function times a constant. In a study of 
differential equations it is found that the function « = Ce* satisfies this 
condition, where C and s are unknown constants to be determined from 
the initial conditions of the motion and ¢ is the base of natural logarithms. 
The truth of this statement is easily shown. Thus, if z = Ce*’, 
2 
. = Cse** and a = Cr ¢* 
2 


d d 
Hence, if these values of 2, a and a are substituted in Eq. (33) 


the equation becomes 
(s? + 2ns + p”)Ce* = 0 oo Le ae eee 


and hence the function x = Ce*’ satisfies equation (33) if the conditions 
of the motion are such that 
s+ Qnstp?=0...... . (5) 


Thus there are two values of s that yield a solution of Eq. (33), namely, 
s =—nt+ Vr — and & =—n— Vr? — pP 
The general solution of Eq. (33) then is 
num. etl Cae t  e  e 


The damping of the motion, in accordance with this equation results in 
two different types of motion depending on whether n is greater than p 
or less than-p. 

For n greater than p.—If n > p the solution (Eq. 36) does not contain 
any terms that vary periodically with time. Hence the frictional resis- 
tance is so large that the body when displaced does not vibrate, but 
gradually creeps back to the equilibrium position. When this condition 
exists the motion is said to be overdamped. 

For n less than p.—If n < p the expressions for sy and sy become 
complex numbers and may be written 


so =—ntivp?—n=—ntiq 
and ee ee ee) 


8S =—n-iVvVp—n? =—n-— ig 


i=V—1 and g= Vp? — v2, 
Thuse = Cye—* HAO? Cag mt te eae i) 


where 


I 
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By substituting in Eq. (88) the following mathematical relations, given 
in texts on calculus and trigonometry, 


et! = cosgt + isingt, and et = cos qt — isin qt 
and simplifying, the equation becomes 
we e~ (8 cos gt + Daing!) ee. 89) 


in which B and D are constants such that B = C; + C, and D = 
a(Cy — Cz), and they are determined from the initial conditions of 
motion. The expression in parentheses is a periodic function of the 
same form as Eq. (4) for a free vibration without damping. Hence it 
represents a vibratory motion with a period 


2 2 2 
phe aes us a A + (40) 


1 1 
q idee tad stile @ 
P 


For the majority of cases of vibratory motion the ratio — is less 
P 


than 0.2, and it will be observed that for these cases the period of the 
damped free vibration is practically the same as the period of undamped 
free vibrations. If the initial conditions of the motion are such that 
x = 2 and v = 0 when ¢ = 0, Eq. (389) is found, by evaluating the 
constants B and D, to reduce to 


Semen ay (ce OOS: GL) meee ee taweree 4 |) 


Fig. 528. 


The relation between x and t in Eq. (41) is represented graphically by 
the curve in Fig. 528. 

The value of the factor e~”’ in Eq. (41) gradually decreases with 
time and hence the amplitude of each successive oscillation is decreased 
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2 é Pisa? ‘ 
in the ratio e”” to 1 where T = a is the period of oscillation. This may 


be shown as follows: If x, denotes the amplitude and ¢ the time at the 
end of r complete cycles and z,;1 the amplitude at the end of r + ‘ 
cycles we have 


zr = ez, cos gt 


2a 
ey =e lg, BORG ( + ==) = e "¢+T) (zx, cos gt) 
q 
Hence 
Ly en 
eS et 
Cra et t+T) 
: ; wee Cc Qa TC : 
The logarithm, to base e, of this ratio is nT = fe Bit Beh and is 


2W @q mq 
called the logarithmic decrement. The logarithmic decrement measures 
the difference in the logarithms of two consecutive ampli- 
tudes of the motion. 


S ILLUSTRATIVE PROBLEM 


Problem 898.—In Fig. 529 is shown a body M connected to a 
spring S whose constant is 40 lb./in. M is also connected by a rod 
to a piston that moves in a dashpot B that is filled with a viscous 

| fluid. The damping force due to the fluid resistance varies directly as 

the velocity of M and is equal to 50 lb. whenv = 2 ft./see. The combined 

weight, W, of M, the rod, and the piston is 100 lb. Find: (a) the 

FF damping constant, (6) the period of vibration, and (c) the logarithmic 
decrement. 


Fig. 529. Solution.—(a) The damping constant is 


50 lb. 


OS ee AOS Ne, BIO falta 
2 X 12 in./sec. ae 


(b) The natural circular frequency is 


kg 40 lb./in. X 386 in./sec.2 
= af = 4) — = 1204 rad/s. 
B W 100 Ib. i oe 
Hence 
2.08 Ib.-sec./in. X 386 in./sec.? 
ie — = : = a Ib SS 4.02 rad./sec. 
Therefore x : 
q= Vp? —n? = V(12.4)? — (4.02)? = 11.8 rad./sec. 
And 
2 2 3.142 
lags oh ees eee ry beatae 
q 11.8 


(c) The logarithmic decrement is 


nT = 4.02 X 0.5382 = 2.15. 
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PROBLEMS 
899. If the initial amplitude of the motion described in Prob. 898 is 4 in., what 
is the amplitude at the end of one complete cycle? Ans. x = 0.47 in. 


900. Using the data of Prob. 898, determine the least value of the damping coef- 
ficient that will cause an overdamped condition in the motion and hence will prevent 
a periodic motion. Find also the corresponding value of the damping force when 
0) = 2 ft./sec. Ans. c = 6.43 lb.-sec./in.; F = 154 lb. 


901. Assume in Prob. 898 that the damping force is 20 lb. when v = 2 ft./sec. 
and that the other data are unchanged. Find the period of vibration and the 
logarithmic decrement. Ans. T =0.507sec.; nT = 0.815. 


159. Forced Vibrations without Damping.—The amplitude of a free 
vibration of a body depends only on the starting conditions, whereas a 
forced vibration, which is maintained by an alternating exciting force, 
has a frequency and an amplitude which are influenced by the frequency 
and amplitude of the exciting force. A slight eccentricity or lack of 
balance in rotating machinery may cause exciting forces that develop 
vibrations of large amplitude. 

Two ways in which forced vibrations may be developed are shown 
in the conventionalized systems in Figs. 530(b) and (d); namely, (I) a 


~ 
t D 
eS OD=2s 
NIE 
J Y= xg cos Wt 
W-+k (a—y) 
or 
= = W+ka—ka, cos wt 
A le W+ka a 
P=P, cos we 4 - (c) 4 (e) 
7S WY |P cos wt X W 
Case I Case II 
Fia. 530. 


force P that varies harmonically with time may be applied directly to 
the body N of mass m and weight W, as indicated in Fig. 530(0), or 
(II) the upper end of the spring may be moved vertically with a recipro- 
cating displacement y that is assumed to vary harmonically with time, 
as indicated in Fig. 530(d). The resulting free-body diagrams for the 
body N for the two cases are also shown in Figs. 530(c) and (e). é 
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Case I—The conditions assumed in Case I, for example, could be 
produced by attaching to an elastic beam (Fig. 530a), a rotor that 
revolves with an angular velocity w and that has an unbalanced mass M 
at a distance r from the axis of rotation, thus causing a rotating unbal- 
anced (centrifugal) force equal to Mrw” = P,, the vertical component of 
which is P, cos wt. In this expression of the alternating or exciting 
force, P, is the amplitude of the exciting force, and w is its circular fre- 
quency, which in this case is the angular velocity of the rotor. The 
equation of motion, 2, = ma;,, for N (Fig. 530b) then may be written 

d*zx 
W — (W + ker) + Po cos wt = Mags ts (42) 
This equation may be written 
2 
<5 + px = — 008 ut fe eee ee 
in whic ies Dp’. 
m 

Case II.—Before Eq. (48) is solved, Case II will be considered. If 
the displacement, x, in Fig. 530(e) is measured from the position of 
static equilibrium of the body N when the crosshead, £, is in its middle 
position, it will be noted that any additional extension of the spring is 
equal to the difference (x — y) of the displacements of its two ends. 
The spring force acting on the body N is therefore W + k(x — y). 


The equation of motion then becomes 
2 


W—(W + ke - l= m5 


Hence 
ma + kz = ky = kz, cos wt 
or : 
<e + pin = = 08 af S45; 6 Sue wah MRICS 
in which 2, is the maximum value of y, that is, the amplitude of motion 
of the crosshead. This equation is of the same form as Eq. (48) and the 


two equations are identical if x, = o. It should be noted that the 


roel : 
expression rH = x, may be interpreted as the static elongation of the 


spring which would be produced in Case I by a load P,. If this substi- 
tution is made, Eqs. (48) and (44) are identical. 
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It is convenient to visualize the forced vibration of the body N as 
being composed of a combination of a free vibration of the type discussed 
in Art. 153, plus a new motion caused by the exciting force. Let it be 
assumed, therefore, that the displacement 7 = v1 + x2, where 2 is the 
displacement produced by the free vibration and is independent of the 
exciting force, and 2, is the additional displacement caused by the 
exciting force. With this substitution we may assume Hq. (43) to be 
made up of two parts: 


d?x 
@) Sat pm=0. ee eee (4) 
. aa Pe 
(0) a + pPta = — cos at tae’ Sareea) 


which expressions, when added, give an equation that is equivalent to 
the original equation. It will be noted that Eq. (45) is of the same 
form as Eq. (3) and hence the solution for x; is of the same form as 
Eq. (4). Therefore 

e, = B cos pi + Csin pt... 2 . . (47) 


It is obvious that a function zz = A cos wt will satisfy Eq. (46) if the 
constant A (the amplitude) is properly selected. Substituting this 
function in Eq. (46) we have 


es 
— Aw? cos wt + pA cos wt = — cos wt 
m 


or 
Ne 
A(p? =) = = 
S m 
Therefore : P, . P, : P, 1 as 
ent = at kL ee ce eA oat 
ry DO") eee reas 
P P 
Thus a solution for the forced vibration becomes 
to = A coswt = — 3 COS wl = as 3 COS wt (49) 
k re) re) 
Lea tes Vee 
P, Pp Pp 
in which x; = aie 


Hence the complete solution of Eq. (43) is found by combining Eqs. (47) 
and (49). Thus 
Xs 


2= 2% +22 = Boos pt + C sin pt + 3 coswt . . (50) 
(2) 


ee 
p 
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and it can be verified, by substitution, that this solution satisfies Eq. 
(43) and Eq. (44). 

Steady-State Forced Vibration.—In most practical applications the 
free vibration represented by the expression B cos pt + C sin pt ip 
Eq. (50) is transient in nature, being gradually damped out by frictional 
resistances if the exciting force maintains a constant frequency and 
amplitude. Thus the final, or steady-state forced vibration which the 
body performs is represented by the solution for x2 in Eq. (49). Thus it 
is seen that the displacement x for a steady-state forced vibration is a 
cosine function whose amplitude depends on the ratio of the impressed 
circular frequency w, of the disturbing force, to the natural circular fre- 
quency 7p, for free vibration of the system. The maximum value of x 

1 
mG} 
P 
ing this amplitude by A, we have then 
1 =>, 1 (51) 
oe) eer) te Pe 3) 
Pp f 


where f; = 5 = frequency of the exciting force in cycles per second; 
Tv 


' 1 : 
likewise f = = The ratio ra 3 may be interpreted as a mag- 
T il 


(that is, the amplitude of the forced vibration) is x, Denot- 


A = 2, 


ij 

nification factor; for example, the force P, if statically applied would 
produce a displacement 2;, but when the alternating force varies with a 
frequency, w, the actual amplitude A of motion is increased in proportion 
to this magnification factor. Similarly for the case of Fig. 530(d), if 
the crank arm OD is revolved very slowly, the body N moves through 
the same displacement, 2s, as the upper end of the spring; but, when OD 
revolves with the angular velocity w, the forced amplituce A of motion 
of the body is x, times the magnification factor. 

By plotting a curve showing values of the magnification factor as a 
function of the frequency ratio w/p, as shown in Fig. 531, a complete 
picture of the amplitudes developed for steady-state undamped forced 
vibrations is obtained. It will be noted that if the exciting force 
alternates slowly (w/p smaller than 4) the amplitudes of motion are 
only slightly larger than would be obtained if the force were applied 


ee: r 
statically (that is, < approaches unity). However, for values of w/p 
a. 
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in the neighborhood of unity, the numerical value of the magnification 
factor is very large and hence the amplitudes of the forced vibration 
become dangerously large. When the impressed frequency w coincides 
with the natural frequency, p, of free vibration, the system is said 
to be in resonance, and 
this is a condition which 4 
must be avoided in all 
moving machine parts. 
The speed of rota- 
tion of a shaft and the = 
rotor attached to it at 
which resonance occurs 
is frequently called the 
critical speed for the 
shaft. In general it is 
important to know the 
critical speed of a rotat- 
ing member so that the 
speed of operation can 
be maintained either -s 
considerably above or Fra. 531. 
below this dangerous 
(critical) speed, or so that the member can be designed for an operat- 
ing speed that will not be too near the critical speed. 


‘>No damping 


1-(“/p)? 
ine) [Jt} 


Magnification factor= 


| 
i) 


A 
For yalues of w/p greater than one, the values of — become negative 
s§ 


and the exciting force is said to be 180° out of phase with the displace- 
ment. Physically this means that the exciting force is pushing upward 
with its maximum value when the body JN is in its lowest position, and 
the force is always of opposite sense to the displacement. Usually this 
phase relationship is not of great interest and the magnitude (but not the 
sign) of the magnification factor may be represented by the ordinate to 
the dashed line in Fig. 531. 

For frequency ratios of w/p greater than 1/2 the amplitude of forced 
vibration becomes less than would be obtained if P, were applied stat- 
ically. In fact, for ratios of w/p greater than 10, the mass practically 
stands still in space (its amplitude of motion being less than about 
1 per cent of zs). 

Damped Forced Vibrations.—If the above Eqs. (42) to (51) were modi- 
fied to take into consideration the small damping forces that are always 
present in actual machines or structures, the magnification factors 
obtained would differ somewhat from those obtained from Eq. (51) in 


364 MECHANICAL VIBRATIONS 


which damping is neglected. The two dotted curves (a) and (6) in 
Fig. 531 show the values of magnification factor that would be obtained 
for a relatively small, and for a relatively large viscous damping coeffi- 
cient, respectively. The addition of damping does not appreciahly 
affect the amplitudes of motion except near resonance, and the resonant 
frequency remains practically unchanged. Hence Eq. (51) will also 
yield satisfactory results for most cases of damped forced vibrations in 
which the damping is relatively small. 

Torsional Forced Vibrations.—Equations the same as those obtained 
above may be found for torsional forced vibrations, except that force is 
replaced by torque, mass by moment of inertia of mass, and linear dis- 
placements, velocities, and accelerations by angular displacements, 
velocities, and accelerations. 

160. Vibration Reduction—The engineering problem relating to 
vibration is frequently that of reducing a forced vibration. ‘There are 
several methods of reducing vibrations, based on the principles dis- 
cussed in the preceding articles, the more important being: 


1. Removal of the exciting force, by balancing. 

2. Tuning to avoid resonance. 

3. Damping, usually by introducing frictional forces. 
4. Isolation, by introducing elastic supports. 


1. Balancing. A brief discussion of methods of balancing rotating 
masses is given in the following chapter. There are several widely 
used machines for determining the dynamic unbalance of rotating parts 
and the masses that must be added to produce balance, and hence to 
remove (or greatly reduce) the exciting force. 

2. Tuning. In order that large amplitudes of vibration may be 
avoided, machines are frequently designed so that they do not operate 
at or near the critical speed, the critical speed of a rotating body being 
identical to its natural frequency of free vibration. This process is 
called tuning. If the operating speed of a member is at or near the criti- 
cal or resonant speed, even for a supposedly balanced member, a slight 
exciting force caused by deviations from assumed conditions will build up 
large amplitudes of motion. If a member is found to be operating near 
the resonant speed it may be detuned (I) by changing the frequency of 
the exciting forces through (a) a change in the speed of rotation, or 
(b) a change in the number of forced impulses per revolution of the 
member, as for example a change in the number of jets in a turbine; 
or (II) by changing the natural frequency of the member by adjusting 
the relative stiffness and masses of the moving parts. 

3. Damping. If the operating speeds of an apparatus or machine 
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that is subjected to forced vibrations involve a wide range of speeds 
including the resonant speed, damping (caused by introducing frictional 
forces) is frequently useful in reducing the amplitudes that would occur 
near the resonant speed. Damping has only a small effect on amplitudes 
except near the resonant speed, as is indicated in Fig. 531 by the decrease 
in the magnification factor for a damped forced vibration; the decrease 
in amplitude produced by the addition of a damping force of considerable 
magnitude is appreciable only in the neighborhood of the resonant 
frequency. An automobile that must operate over a wide range of 
speeds and conditions of road is equipped with shock absorbers as fric- 
tion dampers which limit the amplitude of resonant vibrations of the 
body of the car (sprung-weight) induced by road irregularities. _Damp- 
ing caused by the friction in built-up leaf springs as the leaves slip against 
each other when the spring oscillates plays an important part in reducing 
the amplitude of resonant vibration of railroad cars on their springs. 

On the other hand, the automobile engine is mounted on springs of 
relatively low modulus, so that the operating speed of the engine is very 
much above the speed of natural vibration of the assembly of the engine 
and springs, and hence damping is not needed since resonance does not 
occur. This method of avoiding resonance is called isolation of the 
vibration. 

4, Isolation. When the exciting forces in a forced vibration of a 
body cannot be eliminated, it is necessary to resort to some method of 
isolating the vibration so that the periodic force reaction on the founda- 
tions or supporting frame is reduced. The usual method of isolation is 
to use some form of elastic suspension of the vibrating body. The term 
transmissibility is used to denote the ratio of the maximum force actually 
transmitted to the support through the spring (which is k times the 
stretch of the spring) to the maximum force that would be transmitted 
to the support with no elastic suspension; this latter value may be 
thought of as the amplitude of the exciting force. 

The simplest type of spring suspension is indicated in Fig. 532 in 
which a body B, whose weight is W, is supported by a spring and is given 
an up and down forced vibration of amplitude A and frequency jj. 
The transmissibility, «, of such an undamped isolation mechanism is 

1 1 


Lee Se 


oo) 
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where f is the natural up and down frequency of vibration of the body B. 
It will be observed that ¢€ is the same as the magnification factor for 
undamped forced vibration, shown in Fig. 531. In 
obtaining a value of e its algebraic sign may be neg- 
lected, the minus sign merely indicating that the force 
transmitted to the support is out of phase with the excit- 
ing force. It is evident that, to be effective, « must be 
less than unity, and experience shows that in most cases 
e should not be greater than 1/10, which means that f 

Uc should be from 1/3 to 1/4 of fi. 

Hence if the body B (Fig. 532) represents a machine subjected to a 
forced vibration, which we desire to isolate by preventing the exciting 
forces from being transmitted to the supporting structure, Fig. 531 


P=4P, cos wt 


indicates that the ratio w/p (- it) should be made as large as possible, 


thus making the amplitude of motion approach zero. This is usually 
accomplished by using a very flexible elastic mounting (spring with a 


small value of k), in order to make the natural frequency, p = \/—» 
small compared to w. as 
Similarly, to isolate delicate instruments from vibrations which may 
be present in the framework of a building, they may be placed on a 
heavy table that is suspended from the ceiling by flexible springs which 
deflect several inches under the weight of the table. For example, if 
the elongation of the springs is 2.44 in., the natural frequency of the 


system is 
1 Sela 
f= 3.1227~4/— = = 2.0 cycles per sec. 
Ost V 2.44 z “ 


Hence, if the impressed frequency of the vibration of the building is 
about 20 cycles per second the magnification factor or transmissibility 
becomes 


1 1 1 


Cee) 


indicating that the amplitude of motion transmitted to the table is 
approximately 1% of that present in the building. 


ILLUSTRATIVE PROBLEM 


Problem 902.—An automobile has main (helical) springs that are compressed 
6 in. by the weight of the body of the car. If the axles of the wheels of the auto- 
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mobile are clamped to a test platform and the platform is given a vertical har- 
monic motion having an amplitude of 1 in. and a frequency of 1 cycle per second, 
determine the amplitude of the motion of the body of the car, assuming that there 
are no shock absorbers and hence that the vibration takes place without damping. 
Find also the maximum shortening of the spring. 


1 1 86 
Solution.—The frequency of the free vibration is f = — thee aN a = 1.28 
Qa Ost 20 6 


cycles per sec. And since x, = 1 in. and f; = 1 cycle per sec., the amplitude A of 
the forced vibration is 


1 1 1 


A= = 1 (SS ES OSS 
2 a ; a 2 | (Gil 
1.28 


2 San = 2.56 in. 

i 
Since the frequency of the impressed motion is below the resonant frequency, the 
motion of the axles is in phase with the motion of the body of the car, and hence the 


change in the length of the spring is 2.56 — 1 = 1.56in. The maximum shortening 
of the spring therefore is 1.56 + 6 = 7.56 in. 


PROBLEMS 


903. In Prob. 902 assume that the body of the car weighs 2400 Ib. and that the 
axles of the car are acted on by forces, the resultant of which is a vertical force that 
varies harmonically and has a maximum value of 40 lb. If the length of each cycle 
is 3 sec., what is the amplitude of the forced vibration? Ans. A = 0.107 in. 


904. A horizontal shaft rotates in bearings at its ends and has keyed to it at the 
center of its length a disk whose center of mass is 0.01 in. from the axis of the bear- 
ings. The weight of the disk is 193 lb. and that of the shaft may be assumed to be 
negligible. It is found that a static force of 2000 lb. deflects the shaft and disk 
0.1 in. (a) Calculate the resonant (or critical) speed of rotation of the shaft. 
(b) If the speed of rotation is one-half the resonant speed, calculate the amplitude of 
the steady state forced vibration. 


1 
Ans. (a) w = 200 rad./sec. = 1910 r.p.m.; (6) A = 300 in. 


905. A motor weighing 40 lb. is mounted at the center of a simple beam as shown 
in Fig. 5380(a). The static elastic deflection of the beam caused by the weight of 
the motor is 0.01 in. A small body M weighing 0.11 lb. is attached to the rotor at a 
distance r of 4 in. from the shaft. Assuming the weight of the beam to be negligible, 
determine the amplitude of the forced vibration of the motor when running at 
1800 r.p.m. Ans, A = 0)126in: 

906. A vibrometer (see Fig. 524) having a period of free vibration of 2 sec. is 
rigidly attached to a body C that has a vertical harmonic vibration with a frequency 
of one cycle per sec. If the amplitude of the motion of the body B relative to the 
frame of the vibrometer is 0.5 in., find the amplitude of motion of C. (Hint: The 
instrument is operating above its resonant frequency and hence the amplitude of 
the motion of B relative to the frame is the sum of the true amplitude of B and the 
amplitude of C.) Ans. A, = # in. 

907. The main driving wheels of a locomotive are overbalanced by an excess 
counterweight of 400 Ib. in the wheel at a distance of 15 in. from the axis of rotation. 
A vertical vibration of the wheel is possible between the locomotive spring (whose 
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stiffness is 15,000 lb./in.) and the track which may be assumed to have a stiffness 
of 140,000 lb./in. The wheel has a diameter of 72 in. and a total weight (including 
counterweight) of 8000 lb. Determine the forward speed of the locomotive at 
which a resonant forced vibration of the wheel would occur. What would be the 
amplitude of the vertical vibration of the wheel when running at 90 miles per hour? 
Assume that the wheel does not leave the track. 
Ans. v = 177 mi./hr.; A = 0.262 in. 
908. A motor generator set weighing 2000 Ib. is mounted on four identical rubber 
pads placed under the corners of the frame. The speed of the motor is 1200 r.p.m. 
Determine the maximum allowable spring constant for each pad if the difference in 
the maximum and minimum values of the force transmitted through the pads to the 
building is not to exceed 14 of the double amplitude of the vertical force impressed on 
the set by dynamic unbalance of the rotor. Ans, k = 5120 lb./in. 


CHAPTER Xil 
BALANCING 


161. Need for Balancing —A moving part of a machine, as a rule, 
has either a reciprocating motion similar to that of the crosshead of a 
steam engine or a motion of rotation such as that of the crank shaft of 
an automobile engine or the rotor of an electric motor. In any case, if 
the moving parts are accelerated, forces must be supplied to produce the 
accelerations. If the moving parts are not balanced, the forces which act 
on the moving masses are transmitted to them from the stationary parts 
of the machine such as the bearings and the machine frame. And, in 
supplying these accelerating forces, serious trouble may arise, such as 
vibrations in automobiles, turbines, etc.; defective commutations in 
electrical machinery; heavy bearing pressures which cause undue wear; 
defective work with grinding disks, high-speed drilling machines, etc.; 
and defective lubrication. -It is of great importance, therefore, to 
properly neutralize or balance these forces in various types of 
machines. 

The moving parts of a machine may be (1) in static or standing 
balance er (2) in dynamic or running balance. Standing balance exists 
if the forces which act on the parts, when the parts are not running, are 
in equilibrium regardless of the positions in which the parts are placed. 
Dynamic balancing consists in distributing the moving masses, or in 
introducing additional masses, so that the forces (called kinetic loads) 
exerted by the masses of the moving system on the stationary parts of 
the machine are in equilibrium among themselves and hence exert no 
resultant force on the stationary parts of the machine. The com- 
plete balancing of a machine, however, is not always practicable or 
possible. 

The method of balancing rotating masses, only, is here discussed. 
Furthermore, the shaft on which the rotating parts are mounted is 
assumed to be rigid. If the elastic deflection of the shaft is considered 
the rotating masses could be in balance only for one speed of the shaft. 
For methods of balancing reciprocating masses and for an excellent 
discussion of the whole subject of the balancing of engines see Dalby’s 
“ Balancing of Engines.” 

369 
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162. Balancing of Rotating Masses.—The inertia forces or kinetic 
loads exerted by the unbalanced rotating masses on the foundations or 
other stationary parts of machines may be treated, in general, (1) as a 
system of centrifugal forces or (2) as a system of centrifugal couples,or 
(3) as a combination of the two. 

A Single Rotating Mass. Centrifugal Force —If a shaft (Fig. 533a) 
rotates at an angular velocity and carries a single mass M, the center 
of gravity of which is at the distance r; from the axis of rotation, the 
shaft will be subjected to a kinetic load (which is equal to the centrifugal 
force of mass M) of magnitude Myrjw*. This kinetic load causes the 
shaft to exert forces on the bearings which in turn are transmitted to 
the machine frame. The reactions at the bearings may be eliminated 
by balancing the rotating mass. This may be done by the addition of 


rire? 


Fig. 533. 


a single mass M» diametrically opposite to M, (Fig. 5336), the center of 
gravity of M2 being at a distance rg from the axis of rotation, such that 


2 2 Wi 2 Ww 2 
Myr = Morow OFF Sain = aa os 
we 
But, since a is a common factor, the conditions for running or dynamic 


balance may be expressed by the equation 
Wirt — Wore. 


Now, as is evident from Fig. 533(6), this equation expresses the condi- 
tion for standing balance also. Thus, a shop method of obtaining 
approximate running balance with a rotating member, in which the 
material is substantially in a plane of rotation such as a disk, a pulley, 
or a flywheel, consists in drilling out material on the heavy side or adding 
material on the light side until standing balance is obtained. 

Two Rotating Masses. Centrifugal Couple—If a shaft carries two 
rotating masses M, and Mg, in different planes of rotation but in the 
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same axial plane (Fig. 534) and, further, if the centrifugal forces 
Myryo” and Moro” exerted on the a 

shaft by the two masses are equal, ot of 

then the shaft is subjected to an =A : 

unbalanced centrifugal couple which 
is resisted by an equal couple ex- 
erted by the bearings. Or, if the two 
rotating masses are to be balanced, 
two additional masses, M3 and Mg, 
must be introduced in the same axial 
plane (Fig. 534) such that the centrif- 
ugal couple Msrgw°b or Mgr4w?b 
which they exert on the shaft is 
equal and opposite to the centrifugal 
couple of M, and Mz. Hence Lene? 


Mirywa = Msr3wb, or Morowa ae Margw’d. 


\ 


2 
And, as before, omitting the common factor = , we may write 


Wiria = Wargb, etc. 


It will be noted that the shaft when carrying only the two masses 
M, and M, is in standing balance but not in running balance. 

163. Several Masses in a Single Plane of Rotation.—If several 
masses M,, Mo, M3, etc., lie in the same transverse plane (Fig. 535a), the 
shaft isssubjected to the centrifugal forces 


Miryo", Morow’, Morgu, CWO a. 


which form a concurrent system of forces. 

The condition that such a force system shall balance is that the 
force polygon shall close. That is, the vectors representing the forces 
Myri, Mor2w", Mrzw”, etc., if laid off in succession, each in its proper 


direction, shall form a closed polygon. Or, since Mrw may be written 
2 


: Oita: : : 
— rw” and since — is a factor common to the expression for each force, 
g 


the products W1r1, Were, ete., may be used instead of the actual forces. 
Thus, let the four masses as shown in Fig. 535(a) be a system of masses 
which rotate in a transverse plane. Suppose that the products W471, 
Wore, Wars, and W4r4 when laid off as vectors (Fig. 5356) do not form a 
closed polygon. It is evident then that the four masses are not in run- 
ning balance. In order to balance the system of masses, a mass, M,, 
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must be added at a distance, 7,, such that the product W,r, is repre- 
sented both in magnitude and in direction by the closing side, HA, of 


Fie. 535. 


the vector polygon. By assuming a convenient value for r,, a value of 
M, may be found. The gap, HA, may be closed, however, by two or 
more vectors from which two or 
more masses may be found that 
will balance the system. 

164. Masses in Different 
Transverse Planes.—In Fig. 536, 
let the masses M, and Mz be con- 
nected with the shaft at A and B, 
respectively, and through some 
point, O, of the shaft let a trans- 
verse plane, called a reference 
plane, be chosen. The mass M, 
exerts a kinetic load, Fy, on the shaft such that 


Fia. 536. 


Fy =; Miro". 


Now at O introduce two equal and opposite forces each equal and parallel 
to fy. The force Fy at A and the equal opposite force at O form a 
couple, C;, the moment of which is 


9 
Cy a Myr," ay. 


Thus the single force F; at A is replaced by an equal parallel force at 
O and the couple C;. In like manner the single force Fy = Morgu* 
at B may be replaced by the equal parallel force F'2 in the reference plane 
and a couple Cy = Megrowag. 
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Thus, the kinetic loads on a shaft exerted by a system of rotating 
masses may be reduced to a system of concurrent forces in an arbi- 
trarily chosen reference plane and a system of couples which lie in differ- 
ent axial planes. The resultant of the system of concurrent forces, if not 
balanced, is a single force in the reference plane, and the resultant of the 
system of couples, if not balanced, is a single couple in some axial plane. 
Hence, in general, the system of kinetic loads, if not balanced, may be 
reduced to a single force and a couple. The moment of the couple 
will, of course, depend on the position chosen for the reference plane. 

The conditions then which must be fulfilled to have a system of 
rotating masses in equilibrium are: 

(1) The resultant of the system of concurrent forces must be zero. 
That is, the force polygon for the forces in the reference plane must close. 

(2) The resultant 
of the system of 
couples must be zero. 
That is, the couple 
polygon must close. 

These conditions 
may be satisfied by 
the addition of two . 
rotating masses in 
different transverse 
planes. Thus, let the 
shaft (Fig. 537) carry 
an unbalanced system 
of rotating masses, 
M,, Mo, and M3, and 
let the two balancing B (¢) 
masses be denoted by Fig. 537. 
M,and M’,. Let the 
transverse planes in which these balancing masses are to lie be chosen 
arbitrarily but let the plane of one of the masses be chosen as the refer- 
ence plane. The plane of mass M’, will here be selected as the reference 
plane. Let a,, a1, a2, and a3 denote the respective distances of the 
masses M,, M,, Mz and M3 from the reference plane. The couples 

2 


Couple 
Polygon 


W17r101, Werede, etc., may now be calculated (the common factor z is 


omitted in each term for simplicity). The only unknown couple is 
Woro%o, since the couple W’.r’,a’, is zero owing to the fact that the 
reference plane was chosen as the plane of M’,, which makes a’, equal to 
zero. By laying off the vectors that represent the known couples as 
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the sides of a polygon, see Art. 17, the closing side determines both the 
moment of the unknown couple W,7,a, and the axial plane in which it 
lies. By assigning any convenient value to the moment arm a,, the 
product W,ro may be found, and by assuming a convenient value for r,, 
W, may be determined and placed in the plane indicated by the closing 
vector of the couple polygon. Thus, by the addition of the couple 
W oio% condition (2) is satisfied. 

Condition (1) may now be satisfied as follows: The kinetic load due 
to the added mass M, is replaced by a force in the reference plane and 
the couple W.r.a, as was done for the kinetic loads due to the original 
masses. Now, if the products Wyr,1, Wore, etc. (including W,r,), are 
laid off as the sides of a polygon, the closing side gives the magnitude and 
the direction of a product W’,r’, for a body W’, which must be added 
in the reference plane to balance the system of concurrent forces in the 
reference plane and thereby satisfy condition (1). By choosing a con- 
venient value for r’,, the mass MM’, may be determined and the direction 
of the closing side of the polygon gives the direction of M’, from the 
axis of the shaft. 

If the couple polygon is formed by drawing the couple vectors per- 
pendicular to the planes of the couples, as explained in Art. 17, and then 
is turned through 90°, it will be the same as the polygon formed by draw- 
ing the couple vectors according to the following rule: Draw the couple 
vectors parallel to the respective crank directions: outwards for masses 
on one side of the reference plane; inwards towards the axis for masses 
on the opposite side of the reference plane. 

The vectors of the force polygon are drawn, of course, from the axis 
outwards parallel to the radii to the masses. 


ILLUSTRATIVE PROBLEM 


Problem 909.—Three weights Wi, We, and Ws (Fig. 538) which revolve in the 
planes 1, 2, and 3 are to be balanced by the addition of two weights. Plane 1 is 
chosen as the plane of one of the weights (.), and the plane of the other weight 
(W’,) will arbitrarily be taken 1.4 ft. to the right of plane 3 and will be selected as 
the reference plane. It is required to determine values of W. and W’, and the lengths 
and directions of the corresponding radii for kinetic balance. The accompanying 
table gives the values of the weights, the lengths and directions of the radii, and the 
distances from the reference plane. 


Solution.—From the given data, the values of the products Wr and Wra for the 
known weights are calculated and entered in the last two columns of the above table. 
The couple polygon is then drawn as shown in Fig. 538(c). AB is laid off in the 
direction of Wy outwards from the shaft and its length represents to scale the value 
of the product Wiria1 which is 79.2. Next BC is laid off in the direction of We 
such that its length represents to the same scale Woreaz (62.4). Similarly CD is 
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laid off to represent Wgr3a3 (25.2). The closing side DA of the polygon represents 
the product W roa, due to the balancing weight W, in plane 1 (or O). This product 


4 Distance ; 
Plane es Angle @ | from R.P. cee ) Apres t.) 
; a (tt.) oe eae 
1 i$) 270° 4.4 18 79.2 
2 8 30° 2.6 24 62.4 
3 6 150° 1.4 18 25.2 
O (Sa jae 4.4 (10.9) (48.0) 
O’ (R.P.) CS) ah Mellie ateeehestts 0 (LLA)S ee sree: ex: 


is found by measuring to be 48.0. Hence 


48.0 F 
Wei eis 10.9 lb.-in. 


Couple 
Polygon 


Polygon 


Windy 


Fia. 538. 


This product is now entered in the column of the above table with the other 


Wr-products. 


The addition of the weight W, in the plane 1 at the distance ro 
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reduces the resultant couple to zero. There are left, however, the forces in the 
reference plane, including the force corresponding to the product Woro just found, 
and these forces will, in general, not be balanced. Now if the vectors corresponding 
to these Wr-products are laid off in order as in Fig. 538(d), the closing vector EA 
represents the product W’or’, which by measurement is found to be 11.4. If the 
values of Wor, and Wor’, are divided by assumed values of ro and r’, (8 in. and 6 in. 
respectively) we obtain the values, W, = 1.36 and W’, = 2.28. Hence if weights 
of 1.36 lb. and 2.28 lb. are placed in planes O and O’ at radial distances 8 in. and 
5 in., respectively, as indicated in Fig. 538, the system will be in kinetic balance. 


PROBLEMS 


910. Five bodies are attached to a disk which revolves with constant angular 
velocity. In the following table are given the weights of the bodies, the angles 
which the radii from the mass-centers to the axis of rotation make with the z-axis, 
and the lengths of the radii to the mass-centers. The angles, 6, are measured 
counter-clockwise from the z-axis. 


Determine sufficient data for kinetic balance of the system of bodies: 
(a) By the addition of a single weight placed 2 ft. from the axis of rotation. 
(6) By the addition of two weights, one of 2 Ib. placed on the y-axis, and the 
other of 2.25 lb. placed 2 ft. from the axis of rotation. 


911. Four bodies are attached to a revolving shaft in different transverse planes. 
The weights and positions of the bodies are indicated in the following table, the 
reference plane being the transverse plane in which the mass-center of the 6-lb. body 
(Ws) lies. 


WwW 6 r a 

5 lb. 30° oft. —1 ft. 
4 lb. 45° 1} ft. Dy th 
6 lb. 150° (Pape 0 ft. 
4 lb. 240° rk. 2 ft. 


The given masses are to be balanced by two masses, one mass to be placed in plane 4 
at a radial distance of 114 ft., and the other to be placed in the reference plane at a 
radial distance of 2 ft. Find the weights and values of @ for the two masses, 

Ans. Wo, = 2.98 lb.; W") = 4.85 Ib 
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912. The crank shaft of a gas engine carries two flywheels A and B, the planes of 
revolution of which are 3.5 ft. apart. The plane of revolution of the crank is between 
the flywheels and 1 ft. 7 in. from the plane of A. The crank arms and pin are equiva- 
lent to a weight of 108 lb. at a radial distance of 10 in. from the crank shaft and in the 
plane of revolution of the crank. What weights placed at a radial distance of 2 ft., 
one in each flywheel, will balance the crank? Solve algebraically. 

Ans. Wa = 24.6 lb.; Weg = 20.4 lb. 


CHAPTER XIII 
THE GYROSCOPE 


165. The Problem Defined.—Gyroscopic motion occurs whenever a 
body rotates about an axis in the body as the axis (and body) is turned 
about a second axis, provided that the two axes are not parallel. Thus, 
the wheels of a locomotive when rounding a curve, or the screw propeller 
of a ship when the ship is pitching in a rough sea, are given gyroscopic 
motion. The forces that act on the body in giving it gyroscopic motion 
may be of considerable importance since under certain conditions they 
are very undesirable, as, for example, the forces exerted on the propeller 
of an aeroplane when making a sharp turn. On the other hand, the 
gyroscope is sometimes used to introduce desirable forces, as, for 
example, in reducing the rolling of ships. 

The gyroscope here considered is a body symmetrical with respect 
to each of three rectangular axes. The body rotates or spins with con- 
stant angular velocity about one of the axes and at the same time turns 
about one of the other axes with constant angular velocity. Thus, in 
Fig. 539, let A BCD represent a circular disk which is symmetrical with 
respect to the three axes 2, y, and z. Let the disk rotate or spin witha 
high constant angular velocity w about the z-axis and at the same time 
let the disk turn about the y-axis with the constant angular velocity Q. 
The problem to be considered is that of determining the forces which 
must act on the disk or its axles (axle reactions) in order to maintain this 
gyroscopic motion. 

166. Analysis of Forces in the Gyroscope.—Owing to the two rota- 
tions imposed on the disk, a particle, m, at the distance p (assumed 
at the circumference of the disk for convenience) has at any instant, two 
velocities: (1) a constant velocity wp in the plane of the disk due to the 
rotation about the z-axis with angular velocity , and (2) the velocity 
Qp cos @ perpendicular to the disk (parallel to the z-axis) due to the 
rotation about the y-axis with angular velocity Q. 

The accelerations of the particle m arising from the changes that occur 
in each of these two velocities due to each of the rotations which are 
given to the disk will first be investigated, since the effective force for 
any particle must have components corresponding to the accelerations 
arising from the change in the magnitude and the change in the direction 
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of each of these two velocities (Theorems I and II, Art. 87, and Newton’s 
second law, Art. 102). And, the effective forces for the particles must 
be found in order to determine the external forces required to maintain 
the gyroscopic motion. (Read Art. 108 for the general method of 
procedure, keeping in mind that gyroscopic motion is not uniplanar 
motion.) 


CHANGES IN VELOCITIES DuE To RotaTION ABOUT Z-AXIS 


(1) Change in wp. Since w is constant, we changes in direction only. 
The resulting acceleration (w’p) and the corresponding effective force for 


Fia. 539. 


the particle are directed towards the center of rotation (towards the 
z-axis). And, since the body is symmetrical, these effective forces for 
all the particles form a balanced system; hence, according to D’Alem- 
bert’s principle, no external forces act on the body by reason of this 
change in the velocity of the particles. 

(2) Change in Qp cos 6.—In one revolution of the disk about the 
z-axis, this component of the velocity changes, as follows: It gradually 
increases in magnitude downwards from zero at A to a maximum at B; 
it then decreases gradually to zero at C; then increases in the opposite 
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direction to a maximum at D; and finally decreases to zero again at A. 
The acceleration, a,, at any instant then is (Theorem I, Art. 87) 


_ d(Qp cos oy 


dé ; 
ay Tl sot Sip gin Bo a Ep Ries Pine ees 


in which y is the distance of the particle from the z-axis, and the minus 
sign indicates that the sense of the acceleration is opposite to that of the 
velocity for the position of the particle as shown in Fig. 539. Hence, 
for the position of the particle shown, the direction of wQy is upwards. 
The effective force, corresponding to this acceleration, for any particle 
in the quadrants OBC and OCD, is an upward force perpendicular 
to the plane of the disk. And, in the quadrants ODA and OAB, it isa 
downward force. The resultant of the effective forces for the four 
quadrants, then, may be represented by the forces P (Fig. 539). These 
forces form two couples which have moments with respect to only one 
of the rectangular axes; namely, the z-axis. Further, according to 
D’Alembert’s principle, the effective forces require that external forces 
act on the disk such that the resultant of the external forces is equivalent 
to that of the effective forces. Hence, an external couple must act on 
the disk (or its axles) as indicated by the forces Q (Fig. 539). 


CHANGES IN VELOCITIES DUE TO ROTATION ABOUT Y-AXIS 


(8) Change in wp.—Let the velocity wp be resolved into two com- 
ponents: one parallel and one perpendicular, respectively, to the y-axis 
(Fig. 539). The component parallel to the y-axis undergoes no changes 
due to the rotation about the y-axis; but the component wp sin 6, which 
is perpendicular to the y-axis, changes in direction due to the rotation 
with angular velocity Q about the y-axis. And, according to Theorem 
II of Art. 87, the acceleration ag corresponding to this change in velocity 
is the product of the magnitude of the velocity and its angular velocity 
of turning, that is, 

dg = wp sin d-Q = wy, 


and it is directed upwards perpendicular to the plane of the disk. This 
acceleration, therefore, is equal to a; (see above) and has the same 
direction and sense as that of a; for all positions of the particle, as will 
be observed from a study of Fig. 539. Therefore, external forces which 
act on the disk as a consequence of the changes in wp sin 6 due to the 
rotation of the disk about the y-axis must constitute a couple exactly 
the same as that found under (2). 

(4) Change in Qp cos 6.—This velocity changes in direction, only, 
owing to the rotation about the y-axis with constant angular velocity ©. 
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The resulting acceleration, 2? X p cos @ or 0x, is directed towards the 
center, on the y-axis, about which the particle is rotating at the instant. 
The corresponding effective forces for the particles of the whole disk, 
therefore, form a parallel system in the plane of the disk. But, since the 
disk is symmetrical with respect to the y-axis, this effective force system 
is balanced, and hence no external forces act on the disk as a consequence 
of the changes caused in this velocity by the rotation about the y-axis. 

It will be noted, therefore, that if the disk is rotated about the z-axis 
and at the same time is turned about the y-axis, it will rotate about the 
x-axis unless an external couple acts on the disk to prevent the rotation. 
This external couple is called the gyroscopic couple. 

A simple experiment for demonstrating the existence of the gyro- 
scopic couple may be made by holding a bicycle wheel (dismounted 
from the frame) with one hand on either end of the projecting (hori- 
zontal) axle. If the wheel is spinning in the vertical plane about the 
axle which is held in the hands, any attempt to turn the axle (and hands) 
in the horizontal plane will cause the wheel (and hands) to turn about a 
horizontal axis perpendicular to the axis of the wheel unless the hands 
exert a couple to prevent this rotation. 

167. The Moment of the Gyroscopic Couple—In the preceding 
article it was shown that the only accelerations of the particles of the disk 
which require the action of external forces on the disk are 


a a, + ae = wQy + wQy 
= 2wQy, 


and that this acceleration for any particle is directed perpendicular to the 
plane of the disk; upwards in the two quadrants BCD, and downward 
in the two quadrants DAB. 
The force required to produce this acceleration (effective force) of the 
particle of mass m is 
F=ma=mM™ X 2wQy, 


the direction of which agrees with that of a. 
The moment of this effective force for the particle, about the z-axis, is 


FX y = 2mwy’, 


and the sum of the moments of the effective forces for all the particles of 
the disk is 
D2mwQy’. 


But since w and 2 are constant this may be written 


QwQ=my? = 21,00, 
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in which J, is the moment of inertia of the disk with respect to the 
£-axis. 

Now the sum of the moments of the effective forces is equal to the 
moment of their resultant, but the resultant of the effective forces is a 
couple, as shown in the preceding article. Further, this resultan 
couple is equal to the external or gyroscopic couple. Therefore, the 
moment, C, of the gyroscopic couple is 


Cai ek 


But, since the disk is symmetrical with respect to the z- and y-axes, 
I, is equal to I,. Hence, by making use of the equation of Art. 195, 
2I,, may be replaced by the moment of inertia of the disk with respect 
to the axis of spin (z-axis). Therefore, the moment of the gyroscopic 
couple is 

C = IoQ, 


in which J is the moment of inertia of the disk with respect to the axis 
of spin. 

The following conclusion then may be*drawn: If a body is sym- 
metrical with respect to each of two rectangular axes (# and y) and 
rotates or spins with a constant angular velocity w about a third axis 
perpendicular to each of the two axes (the z-axis or axis of spin), a couple 
having a moment about one of the two axes (the z-axis) is required 
to maintain an angular velocity, 2, about the other of the two axes (the 
y-axis); the moment of the couple is equal to the product of (1) the 
moment of inertia, J, of the body with respect to the axis of spin (z-axis), 
(2) the angular velocity, w, of spin, and (3) the angular velocity, 2, about 
the y-axis. 

The angular velocity Q which is maintained by the couple is called 
the velocity of precession, and the corresponding axis (y-axis) is called the 
axis of precession. ‘The axis about which the couple Jw tends to rotate 
the disk (a-axis) is called the torque axis. Hence the disk when spinning 
about the z-axis with angular velocity w is said to precess about the 
y-axis when acted on by a couple having a moment of JwQ about the 
x-axis. 

By referring to Fig. 539, it will be seen that the sense of rotation 
about the axis of precession (y-axis) is in accordance with the following 
rule: 

The sense of precession is such as to turn the axis of spin 
toward the torque axis, that is, the axis of spin tends to become 
coincident with the torque axis. 
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In the interpretation of this rule the torque axis must be regarded 
as that part or end of the x-axis which, considered as a vector drawn 
outward from the origin, represents the 
moment or torque of the couple JwQ, Y 
and the axis of spin must be regarded 
as that part or end of the z-axis which, 
considered as a vector drawn outward 
from the origin, represents the angular 
velocity w about the z-axis. 

Thus, if a disk of weight W (Fig. 
540) is given an angular velocity w about 
the z-axis and then one end of the axis TTT 
is placed on the vertical post at A, the Fra. 540. 
couple having a moment W1 will cause 
the disk (and z-axis) to rotate with angular velocity Q about the axis of 
the post (y-axis) such that 


WIL = IwQ. 


Or 
Wl ogi 
Q = ——_ = = 
kw’ 
tye a 
g 


in which k is the radius of gyration of the disk with respect to the axis 
of spin (z-axis). Furthermore, if the sense of w be as represented in Fig. 
540, the sense of precession about the y-axis will be clockwise as viewed 
from the positive end of the y-axis. 

168. Gyroscopic Couple Found by Use of Principle of Impulse and 
Momentum. Angular Momentum a Vector Quantity—In Chapter X 
the magnitude, only, of the angular momentum of a body was assumed 
to change. However, in expressing the principle of angular impulse 
and angular momentum for a body which moves so that its plane of 
motion changes in direction (such as the propeller of an aeroplane 
when making a turn), the angular momentum of the body must be 
considered as a quantity having direction as well as magnitude, that is, 
it must be considered to be a vector quantity. The angular momentum 
of a body may be represented by a vector drawn (1) perpendicular to 
the plane of motion of the body to indicate the direction of the plane 
of motion, (2) of such a length that it represents, to some scale, the mag- 
nitude of the angular momentum, and (3) with the sense of rotation 
indicated by an arrow which points in the direction along the vector 
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in which a right-handed screw would advance if given the same sense 
of rotation as that of the body. Thus, if 
a disk (Fig. 541) rotates with angular 
velocity w; about the axis OZ, its angular 
momentum (//; = Jw,) about the axis o 
rotation is represented completely by the 
vector OB. It will be noted that the vec- 
tor representing the angular momentum 
may change in length only, in direction 
only, or both in length and in direction. 
Thus, in Fig. 541, if the disk is rotated 
about the axis OY and at the same time 
Fie. 541. the angular velocity about the OZ axis is 

increased to wo, the vector represent- 

ing the angular momentum (H» = Jw.) of the disk is OC. Further- 
more, the change in the angular momentum of a body is represented 
completely by the change in the angular momentum vector. Thus, in 


ve a 

4 
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Fig. 541 the change in the angular momentum of the disk is represented 
by the vector BC. 

The Gyroscopic Couple.—A disk which rolls round a curved track 
(Fig. 542a) revolves simultaneously about two rectangular axes and 
hence it has gyroscopic motion (Art. 165). Gyroscopic motion of a body 
will here be analyzed briefly by considering the changes in the angular 
momentum of the body. 
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In Fig. 542(a) is represented a disk or wheel which rotates with 
a constant angular velocity w about its axis (axle) OD as it moves round 
the curved track with a constant angular velocity @. It will be observed 
that the angular velocity of the disk about an axis through D perpen- 
dicular to the paper is also equal to 2. At a given instant, the disk is 
in the position A,B, and its angular momentum, HH, is equal to Jw. 
After an interval of time dt the disk is in the position A,B» and its 
angular momentum is H», the magnitude of which is also equal to Iw. 
That is, the angular momentum of the disk (Jw) has changed in direction, 
only, during the time interval dt. 

The change in the angular momentum of the disk from H, to H 
is represented by the vector HF (Fig. 542b) which connects the ends of 
the vectors H, and Hz. Now, since the angle dé is small (greatly exag- 
gerated in Fig. 542), the length of DE, that is, the magnitude of the 
change in the angular momentum, is 


DE = H,d6 = Hedé = Iwdé, 


and the limiting direction of the vector HF as d@ becomes indefinitely 
small is perpendicular to H;. The rate of change of the angular momen- 
tum, then, is 


and the direction of the vector which represents this rate of change 
of the angular momentum is also perpendicular to H,;. Now a torque 
or couple is always required to produce a change in the angular momen- 
tum of.a body; the moment of the couple is equal to the rate of change 
of the angular momentum of the body (Art. 147); the plane in which 
it acts is perpendicular to the vector which represents the rate of change 
of the angular momentum; and the sense of rotation of the couple is 
such that it would cause a right-handed screw to progress (in the direc- 
tion of the arrow) along the vector which represents the rate of change of 
the angular momentum. 

Therefore, a couple C must act on the disk in a plane perpendicular 
to the plane of the disk and to the plane of the paper, with a clockwise 
sense of rotation (as viewed from behind), the magnitude of the couple 
being 

C = If. 


It is evident, therefore, that the disk would turn counter-clockwise 
(outward) unless a couple having a moment equal to J#Q acted to pre- 
vent the turning. This couple is called the gyroscopic couple. 
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As noted in Art. 165, the forces of the gyroscopic couple frequently 
cause considerable pressure on the axle of the rotating body as, for 
example, in the case of the rotor of an electric locomotive when rounding 
a curve or of the propeller of an aeroplane when making a turn, ete. 

If a body (Fig. 543) rotates or spins about the z-axis and a couple wl 
having a moment about the z-axis is applied to the body, the body will 
rotate about the y-axis with an angular velocity Q unless a couple having 
a moment about the y-axis acts on the body to prevent the rotation 
about the y-axis. The angular velocity © is called the velocity of pre. 


% 


VL Me 


Fie. 543. 


cession. It is necessary that the body shall precess in order to develop a 
resistance to the couple Wl and hence prevent the disk from falling. 
This fact may be shown by following the changes which occur in the 
angular momentum about the z-axis. Thus, when the couple W1 
(Fig. 543) first acts, the z-axis is turned through an angle dé thereby 
causing a change AB in the angular momentum of the disk. This 
change requires a couple in the horizontal plane with a clockwise sense as 
viewed from below. But, since there are no bodies to develop or supply 
this couple, the disk turns (precesses) in the horizontal plane and thus the 
necessary couple is developed from the inertia of the disk. As soon as 
precession starts, however, that is, as soon as the z-axis has turned 
through the angle dd, the change AC in the angular momentum is pro- 
duced. This change requires a couple in the vertical plane (clockwise 
as viewed by the reader) to prevent the disk and axle from rotating 
counter-clockwise in the vertical plane. This couple is supplied by the 
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two forces W having a moment WI. Hence, if the body is allowed to 
precess about the y-axis with angular velocity Q, the external couple W1 
is resisted by the gyroscopic couple, that is, 


WL = IwoQ = i k?wQ, 
g 


from which the velocity of precession is found to be 


Ig 
CE 
in which k is the radius of gyration of the disk with respect to the z-axis. 

If precession is prevented, a couple (C = Jw) must be set up in the 
horizontal plane, 2 here being the angular velocity, at any instant, pro- 
duced by W1, which will be the same whether the disk rotates about the 
z-axis or not, since no resistance is offered to the external couple unless 
precession is allowed. This explains why a heavy rotating flywheel or 
armature on board a ship, with its axis horizontal and athwartship, will 
offer no more resistance to the rolling of the ship than when it is not 
rotating. The bearing of the axles, however, must exert a large couple 
C = IwQ in a horizontal plane which tends to “nose’”’ the ship around. 
Q here represents the angular velocity of roll. 

If an external couple is applied in a horizontal plane to increase or 
hurry the precession, the disk and axle (Fig. 543) will rise, since 
IwQ2 > Wl. This principle is employed in the Brennan mono-rail car, 
the pregession being hurried by the rolling of the axle of the revolving 
flywheels, on a shelf attached to the side of the car. This principle 
is also used in the “active type’ of gyroscope for stabilizing ships. 
In this case the precession is hurried by means of a precession engine 
which acts after the ship has rolled a very small amount thus pro- 
ducing a gyroscopic righting-couple sufficient to extinguish the roll. 
Since the roll is checked in its incipiency, only a small amount of work 
is done. The stresses produced in the hull of the ship are also small 
for the same reason, and hence the weight and displacement of the 
active type of gyroscope likewise may be small. 
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Problem 913.—The flywheel of an engine on a ship weighs 6000 lb. and has a 
radius of gyration of 3.75 ft. It is mounted on a horizontal axle which is parallel to 
the longitudinal axis of the ship, and has a speed of 400 r.p.m. clockwise when viewed 
from the rear. Find the gyroscopic couple when the ship is turning to the left with 
an angular velocity of 0.1 rad./sec. What are the axle reactions if the distance 


between the centers of bearings is 4 ft.? 
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Solution—The moment of inertia of the flywheel about the axis of spin is 


6000 


a .75)? = 2620 slug-{t.” 
if 30.2 X (8.75) 620 slug 
And \ 
4 2 
oi ane = 41.9 rad./sec. 


Hence the gyroscopic couple is 
Iw Q= 2620 X 41.9 K 0.1 = 10,980 lb.-ft. 


In accordance with the rule stated in Art. 167, the vector representing this couple is 
perpendicular to the axis of the ship and is directed towards the right. The forces 
constituting the gyroscopic couple are the axle reactions and hence the reaction at 
the forward bearing is downwards and that at the rear bearing is upwards. Since 
the distance between centers of bearings is 4 ft., the magnitude of each of these 
reactions is 10,980 + 4 = 2745 lb. The effect of the gyroscopic motion, then, is to 
increase the reaction at the rear bearing and to decrease it at the forward bearing. 
The reaction at each bearing due to the weight of the flywheel is 3000 lb. Hence 
the resultant reaction at the rear bearing is 83000 + 2745 = 5745 lb. and that at the 
forward bearing is 83000 — 2745 = 255 lb. 
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914. A disk 4 ft. in diameter (Fig. 544) rolls on a circular track having a radius of 
10 ft. The center of the disk has a velocity of 20 ft./sec. The disk is attached to 
the central axis OY by means of a rod which is collinear with the z-axis about which 
the disk turns. The disk has a flange similar to that on a car wheel. If the weight 
of the disk is 450 lb. find the tension, 7’, in the rod and the pressure, P, of the track 
against the flange of the wheel. Ans. T = 838 lb.; P = 279 lb. 


Fia. 544. 


915. A circular disk is mounted on a horizontal axle which is free to rotate about 
a vertical axis as shown in Fig. 540, the distance from the center of the disk to the 
vertical axis being 2 ft. The radius of the disk is 6 in. and its weight is 10 lb. If the 
disk rotates about the horizontal axle with a speed of 300 r.p.m., with what velocity 
will it rotate about the vertical axis? Ans. 0 = 157 r.p.m. 
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916. The propeller of an aeroplane rotates clockwise when viewed from the rear. 
If the aeroplane turns to the right when moving in a horizontal plane, what will be 
the effect of the gyroscopic couple? 

917. The flywheel of an automobile engine is mounted on a horizontal axle 
parallel to the longitudinal axis of the automobile. The flywheel rotates counter- 
clockwise when viewed from the rear. What will be the effect of the gyroscopic 
couple on (a) the axle reactions of the flywheel, (6) the pressures of the wheels on 
the road? 


CHAPTER XIV \ 


FURTHER STUDY OF THE ACCELERATION OF A POINT 


169. Introduction —lIn this chapter we shall consider the radial and 
transverse components of acceleration of a point and also Coriolis’ law 
which in some problems in kinematics offers the simplest method of 
determining the acceleration of a point. One application of Coriolis’ 
law will be found in Art. 179 of the following chapter, in the analysis of 
the forces involved in the Rites inertia shaft governor. 

170. Transverse and Radial Components of Acceleration.—In addi- 
tion to the z- and y-components and the n- and ¢-components of the 


Fra. 545. 


acceleration of a particle, the transverse and radial (7 and R) com- 
ponents are sometimes convenient to use. The transverse direction is 
perpendicular to the radius vector drawn from any point taken as the 
center or pole, and the radial direction is along, or parallel to, the radius 
vector (Fig. 545). 

The T- and R-components may be derived by the application of 
Theorems I and II of Art. 87. In Fig. 545(a) let m represent a particle 
moving on a fixed path and let O be any center or pole. The total 


velocity, v, of the particle may be replaced by the two components 
vr and vp. 


Fig. 545(a) indicates that in general at any instant 
vr is changing in magnitude and also in direction, and that 
vr is changing in magnitude and also in direction. 
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Hence in accordance with Art. 87 there will be four components of the 


acceleration: two of the type a 
(shown in Fig. 5456): ai 


dup d es 
dt dt \dt 
of the magnitude of vp. 


and two of the type vw, as follows 


d*p 
(1) \- 7 parallel to vg, being the rate of change 


(2) vew perpendicular to vg, being the rate of change of vg due to 
the change in its direction only. 

dvr  d(wp) dp du ; 

Te at aera Ore + p Pa = wip + pa parallel to v7, being 
the rate of change of the magnitude of vr. 


(3) 


2 
v : : 
(4) vpw = wp = = perpendicular to v7, being the rate of change 


of vr due to a change in its direction only. 


The T- and R-components of the total acceleration are then (Fig. 
545d), 


d 1d 
ap = vRw + (vRw + pa) = Dine + pa = 20 P+ poe = oS Oo? @), 
ae dog dp 2 
mie di ie eae 
PROBLEMS 


918. A point moves on a circle with varying speed. Show that the expressions 
for the transverse and radial components of acceleration of the point reduce to the 
expressions for the tangential and normal components, respectively, of the accelera- 
tion when the center of the circle is selected as the pole. 

919. A rod rotates in a horizontal plane about a vertical axis through one end of 
the rod with a constant angular velocity of 2 rad./sec. At the same time a particle 
moves from the axis of rotation along the rod at a constant rate of 4 ft./sec. Find 
the magnitude of the linear acceleration of the particle when it is 3 ft. from the axis 


of rotation. 


171. Coriolis’ Law.—It is convenient to consider the motion of a 
point of a body as being generated by a motion of the point along a path 
(line) as the path moves. Thus, in plane motion of a rigid body, the 
motion of any point in the body may be considered to be a combination 
of a motion along a path and a motion due to a translation of the path. 

If a point moves along a path as the path is translated, the accelera- 
tion of the point is the vector sum of the acceleration relative to the 
path and the acceleration of the point of the path which is coincident 
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with the point at the instant (or of any point of the path since the path 
is translated). 

If, however, a point moves along a path as the path rotates, the 
acceleration of the point is obtained as the vector sum of three com- 
ponent accelerations. The relation between these three component 
accelerations and the total acceleration is expressed by Coriolis’ law, 
which may be derived by use of the theorems of Art. 87 as follows: 

In Fig. 546(a) let m represent a particle traveling along a curved 
path with velocity uw, and at the same time let the path rotate about O 
with angular velocity w and angular acceleration a. Further let 2 and 
a’ denote the angular velocity and angular acceleration, respectively, 


Fria. 546. 


that m would have relative to the center of curvature S of the path, if 
the path were fixed and only the motion of m along the path were con- 
sidered. The velocity of the particle will then have, at any instant, two 
components, u and w, wu being the velocity along (relative to) the path, 
and w the velocity of the point on the path which, at the instant, coin- 
cides with the particle. 

It will be noted from Fig. 546(a) that, as the particle passes from one 
position to some other position, the velocity wu changes in magnitude 
and also in direction. Likewise w changes in magnitude and also in 
direction. At any instant, therefore, the acceleration of the particle m 
will have at least four components. It will be found convenient, how- 
ever, to consider the change in both u and w to be made up of several 
parts, as follows: 

The change in wu from wy, to vg is made up of: 


(1) A change in magnitude, due to an increasing (or decreasing) 
speed along the path. 

(2) A change in direction, due to the curvature of the path. 

(3) A change in direction, due to the rotation of the path. 
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The change in w from w, to we is made up of: 


(4) A change in magnitude, due to the rotation of the path with 
increasing (or decreasing) angular velocity (assuming p 
to remain constant, that is, considering the particle to be 
fixed to the path). 

(5) A change in direction, due to the rotation of the path (con- 
sidering the particle fixed to the path). 

(6) A change in magnitude, due to the change in length of p 
(assuming the path to be fixed), caused by the movement 
of the particle along the path. 

(7) A change in direction, due to the change in the direction of p, 
caused by the motion of the particle along the path (assum- 
ing the path fixed). The change in direction of w is equal 
to the change in direction of p since p and w remain at 
right angles. 


At any instant, therefore, the acceleration of m will have seven com- 


dv 
ponents, three being of the type a and four of the type vw. These com- 


ponents (represented in Fig. 546(b) are expressed as follows: 


d : a 
(1) i = ra’ parallel to wu and having the same sense as wu since 0, 


the angular velocity, and a’, the angular acceleration, of 

«- the particle m with respect to the center of curvature, S, 
of the path were assumed to agree in sense as indicated in 
Fig. 546(a). 


2 
OW RON Age = = perpendicular to u, towards S. 


(3) uw perpendicular to wu toward S. 


dw _ Mop) _ de 

rdidey “eaten Ge 
sense as w, since w, the angular velocity, and a, the angular 
acceleration, of the path with respect to O are assumed to 
agree in sense. 


= pa parallel to w and having the same 


(4) 


2 
(5) wo = wp = - perpendicular to w, toward 0. 
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fee) = a = uprw parallel to w and having the same 


sense as w since w is increasing. 


(6) 


(7) ww! = pww! = upw perpendicular to w toward O, whereo’ 
is the angular velocity of p caused by the motion of the 
particle along the path, assuming the path to be fixed. 


The total acceleration of the particle then may be expressed in terms 
of the seven components shown in Fig. 546(b), grouped as follows: 


2 

U % d 

C= (1a!) 49 (a4 pat) Hue 49 o (2 +> pa! 
Ne 


d : ; : 
But a and pw’ are the radial and transverse components, respectively, 


of the velocity u relative toO. Hence the two terms in the last parenthe- 
sis may be written up burp = U. 

Thus the last component in the expression for a becomes uw and may 
be added to the preceding term giving 2 uw, since both of the components 
uw have the same direction and sense. The expression for a may then 
be written 


a= a4,H a,b 2ua. 
2 


. U . 
in which a, = ra’ » i and dm =pa +pw*. It will be seen that a, is the 


acceleration the particle would have if the path were fixed, and a,, is the 
acceleration the particle would have if the particle were fixed on the 
path and moving with the path. The component 2uw is a vector 
directed perpendicular to the vector wu and its sense may be found by 
the following rule: Apply the vector representing 2uw to the end of 
the vector representing wu; then the sense of 2uw is such that, considered 
as a force, it would rotate the vector u in the sense of w, the angular 
velocity of the path. This equation may be stated in words as follows: 
If a particle moves on a path as the path rotates, the acceleration of the 
particle is the geometric or vector sum of (1) the acceleration the particle 
would have if the path were fixed and the particle moved along the path 
with velocity u, (2) the acceleration the particle would have if it were 
fixed on the path and the path rotated with angular velocity , and (3) 
2uw called the Coriolis’ component or the compound supplementary accel- 
eration. This statement is known as Coriolis’ law. 

It will be noted that Coriolis’ law reduces to a = a, am if the 
motion of the path is a translation and hence is in agreement with the 
analysis of the acceleration of a point of a rigid body that has plane 
motion as found in Art. 96. 
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ILLUSTRATIVE PROBLEM 


Problem 920.—The circular are APB (Fig. 547a) represents the vane of a centrif- 
ugal pump, P being a particle of water. Find the acceleration of the particle P 
when it is 12 in. from O, the 
center of the shaft, if, at that 
instant, the angular velocity 
of the wheel is 10 rad./sec. 
clockwise and its angular 
acceleration is 50 rad./sec.? 
clockwise. The tangential 
velocity of the particle along 
(relative to) the vane is 10 
ft./sec. and the tangential 


Scale 1.200 ft. per sec? 
acceleration relative to the Fig. 547. 

vane is 10 ft./sec.2, OB makes 

an angle of 45° with the horizontal and is 18 in. long; OA is 3 in.; and OP is 12 in. 
The radius of the are APB is 184% in. 


Solution.—By Coriolis’ law the total acceleration a is 
a = ar PD Am PH 2uw; 
a, and a , are found most easily from their f- and n-components. Hence 
a = (a;)1-> als at ce HD (Gn)n 1 2ue 
10-49 ap PO XT, “p10 x 3 = 2X10 x 10 
12 
10 +> 90.56 +4 50 + 100 + 200, 


each of the quantities being expressed in feet per second per second. The five com, 
ponents are shown in their proper directions in Fig. 547(a), and the resultant accelera- 
tion a as found from the acceleration polygon is shown in Fig. 547(b). By scaling 
the closing line of the polygon, a is found to be 145 ft./sec.” in the direction shown 


in Fig. 547(0). 


ll 
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921. Solve Prob. 919 by applying Coriolis’ law. 
; 922. Using the data of Prob. 549, find the accelerations of C 
M and D by means of Coriolis’ law. 
| 923. Point P (Fig. 548) moves on the rod OM which rotates 
| P about the fixed point O. In the given position OP = 6 ft.; the 
| velocity along the rod is 5 ft./sec. toward M and is increasing at 
o the rate of 5 ft./sec. each second. The angular velocity of the rod 
1307 is 2 rad./sec. in a clockwise direction, and is decreasing at the 
| rate of 1.5 rad./sec. each second. Find the acceleration of the 
0 point P. : 
Fia. 548. Ans. ap = 22.0 ft./sec.? vertically downwards. 


CHAPTER XV 
GOVERNORS 


172. The Action of Governors.—The governor of a steam engine, 
hydraulic turbine, gas engine, or other motor, automatically regulates 
the supply of the steam, water, gas, or other fluid, so as to keep the 
driving force exerted by the working fluid constantly adjusted to the 
resistance to be overcome. The governor partakes of the motion of the 
motor so that an increase in the speed of the motor due to a decrease in 
the load causes a corresponding increase in the speed of the moving parts 
of the governor, which, in turn, causes, by means of a suitable mechan- 
ism, either a decrease in the pressure of the fluid or a decrease in the 
quantity of fluid delivered to the motor. 

The forces which cause the adjustment of the controlling valve, and 
which are brought into play by the change of motion of the governor 
parts, depend in the main upon (1) the actual change in the speed of the 
moving parts or (2) the rate of change of the speed of the moving parts. 
Governors in which the governing action depends mainly upon the 
actual change of speed of the governor parts 
are called centrifugal governors and may be 
either pendulum or shaft governors. Govern- 
ors in which the governing action depends 
mainly upon the rate of change of speed 
of the moving parts are called inertia gov- 
ernors and are shaft governors. <A brief 
analysis of the forces brought into play by 
a change in the motion of each of these 
types of governors will here be made. 

173. The Conical Pendulum.—In Fig. 
mS 549(a) a ball of mass M and weight W is 
held at the end of an arm AB and the ball 
and arm are caused to rotate about an axis 
AO with velocity w. The acceleration of 
the center of the ball is directed towards 
O, the center of its circular path, and its magnitude is rw*. Hence 
the force, R, required to produce this acceleration of the ball is 


Fra. 549. 


R = Mro* = see 
g 
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Now, the accelerating (effective) force R must be the resultant of the 
external forces which act on the ball. These external forces are the 
weight, W, and the tension, 7, in the arm, as shown in Fig. 549(b). 
If a force which is equal but opposed to R (the inertia force) is assumed 
to act with W and 7’ as shown in Fig. 549(b), the three forces will 
be in equilibrium and hence the sum of their moments with respect 
to the point A is equal to zero. Thus 


Ue g 
Wr =-—vo" Xh. Therefore’ h =-;, 
g (6) 
in which w is expressed in radians per second and g is equal to 32.2 
ft./sec.” If the number of revolutions per minute (r.p.m.) is denoted by 
2 Bea: 
n, then w = = - Therefore, h may be expressed (in inches) by the 


equation 35.200 
’ 


ey ern) 


This equation shows that the height, h, of the cone depends only on the 
speed of rotation and not upon the weight of the ball nor the length of 
the arm AB. Now, in the pendulum governor, the governing action 
depends upon the manner in which h varies with w. The accompanying 
table is obtained from equation (1). It will be noted that at low speeds 
a small change in speed of the ball causes a 
large change in the height h, whereas at 
high speed a large change in speed causes 
only a sfhall change in h. If the conical 
pendulum is used as a governor as in the 
simple Watt governor (Fig. 550), it may 
be made sensitive to small changes in 
speed either by making h large or by caus- 
ing the governor to rotate slowly by gear- 


nm (in r.p.m.) h (in inches) 


to 00 


8 

2 

iS): 
5. 
3. 
tl 
0. 
0. 


0 

0 
8 
5 
5 
56 
88 
39 
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ing it down. However, a decrease in the speed of the governor results 
in a decrease in the energy available to overcome the resistances of the 
valve which is operated by the governor. 
In order to make the governor sensitive 
to small changes in speed without seri- 
ously reducing its available energy it 
may be loaded. 

174. The Loaded Governor.—The 
height h of the conical pendulum may 
be increased by loading the balls as 
shown in Fig. 551(a). The disk, D, 
which rests on the balls (or cylinders) 
furnishes, by its weight, a vertical ex- 
ternal force without influencing the 
inertia force of the ball or cylinder. If 
L denotes the weight of the disk (load) 
then L/2 is the load on each ball and the 
external forces W, L/2, and T which act 
on the ball form, with the reversed effec- 
tive (inertia) force Mrw*, a system in 
equilibrium as shown in Fig. 551(6). 
The sum of their moments, therefore, about the point A is equal to 
zero. Thus 


Fie. 551. 


(w = Z| r= Mro* Xh, 


and by expressing w in revolutions per minute, h is expressed in inches 
by the equation 
L 
WwW = 
zi 2 _ 35,200 


peo ee 
W ne 


This equation shows that the addition of the load to the balls of the 
conical pendulum increases the height h in the ratio of 1 + L/2W to 1. 
For example, if W = 5 lb. and L = 30 Jb., then 


LMR ty Go 
| aan rie lien Oh 


Loe 
Thus the height h of the simple conical pendulum corresponding to a 


speed of 200 r.p.m. is 0.88 in., and when loaded its height becomes 
4. 0.88 = 3.52 in. 
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For high rotative speeds, loading must be resorted to in order to 
increase the change of height for a given change in speed, that is, in 
order to increase the sensitiveness of the governor. 

175. The Porter Governor.—In Fig. 552(a) is shown the Porter 
loaded governor, in which the load on the conical pendulum is sus- 
pended from additional links which are attached to the balls. With this 
arrangement the load is twice as effective as in the loaded governor 
discussed in the preceding article, since, for a given rise of the balls, the 


rol i- 
po|i- 


Fig. 552. 


load risés twice the distance that the balls rise. If, therefore, L denotes 
the load, the expression for h (in inches) becomes 


W +L _. 35,200 
Le W - n? 


Thus, in the above example, for the Porter governor, the height becomes 


WE? x 088 == x 088 = 6.16 in. 


The student should derive the above equation for h from the analysis 
of the forces in a manner similar to that used in the preceding two articles. 
Free-body diagrams for the revolving ball and load are shown in Fig. 
552(6). 
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PROBLEM 


924. A spring-loaded governor is shown in Fig. 553. 
Let W be the weight (lb.) of each ball; r (ft.) the radius of 
the path of the balls; 1 (ft.) the length of each of the four 
arms; w the angular velocity in radians per second. When 
the radius, 7, is zero, the tension in the spring is T lb. and 
the force required to elongate: the spring a unit length is 
Q lb. Show that, if the weight but not the mass of the 
balls be neglected, 

a giT +2900 —-VP? — ro 
= WVP— 7 
If W = 8 lb., 1 = 1 ft., and the balls revolve at 26 rad./sec. 
when r = 3 in., find the tension in the spring, assuming the 
modulus of the spring to be 58 lb./in. 
Ans. T = 61.0 lb. 

176. The Centrifugal Shaft Governor.—In the 
7 pendulum governors considered above, the govern- 

Fia. 553. ing action is dependent upon the centrifuga! force 

(inertia force) of a rotating mass, and the same 

is true for some types of shaft governors. Thus, let a body of mass 
M be pivoted to the arm of a flywheel as shown in Fig. 554. Let the 
distance of the center of the mass, G, from the shaft center, S, be denoted 
by r and let the wheel rotate with an angular velocity w. The cen- 
trifugal or inertia force, then, of 
the mass M is Mrw*. As long as w 
remains constant this force has a 
definite value. To hold it in equilib- 
rium a spring is employed. The 
moment of the spring tension about 
the point O must therefore be equal 
to the moment of Mrw? about the 
same point (the weight of the body 
‘ is small in comparison with Mrw” and 
hence its moment is neglected). If 
now the angular velocity of the wheel Fre. 554. 
increases to w’ due to a decrease in the - 
load on the engine, assuming the value of 7 to remain constant, the 
centrifugal force increases to Mrw’? and the excess force Mr(w”? — w?) 
causes the mass to move outwards which in turn changes the time of 
cut off of the valve and adjusts the amount of the working fluid delivered 
to the engine. 
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PROBLEMS 


925. What must be the initial tension in the spring and the modulus of the spring 


so that the weight, A, in the governor shown in 
Fig. 555 will not leave the inner stop and pass to 
the outer stop until a speed of 210 r.p.m. is 
reached? Assume that the weight of A is 16.1 lb., 
a=3in., b= 24in.,c = 8in., and d = 16 in. 
If the spring should be placed farther from H 
than 16 in., would A reach the outer stop with 
the wheel revolving at the same speed that it 
had when A left the inner stop? 
Ans. T = 242 lb.; modulus = 45.4 Ib. /in. 


926. Given the arrangement as shown in the 
previous problem, with the following data: a = 
3 in., b = 20 in., c = 9 in., d = 12 in., modulus 
of spring = 50 lb./in. If the mean speed, no, is 
200 r.p.m., what must be the weight of A for a 
coefficient of steadiness, (m1 — n2)/no, of 0.01, 


Fig. 555. 


where n and vg denote the maximum and minimum speeds respectively? 


Ans. W = 14.85 lb. 


177. The Inertia Shaft Governor.—As already noted, governors in 
which the regulating action depends upon a change in the centrifugal 
force, whether of the pendulum or of the shaft type, are called centrifugal 
governors. It is important to note that with centrifugal governors 
there must be an actual change of speed to give a governing action. In 
the inertia governor, however, the governing action is entirely different. 


Fig. 556. 


Thus, in Fig. 556, let a mass M be 
pivoted to the arm of a flywheel so that 
the pin, O, passes through the center of 
mass. The centrifugal force of the mass 
is balanced by the pin reaction at O and 
hence the centrifugal force is not involved 
in the governing action. 

In order to show how the forces 
which cause the governing action arise, 
let it be assumed first that the wheel of 
Fig. 556 is standing still and that the 
mass is turned on the pin, O, with an 
angular acceleration a. To produce this 


acceleration a moment, 7’, is required having a magnitude 


Aho hd bap 


in which J, is the moment of inertia of the mass with respect to the pin O. 
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Now, if a change in speed of the wheel (and shaft) occurs, due to a 
change in the load on the motor, each particle in the mass M, by virtue 
of its inertia, will tend to maintain its linear velocity and hence will turn 
relative to the wheel about the axis O and thereby cause the valve 
mechanism to exert forces on the mass, the moment of which about O 
will be equal to J,a. In this type of governor, therefore, the governing 
action depends not upon the actual change of speed but upon the rate 
of change of angular speed, that is, upon the angular acceleration of the 
wheel or engine shaft. Shaft governors of this type are called inertia 
governors. 

178. Comparison of the Two Types of Governors.—Centrifugal and 
inertia governors differ in two important particulars. Since, in the cen- 
trifugal type, the governing force depends upon the change in the speed 
there must be an increase (or decrease) in the speed of a definite amount 
before the governing force is sufficient to move the valve gear against 
the frictional forces. In the inertia governor, on the other hand, the 
governing force is proportional to the angular acceleration, and, in 
general, the angular acceleration of the governing mass is greatest just 
at the beginning of the change of speed; hence, before the speed of the 
shaft has changed appreciably, the governor begins to act although the 
change in the centrifugal force is small. It follows then that the inertia 
governor acts more quickly and holds the speed within much smaller 
limits than does the centrifugal governor. 

The centrifugal type of governor, however, has one essential property 
not possessed by the inertia type. The centrifugal force Mrw” varies 
somewhat for different: positions of the balls in Figs. 549, 550, 551, or 
552, and of the body in Fig. 554, but for any fixed position it must have a 
fixed definite value which is determined by the weight of the balls (and 
load on the balls) in the pendulum governors and by the spring tension in 
the shaft governor. It follows that, with the governor in a definite 
position, the speed, w, of the shaft has a definite value and therefore the 
speed of the engine is fixed. Thus, if it is determined that the speed 
shall be 200 r.p.m. and the governor is properly adjusted, the speed 
cannot vary much from that speed as long as the governor is operative. 
The speed may sink to 195 r.p.m. under a heavy load or rise to 205 r.p.m. 
with a light load; but the centrifugal force imposes the average speed of 
200 r.p.m., and the engine cannot be made to run at a different average 
speed without some adjustment of the governor, such as the addition of a 
weight or an increase in the spring tension. 

179. Analysis of Forces in the Rites Inertia Governor.—In the shaft 
governor known as the Rites inertia governor, a combination of the two 
governing actions discussed above is effected by means of a single heavy 
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mass which is pivoted at a point at some distance from the shaft center 
but not at the center of the mass. 

To gain a clear conception of the forces which are developed during 
the action of a shaft governor of the Rites type, consider the motion of a 
heavy mass of any form (Fig. 557a) pivoted at a point O which is at a 
distance e from the shaft center S. The center of gravity, G, of the mass 


Fia. 557. 


is at the fixed distance s from the pivot O and at the distance r from the 
shaft center S; this latter distance may of course vary. Let any par- 
ticle, P, of the mass be at the distances o and p from O and S, respec- 
tively. The procedure followed in the analysis of the forces in the Rites 
governor is the same as that used in the analysis of the various kinetics 
problems in Chapter VIII. The main steps in the procedure are out- 
lined in Art. 108. Let 


M= Ma = the mass of the body which is pivoted at O; 
g. 


w = the angular velocity of the wheel about the shaft center S; 
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Q = the angular velocity of the mass M about the pivot O; 
u = of = the linear velocity of P relative to O; 
a= a = the angular acceleration of the wheel; \ 
dQ- ; 
a= ree the angular acceleration of the mass M about O; 
I, = the moment of inertia of the mass M with respect to the pivot O, 


and 


I = the moment of inertia of the mass M with respect to the center of 
gravity G. 


Acceleration of Any Particle P.—According to Coriolis’ law (Art. 171), 
the acceleration of the particle P (Fig. 557b) has three components as 
follows: 

(1) The acceleration that P would have considering the wheel to be 
stationary and the mass to be rotating about O; this acceleration may 
itself be resolved into: 

A radial component o2? along PO, and a tangential component 
o - = ga’ perpendicular to PO. 

(2) The acceleration of that point of the wheel which is coincident 
with P; this component may likewise be resolved into: 

A radial component pw? along PS, and a tangential component 

dw 
° at 

(3) The acceleration 2uw along OP. 

These components of the acceleration of the point P are shown in 
Fig. 557(b). No attempt has been made to show the magnitudes 
of the accelerations by the lengths of the vectors. 

It will be found convenient to replace the components pw* and 
pa by four other components, parallel and perpendicular, respectively, 
to the lines SG and PG. These four components may be obtained by 
direct resolution or by considering the motion of the wheel to be replaced 
by a rotation and a translation (Art. 96). Thus, at any instant, the 
rotation of the wheel about its shaft, S, with angular velocity w and 
angular acceleration a may be considered as a rotation with the same 
angular velocity and acceleration about a parallel axis in the wheel which 
passes through the point G, and a translation of the wheel in a direction 
perpendicular to SG. The components pw” and pa which, as found above, 


= pa perpendicular to PS. 


2 
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were due to the rotation of the wheel about its shaft S will now be 
replaced by (1) the acceleration of the point P due to the rotation of the 
wheel about G and (2) the acceleration due to the translation, which is 
common to all points of the wheel. The accelerations of the point P of 
the wheel (that is, the point on the wheel which is coincident with the 
point P of the mass ), then, are 


zw” along PG 
and 


d. ; 
x = = ra perpendicular to PG, 


which are due to the rotation of the wheel about G; and 


rw” parallel to SG 
and 
re perpendicular to SG, 


which are due to the (curvilinear) translation of the wheel. 

Moment of Effective Forces about the Pin O.—The moment of the 
effective forces for the whole body with respect to the pin O will now 
be found since the rotation of the mass about the pin O is the cause of 
the movement of the valve mechanism. And the moment of the 
effective forces must be found in order to determine the moment of the 
external forces which are brought into action as a result of this rotation 
and which are exerted on the valve mechanism. For, by D’Alembert’s 
principle, the sum of the moments of the external forces must be equal 
to the sum of the moments of the effective forces. 

The accelerating or effective force for the particle P of mass m must 
have a component in the direction of each of the acceleration com- 
ponents, the magnitude of each component of the force being the product 
of the mass m of the particle and the acceleration component. These 
seven components of the effective force for the particle are shown in 
Fig. 557(a), acting at the particle P. The sum of the moments of these 
forces, for all the particles, about the pin O may be found as follows: 

(1) The components mo? and 2muw are collinear and act through 
the pin O. The resultant of these components, therefore, for the whole 
body, is a force which acts through O. The sum of the moments of these 
components about the point O, then, is equal to zero and hence, these 
forces have no influence in the problem under discussion. Their only 
effect is to produce a pin pressure at O. 

(2) Consider next the forces mre. These forces arise from the 
translation given to the body. All these forces, then, are parallel to SG 
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and all have the same sense. Therefore, their resultant is a single force 
(Art. 110) the magnitude of which is 


Umrw = Mre?. 


The line of action of this resultant force passes through G (Art. 110)}as 
shown in Fig. 558. The sum of the moments of the mrw* forces about 
the pin O (which, of course, is equal to the moment of their resultant), — 
then, is (Fig. 558) 

Mrw” X f. 


(3) Consider next the mra forces. These forces also arise from the 
translatory motion which is given to the wheel (and mass M). All 


fr=eh= 2x Area of OSG 


Fira. 558. 


these forces then are perpendicular to SG and have the same sense. 
Their resultant, therefore, is a single force (Art. 110) having a magni- 
tude equal to 

Zmra = Mra. 


This resultant force also passes through G. The sum of the moments of 
the mra forces with respect to the pin O, then, is (Fig. 558) 


Mra X c. 


(4) The moment of the maw? forces will be found next. These 
forces are the normal forces due to the rotation of the wheel (and mass 
M) about an axis through G. They pass, then, through the axis of 
rotation, and their resultant, therefore, is a single force having a magni- 
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tude equal to Mzw* which acts through G (Art. 23). But G is the mass- 
center of the mass M, and hence the quantity Mw? is equal to zero, since 
&, the distance from the mass-center to the axis of rotation, is zero. 
Therefore, the sum of the moments of the maw” forces about the pin O 
is equal to zero. 

(5) The ma forces are the tangential forces which also arise due to 
the rotation of the wheel (and mass M) about the mass-center G. The 
resultant of these forces is a couple having a moment equal to Ia (Art. 
111) in which J is the moment of inertia of the mass M with respect to 
the axis through its mass-center. The sum of the moments of the mza 
forces, then, with respect to the pin O (or any other moment-center in 
the plane of motion, Art. 14) is equal to 


Ta. 


(6) Lastly, the mca’ forces will be considered. These forces are the 
tangential forces which arise due to the rotation of the mass M about the 
pin O. The sum of their moments, then, about O, the axis of rotation, 
is (Art. 111) 


fh 
a's 


in which J, is the moment of inertia of the mass M with respect to the 
pin O. This moment, however, for governors as constructed, is small 
compared with the other moments since a’ is small. Therefore, the 
moment IJ,a’ will be neglected in the subsequent discussion. 

The Moment of the External Forces and the Governing Action.—As 
noted above, the moments of the external forces must be equal to the 
sum ofthe moments of the effective forces. Or, if the effective forces 
were reversed, external forces would have to act on the body such that 
they would hold the reversed effective (inertia) forces in equilibrium. 
Hence, external forces must act on the mass M such that the moments 
of the external forces will hold in equilibrium the moment (Fig. 558) 


Tee Mirae Veh see) | een) 
of the centrifugal force, and the moment 


T; = Mrac+Ia=a(Mre+I) ..... (2) 


which is called into action only when the angular acceleration, a, exists. 

It will be noted, therefore, that if the angular velocity, w, of the fly- 
wheel (and engine) remains constant, that is, if the angular acceleration, 
a, of the flywheel is equal to zero, the moment (M. eho”) of the centrifugal 
force has a constant magnitude and must be equilibrated by the moment 
of the spring tension. Further, if w is constant the only external 
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moment acting on the mass M is the moment of the spring tension 
since a, and consequently, 7';, is equal to zero. Thus, the moment T;, 
unlike the moment 1’,, is called into existence only when there is a change 
in speed of the flywheel, and hence it does not require an opposing 
moment except that supplied by the resistance of the valve gear as the 
valve gear adjusts itself to the new speed. 

To explain further the governing action in the Rites governor, let 
it be assumed that the motor is running at a constant mean speed a; 
the moment 7'.(= Mehw”) of the centrifugal force is then just balanced 
by the moment of the spring tension, which may be denoted by 7's. 
Now, let the load on the motor be reduced; the excess of the effort over 
the resistance will cause the moving parts of the motor (flywheel, shaft, 
etc.) to rotate with an increased speed, w,, and the moment 7, will 
increase from Mehw? to Mehw,?. The difference, Meh(w,” — w”), is 
the excess of the moment of the centrifugal force over that of the spring 
tension and is available for producing a movement of the governor parts. 
However, if this difference alone is depended on for moving the valve 
mechanism, the speed w, must be considerably in excess of the mean 
speed wo before the governor and attached valve will move. On the 
other hand, the very instant the change in speed begins, the angular 
acceleration, a, of the mass M comes into existence and, with it, the 
unbalanced moment 7’; which is available for moving the valve gear. 
In the ideal governor, therefore, there is needed a moment, 7 ., of a 
centrifugal force which is just sufficient to fix a mean speed wo, and a 
moment, 7';, of considerable magnitude which arises from the rate of 
change of the angular velocity of the flywheel and which provides for 
the adjustment of the governor. 

Distribution and Position of the Mass M.—An inspection of equation 
(2) shows that, with a given value of r, the magnitude of the moment 
T; depends on M and J. With a heavy flywheel, a is likely to be small; 
hence, to make 7’; large, either M must be made large or, for a given M, 
I may be made large by constructing the swinging mass M in two parts 
which are removed a considerable distance from the center of gravity, G, 
and are joined hy a bar. (See Figs. 560 and 561.) - 

Further, the governing action of the swinging mass will depend 
largely on the relative position of the points O, S, and G. Thus, in 
Fig. 559, let a circle be drawn having a diameter equal to OS or e and 
let the sense of rotation of the shaft be assumed clockwise. As dis- 
cussed above there are three moments (Mrac, Ia, and Meh[w;* — w°}) 
which are effective in producing the adjustment of the governor. Now 
these three moments may or may not have the same sense, depending 
on the location of the point G. If a counter-clockwise sense is denoted 
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by + and a clockwise sense by —, the following table indicates the sense 
of each of the three moments about O for a location of G in each of the 
four regions, I, II, III, and IV indicated in Fig. 559. 


HD fh RA tae 
M rac + -—- — + 
la se GE Sr Se 
Meh(w? — w”?) + - + - 


For the most powerful governing action, the mass-center, G, of the 
mass M, therefore, should be located in region I. If @ is located in 
region III, the moment 7’; becomes equal to (I — Mrc)a and this quan- 
tity may be positive or negative according as J is greater or less than Mre. 
With G located in regions II and IV, that is, to the left of the vertical 


Fria. 559 


diameter, the moment of the centrifugal force and the moment Ja are 
opposite in sense. In a governor in which the whole mass is concen- 
trated near to G so that J is small, it is permissible to locate G in region 
IV; with a governor of this type the engine may, therefore, rotate in 
either direction without changing the governor, 

In modern governors of the Rites type J is made very large and 
hence the moment Ja is very large compared with the moment Mrca. 
Therefore, in these governors, the mass-center of M may be located on 
the circle or even in region II if it is desirable to do so in order to decrease 
the centrifugal moment Mrce and, in consequence, the size of the spring 
required. 
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From Fig. 559, it will be noted that the moment of the centrifugal 
force Mrw* is 2Mw* times the area of the triangle OSG; hence, this 
moment is directly proportional to the area of the triangle OSG. From 
this fact, it appears that the size of the spring required varies directly 
as the area of the triangle OSG; and, to obtain as light a spring as pos- 
sible, consistent with good regulation, the triangle OSG should be made 
as small as possible. If Gis kept in region I, this object is accomplished 
by locating G either near to S at G’, or near to O at G” (Fig. 559). Inthe 
governors shown in Figs. 560 and 561 it will be noted that G is located 
near to S. 


ILLUSTRATIVE PROBLEM 


Problem 927.—In Fig. 560 is shown a Rites inertia governor designed for a 6-h.p. 
Nagle engine. Experience shows that from 0.5 to 8 ft.-lb. of energy per h.p. should 
be stored in the governor weight in moving through its are (work done in stretching 
the spring). In the design, 5 ft.-lb./h.p. was assumed. Find the inertia weight 
required and the modulus of the spring from the following data: OS = e = 3.4 in.; 
h = 1.7 in.; mean speed = 250 r.p.m.; Jp = 9.4 in. = unstretched length of spring; 
l, = 11in. = minimum length of spring; Jz = 12.2 in. = maximum length of spring; 
p = 3.8 in. = moment arm of spring tension. 


Fra. 560. 


Solution.—Since the moment of the centrifugal force (T'.) must equal the moment 
of the spring tension (7's) we have the equation 


To = Ts. 


PROBLEM 4\1 


That is, 
W or re 
is “Gy vats Won S&B 
or 
W whe : 
SS) IN, Oa} (Gein ia = 112) 
(Gj U2 


where 7’, denotes the mean value of the spring tension. In order to determine the 
value of 7’,,, the work stored in the governor is equated to the work done in stretching 
the spring. Thus 
12.2 — 11.0 
So Ole <ai> ae 


Hence 
i, = OD Moy. 
Using this value of T,, in the above equation, we have 
. W 250 X 2r\? 

——_—_—_ | ———— ils Bit == S100) S< Shei. 

aan ( 60 ) x Cos nes 
From which 

hy = tal ie, 


The length of the spring, when the governor is in its mean position, is $(12.2 + 11.0) 
= 11.6in. Hence the modulus of the spring is 


ee 136 [by in. 
1 6esO4 ale 
PROBLEM 


928. In the Rites governor shown in Fig. 561, the inertia weight is 111 lb. and 
the tension of the spring in mid-position is 500 lb. Ife = 7in.,h = 2.6in.,r = 3in,, 


Fia. 561. 
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and p = 8.2in.; find (a) the normal speed of the engine, that is, the speed when the 
governor is in mid-position, and (b) the power of the governor in foot-pounds per 
horse-power if the engine is rated at 50 h.p., assuming that the spring stretches from 
20 in. to 22 in. when the governor moves through its whole range. 
Ans. w = 268r.p.m.; 1.67 ft.-lb./h.p. 
\ 


APPENDIX 
SECOND MOMENT. MOMENT OF INERTIA 


§1. Moments or Inertia or AREAS 


180. Moment of Inertia of an Area Defined.—In the analysis of 
many engineering problems, as, for example, in determining the stresses 


in a beam, expressions of the form [| «dA are frequently met, in which 


dA represents an element of an area A, and z is the distance of the ele- 
ment from some axis in, or perpendicular to, the plane of the area, the 
limits of integration being such that each element of the area is included 
in the integration. An expression of this form is called the second 
moment of the area or the moment of inertia of the area with respect to 
the given axis. The moment of inertia of an area with respect to an 
axis may then be defined as the sum of the products obtained by multi- 
plying each element of the area by the square of its distance from the 
given axis. 

The moment of inertia of an area with respect to an axis will be 
denoted by J for an axis in the plane of the area and by J for an axis 
perpendicular to the plane of the area. The particular axis about which 
the mament of inertia is taken will be denoted by subscripts, Thus, 
the moments of inertia of the area 
A (Fig. 562) with respect to the z- 
and y-axes are expressed as follows: 


T; = f yaa, and I, = f ean. 


Units and Sign.—Since the mo- 
ment of inertia of an area is the sum 
of a number of terms each of which 
is the product of an area and the 
square of a distance, the moment of 
inertia of an area is expressed as a Fia. 562. 
length to the fourth power. If, then, 
the inch (or foot) be taken as the unit of length, the moment of inertia 
will be expressed as inches (or feet) to the fourth power (written in.* or 

413 
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ft.4). Furthermore, the sign of each of the products 27dA is always 
positive since x” is always positive, whether z is positive or negative, 
and dA is essentially positive. Therefore the moment of inertia, or 
second moment, of an area is always positive. In this respect it differs 
from the first moment of an area, which may be positive, negative, 
or zero, depending on the position of the moment axis. 

181. Polar Moment of Inertia.—The moment of inertia of an area 
with respect to a line perpendicular to the plane of the area is called the 
polar moment of inertia of the area and, as noted in Art. 180, will be 
denoted by J. Thus the polar 
moment of inertia, with respect 
to the z-axis, of an area in the 
zy-plane (Fig. 563) may be ex- 
pressed as follows: 


aa = fra = f@+yaa 
= / 2°dA + Ha y°dA. 


Therefore 
J,=1,+ ik. 


Fia. 563. 


Hence the following proposition may be stated: 

The polar moment of inertia of an area with respect to any axis ts equal 
to the sum of the moments of inertia of the area with respect to any two rec- 
tangular axes in the plane of the area which intersect on the given polar axis. 

182. Radius of Gyration.—Since the moment of inertia of an area is 
dimensionally a length to the fourth power, it may be expressed as the 
product of the total area, A, and the square of a distance, k. Thus: 


I, = i ydA = Ak”, and J,= if rdA = Ak/. 


The distance k is called the radius of gyration of the area with respect 
to the axis, the subscript denoting the axis with respect to which the 
moment of inertia is taken. The radius of gyration of an area with 
respect to an axis, then, may be regarded as the distance from the axis 
at which the area may be conceived to be concentrated and have the 
same moment of inertia with respect to the axis as does the actual 
(or distributed) area. 


From the equation I, = db a°dA = Ak,?, it will be noted that k,?, 


the square of the radius of gyration with respect to the y-axis, is the mean 


PARALLEL-AXIS THEOREM FOR AREAS A15 


of the squares of the distances, from the y-axis, of the equal elements 
of area into which the given area may be divided, and that it is not the 
square of the mean of these distances. The mean distance (2) of the 
elements of area from the y-axis is the centroidal distance as discussed in 
Chapter V. Hence A” does not represent the moment of inertia of an 
area with respect to the y-axis. In other words, the mean of the squares 
of various lengths is not equal to the square of the mean of these lengths. 

183. Parallel-Axis Theorem for Areas.—If the moment of inertia of 
an area with respect to a cen- ’ 
troidal axis in the plane of the 
area is known, the moment of 
inertia with respect to any 
parallel axis in the plane 
may be determined, without 
integrating, by means of a 
proposition which may be 
established as follows: In 
Fig. 564 let YY be any axis 
through the centroid, C, of 
an area and let Y’Y’ be any 
axis parallel to YY and at 
a distance d therefrom. Fur- 
thermore, let the moment of inertia of the area with respect to the 
axis YY be denoted by J and the moment of inertia with respect to 
Y’Y’ by I. By definition, then, 


r= f @+a%A 
= fir toa f aia +e f ad 


I=I1+4 Ad since f dd = Ab = 0. 


<a 


Therefore 


Hence the following proposition may be stated: 

The moment of inertia of an area with respect to any axis in the plane 
of the area is equal to the moment of inertia of the area with respect to a par- 
allel centroidal axis plus the product of the area and the square of the distance 
between the two axes. This proposition is called the parallel-axis theorem. 

A corresponding relation exists between the radu of gyration of the 
area with respect to two parallel axes, one of which passes through the 
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centroid of the area. For, by replacing I by Ak? and I by Ak’, the above 
equation becomes 
Ak? = Ak* + Ad’. 
Whence 
k? = R oe a l 

where k denotes the radius of gyration of the area with respect to any 
axis in the plane of the area and k denotes the radius of gyration of the 
area with respect to a parallel centroidal axis. 

Similarly, for polar moments of inertia and radii of gyration, it can 
be shown that 


J=J+ Ad’, 


and 

Rk x k2 as Feb 
where J and k denote the polar moment of inertia and radius of gyration, 
respectively, of the area with respect to a centroidal axis, and J and k 
denote the polar moment of inertia and radius of gyration, respectively, 
of the area with respect to an axis parallel to the centroidal axis and at a 
distance d therefrom. 

184. Moments of Inertia by Integration—In determining the 
moment of inertia of a plane area with respect to a line, from the equa- 
tions of Art. 180, it is possible to select the element of area in various 
ways and to express the area of the element in terms of either cartesian 
or polar coordinates. Furthermore, the integral may be either a single 
or double integral, depending on the way in which the element of area is 
selected; the limits of integration are determined, of course, from the 
boundary curve of the area. In any case, however, the elementary area 
must be taken so that: 

(1) All points in the element are equally distant from the axis with 
respect to which the moment of inertia is to be found, otherwise the 
distance x in the expression x7dA would be indefinite. Or so that 

(2) The moment of inertia of the element, with respect to the axis 
about which the moment of inertia of the whole area is to be found, is 
known; the moment of inertia of the area is then found by summing 
up the moments of inertia of the elements. Or so that 

(3) The centroid of the element is known and also the moment of 
inertia of the element with respect to an axis which passes through the 
centroid of the element and is parallel to the given axis; the moment of 
inertia of the element may then be expressed by means of the parallel- 
axis theorem. 

The moments of inertia of some of the simple areas will now be found 
in the following illustrative problems. 
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ILLUSTRATIVE PROBLEMS 


Problem 929.—Determine the moment of inertia of a rectangle, in terms of its 
base 6 and altitude h, with respect to (a) a centroidal axis parallel to the base and 
(6) an axis coinciding with the base. 


Solution.—(a) Centroidal Axis.—The element of area will be selected in accord- 
ance with rule (1) above, as indicated in Fig. 565. The moment of inertia of the 
rectangular area with respect to the centroidal axis, then, is 


h 
. , 2D 1 
I,= | ydA=Jfn ybdy = — bhi. 
= 12 


(b) Axis Coinciding with the Base.—The student should show by integration 
that the moment of the rectangular area about an axis coincident with the base is 
i 4bh and should check the result by use of the parallel-axis theorem. 


Fra. 565. Fra. 566. 


Problem 930.—Determine the moment of inertia of a triangle, in terms of its base 
b and altitude h, with respect to (a) an axis coinciding with its base and (b) a centroidal 
axis parallel to the base. 

Solution.—(a) Axis Coinciding with the Base.—The elementary area will be 
selected as shown in Fig. 566. The moment of inertia of the area of the triangle 
with respect to the base, then, is 


Ties yh ae ip ypady. 


But, from similar triangles, 


; b 

=-(h—y). 
or 2 7 | y) 
Therefore 


I ale (h — y)d Be pat 
lay) ee y)dy = 55 bh*. 


(b) Centroidal Axis Parallel to the Base.—The centroidal axis parallel to the 
base is at a distance 3h from the base. (See Prob. 333.) By use of the parallel- 
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axis theorem, the moment of inertia of the triangular area with respect to the cen- 
troidal axis is found to be 
Abe = Ip —- A(gh)? 
= <br? — bh X $V? = -. bh’, 

Problem 931.—Determine the moment of inertia of the area of a circle, in terms 
of its radius r, with respect to an axis coinciding with the diameter: (a) using car- 
tesian coordinates; (b) using polar coordinates. 

Solution.—(a) Cartesian Coordinates.——The element of area will be selected as 
shown in Fig. 567. The moment of inertia of the circular area with respect to the 
diameter, then, is 

I, = | ydA = | y2ady 


Ml 


Ms 
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Fra. 567. Fra. 568. 


(b) Polar Coordinates.—The element of area will be selected as shown in Fig. 568. 


Hence 
rt 20 
We = fia -f{ n (o sin 6)”dpda@ 
0 


PG ee 3 2 Se ee 2 oe 1 4 
= sin? édpaa =" sin? #d8 =— Xa =-m"* 
af if 8 i 4 Jo : 4 Ae 4 


Problem 932.—Determine the polar moment of 
inertia of the area of a circle of radius r with respect 
to a centroidal axis: (a) by integration; (6) by use of 
the theorem of Art. 181. 


Solution.—(a) By Integration.—By selecting the 
element of area as indicated in Fig. 569, the polar 
aA=2mpdp _ moment of inertia of the circular area is 


re. af dA 


r 1 
ey Be rer ge 
Fia. 569. af aire ray ot? 
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(b) By Use of Theorem of Art. 181.—Since J, and I, are each equal to Wart 
(Prob. 931), the polar moment of inertia of the area of the circle is 
dhs — ie -++ Ty 


1 
= amr ala tart = 5 le 


Problem 933.—Find the moment of inertia, with respect to the z-axis, of the area 
bounded by the parabola y? = 2z, and the line x = 8 in. 


Solution. First Method—The element of area will be selected in accordance 
with rule (1) of Art. 184 as indicated in Fig. 570. The moment of inertia of the given 
area with respect to the z-axis, then, is 


= f yaa = 2 fre — x)dy 


Rs 873 al 
-afy 8 ——) dy =2) — —= | = 136.5 int 
i ) ay E 0 (5 36.5 in 


Second Method.—The elementary area will be selected in accordance with rule (2) 
of Art. 184 as indicated in Fig. 571. Since each elementary area is a rectangle of 


2yda 


dA 


J Sd A=(8-2)dy 


2 


width dx and height 2a; the moment of inertia of the element with respect to the 
z-axis is zgdx(2y)* = 34 2y%dx. (See Prob. 929.) Hence, the moment of inertia of the 


given area is 


Fia. 570. ie, G7 il. 


Ing B= iis = 2 (2a) *dx 
4v/2 
= 2 ie ae E al = 136.5 in! 
3 Jo 5 0 
PROBLEMS 


934. Determine the moment of inertia of the area of a circle, with respect to an 
axis tangent to the circle, in terms of, 7, the radius of the circle; (a) by use of the 
parallel-axis theorem and (6) by integration. 

935. Determine, by use of the theorem of Art. 181, the polar moment of inertia of 
the area of a rectangle of base b and altitude d with respect to the centroidal axis. 

Ans. J = qybd(b? + a’). 

936. Find by integration the moment of inertia of the area of a right triangle of 
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base b and altitude h about the base of the triangle. Select the element of area as 
stated under (2) of Art. 184, using the result of Prob. 929(6). 

937. Find the moment of inertia and radius of gyration of a circular area 16 in. 
in diameter, with respect to a diameter. 

938. Find by integration the moment of inertia of a triangular area of base b 
and altitude h about an axis coinciding with the base. Select the element of atea 
as shown in Fig. 572 in accordance with rule (3) of Art. 184. 


Ea 
Hie. 572. = 


Fic. 574. 


939. Show by integration that the polar moment of inertia of an annular ring 
(Fig. 573) with respect to a centroidal axis is J = 4A(ri? + 1o”) in which 
A = (re? — ry”) is the annular area. Check the result by finding the difference of 
the polar moments of inertia of the two circular areas. = 

940. Show by integration that the approximate value of the moment of inertia 
about the z-axis of the area of the thin annular ring shown in Fig. 574 is Ar? if the 
ratio of t to r is very small and A is the approximate area of the ring (A = 2z7‘). 

941. Determine the moments cf inertia of the area of an ellipse, the principal 
axes of which are 2a and 2b, with respect to the principal axes. 

' Ans. Iq = trab*. Iy = 4xba’. 

942. The base of a triangle is 8 in. and its altitude is 10 in. Find the moment of 
inertia and radius of gyration of the area of the triangle with respect to the base. 

943. Find, by use of the proposition in Art. 181, the polar moment of inertia and 
radius of gyration of the area of a square, each side of which is 15 in., with respect to 
an axis through one corner of the square. Ans. “k =12.2 in. 

944. Find, by use of the theorem of Art. 181, the polar moment of inertia, with 
respect to a centroidal axis, of the area of an isosceles triangle having a base b and 
altitude h. Ans. J = pybh($b? + Fh). 

945. In Fig. 575 is shown the cross-section of an angle section the area of which 
is A. The z-axis passes through C, the centroid of the area of the cross-section. 
Determine the moment of inertia of the area with respect to the x-axis, assuming 
that the thickness, t, of each leg is so small that the area of each leg may be con- 
sidered to be concentrated along the longitudinal axis of the leg. 

Ans. I, = 3A’. 


Fia, 575. Fia. 576. 


946. Find the moments of inertia with respect to the 2- and y-axes of the shaded 
area shown in Fig. 576. Ans. Iz = 0.444; Ty = 5.86. 
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947. In Fig. 271, the first moments with respect to the x-axis of the areas A and B 
are equal. (See Prob. 405.) Find the second moment of each of the two areas 
with respect to the x-axis. Ans. I, = tab ®; I, = 7;ab'. 


948. Determine by integration the polar moment of inertia of a sector of a circular 
area about an axis passing through the center of the circle. Assume the radius of 
the circle to be r and the central angle of the sector to be 2a. 


185. Moments of Inertia of Composite Areas.—When a composite 
area can be divided into a number of simple areas, such as triangles, 
rectangles, and circles, for which the moments of inertia are known, the 
moment of inertia of the entire area may be obtained by finding the sum 
of the moments of inertia of the several areas. Likewise, the moment 
of inertia of the part of an area that remains after one or more simple 
areas are removed may be found by subtracting, from the moment of 
inertia of the total area, the sum of the moments of inertia of the several 
parts removed. 


ILLUSTRATIVE PROBLEMS 


Problem 949.—Locate the horizontal centroidal axis, X X, of the T-section 
shown in Fig. 577, and find the moment of 
inertia of the area with respect to this cen- 
troidal axis. 


Solution. First Method—The distance, 
y, of the centroid of the area from the axis 
X,X, may be found from the equation 


a Pe ema ee 


pS 
SS 
ll 


2D (ayo). 


Re 123 eee 
g = = in. 
12 +12 


The moment of inertia with respect to the 
XX axis is the sum of the moments of inertia 
of the three parts a1, a2, and a3, with respect to 
that axis. Thus, Fira. 577. 


I, =v X6 X (28 +12 X QP? +4 X2X A+ 5X2 x (6) 
= 4+ 48 + 0.67 + 83.33 = 136 in.* 

Second Method.—The moment of inertia of the T-section may also be determined 
as follows: First find the moment of inertia of the T-section with respect to the axis 
X 1X, by subtracting the moments of inertia of the parts as and as from the moment 
of inertia of the rectangular area ABCD and then find /, for the T-section by use of 
the parallel-axis theorem. Thus, the moment of inertia, J,,, of the T-section with 
respect to the X1Xj1 axis is 


Tn = 4 X6 X (8)? -2 X 4 X 2 X (6)? = 736 int, 


and 


oa 


T, = Is, — Ad? = 736 — 24 X (5)? = 136 in 
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Problem 950.—Find the moment of inertia of the channel section shown in 
Fig. 578, with respect to the line XX. Find also the moment of inertia with 
respect to the parallel centroidal 
axis. 


Solution.—The area may be 
divided into triangles and rec- 
tangles as shown in the figure. 
The values used in the solution 
may be put in tabular form as 
shown below, where a denotes the 

Fra. 578. area of any part, y the distance 

of the centroid of the part from 

the line XX, I, the moment of inertia of the part with respect to its own cen- 

troidal axis parallel to XX, and J’; the moment of inertia of the part with respect 
to the axis XX. 


Part a Yo aYo Ie ay |I',=I,+ aye 
a 0.745 1.61 1.20 0.44 1.93 2.37 
ag 0.745 1.61 1.20 0.44 1.93 2.37 
a3 0.585 ils ies 0.68 0.23 0.80 1.03 
a4 0.585 Lf 0.68 0.23 0.80 1.03 
a5 3.360 0.14 0.47 0.02 0.07 0.09 
6.02 in.” 4,23 in.® 6.89 in4 


Thus the moment of inertia J, of the area with respect to the XX axis is 
Iz = 2!', = 6.89 in 


Further, the total area is A = Za = 6.02 in.’, and the moment of the area with 

respect to the XX axis is Z(ayo) = 4.23 in. Hence the distance g, of the centroid 

of the area from the XX axis is 

Z(ayo) pe 4.23 
A 6.02 


= 0.70 in. 


Therefore, the moment of inertia with respect to a line through the centroid and 
parallel to XX is given by the equation + 


T, = I, — Ad? = 6.89 — 6.02 X (0.70)? = 3.94 in4 


PROBLEMS 


951. A wooden column is built up of four 2-in. by 8-in planks as shown in Fig. 
579. Find the moment of inertia of the cross-section with respect to the centroidal 
axis XX. LE bs SSS in 

952. Find the moment of inertia of the angle section (Fig. 580) with respect to 
each of the centroidal axes parallel to the two legs of the angle. 
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953. In Fig. 581 is shown the cross-section of a standard 34-in. by 5-in. Z-bar 
(fillets are neglected). Find the moments of inertia of the section with respect to 
the centroidal axes XX and YY. Ans, Jy =19.2in#; Jy = 9.04 in# 


Fia. 579. 


954. In Fig. 582 is represented a 16-in. circular plate in which there are drilled 
five 2-in. holes and one 4in. hole as shown. Find the moment of inertia of the area 


of the holes with respect to the XX axis and also with respect to the YY axis. 
Ans. I, = 252in4; J, = 224 in3 


Fira. 581. Fig. 582. 


955. Find the moment of inertia, about the z-axis, of the shaded area in Fig. 252. 


(See Prob. 347.) Ansa lzt= 852 in 
956. Determine the moment of inertia of the:area shown in Fig. 255 about the 

y-axis. 

957. From a square area 10 in. on a side is cut a triangular area of 25 sq. in., the 

base of the triangle being parallel to one of the diagonals of the square. Find, with 


respect to this diagonal, the moment of inertia of the remaining area. 
Aisa e249 ike 
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958. From the area of an equilateral triangle each side of which is 12 in. long is 
cut the largest possible circular area. Find the moment of inertia of the remaining 
area with respect to an axis passing through the centroid of the triangle and parallel 
to one side. Ans. I = 261 in+ 


\ 

186. Moments of Inertia of Areas by Graphical and Approximate 
Methods.—If the bounding curve of an area is not defined by a mathe- 
matical equation, the moment of inertia of the area can not be found by 
integration. It is then necessary to use graphical or approximate methods. 
Several graphical methods are available which are usually discussed in 
texts on graphical statics. An approximate method that can be applied 
to any area is here described. For convenience, however, a simple 
area will be selected so that the approximate value of the moment of 
inertia as determined by this method may be compared with the exact 
value. Thus, let the moment of inertia of the area of a rectangle, with 
respect to an axis coinciding with its base; be found. The area may be 
divided into any convenient number of equal narrow strips parallel to 
the base, as shown in Fig. 583. (The narrower the strips the more 

closely will the result agree with 
I the exact result.) Let the area 


be divided into ten such strips 
each 0.2 in. in width. The mo- 
ment of inertia of the rectangle is 
i equal to the sum of the moments 
Fra. 583. of inertia of the strips. The 
moment of inertia of any par- 

ticular strip with respect to the base of the rectangle is 


qo X6X (}?7+6x4 xy’, 


where y is the distance of the centroid of the particular strip from the 
base. The first term is small and may be omitted without serious error. 
The moment of inertia of each strip then is approximately equal to the 
product of the area of the strip and the square of the distance of its 
centroid from the base. Hence the moment of inertia of the rectangle is 


— 
I] 


(2 + 3? + 5? + .7+4 974 1124 13? + 15+ 172+ 1.9?) 
ssp 13.3 =. 15,96 in.* 
According to Prob. 929, the exact value is 


T= 4th? =4 x 6 x 2° = 16 in,’ 
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187. Product of Inertia Defined.—If the moments of inertia of an 
area with respect to any two rectangular axes are known, the moment of 
inertia with respect to any other axis through the point of intersection 
of the two axes may frequently be obtained most easily in terms of the 
moments of inertia of the area with respect to the two rectangular axes 


and an expression of the form db xydA in which dA is an element of the 


given area and w and y are the coordinates of the element with respect 
to the two rectangular axes. This expression is called the product of 
inertia of the area with respect to the axes and is denoted by Izy. 
Hence, the product of inertia of an area with respect to any two rec- 
tangular axes may be defined as the sum of the products obtained by mul- 
tiplying each element of area by the product of the two coordinates of 
the element with respect to the two rectangular axes. That is, 


ess = f xy. 


The dimension of product of inertia of an area, like that of moment 
of inertia of an area, is length to the fourth power and is therefore 
expressed as in.*, ft.*, etc. Unlike moment of inertia, however, the 
product of inertia of an area is not always positive, but may be negative 
or may be zero. 

188. Axes of Symmetry.—The product of inertia of an area with 
respect to two rectangular axes is zero if either one of the axes is an axis 
of symmetry. This follows from the fact that for each product rydA 
for an element on one side of the axis of symmetry there is an equal 
product of opposite sign for the corresponding element on the other side 


of the axis, and hence the expression ib xydA equals zero. 


ILLUSTRATIVE PROBLEM 


Problem 959.—Find, in terms of the radius r, the product of inertia of the area 
of the quadrant of a circle (Fig. 584a) with respect to the x- and y-axes. 


Solution. First Method—lLet the elementary area be selected as shown in 
Fig. 584(a), and expressed in terms of rectangular coordinates. 


V 72 — 2 


r pVpa we Pp ee 
ee zyd«dy = pe folk dz. 
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Second Method.—Let the elementary area be selected as shown in Fig. 584(b), 
and expressed in terms of polar coordinates. 


ly 4 z 
dA=pdpdé pe = [ [°e cos 6-p sin 9-pdpde 


dA=daxdy 
i 4 
es rh Face x 
= 5 ff? cos osin oie = [= a? 
4 0 4 2 0 
X 


1 
Be GD) 0 (b) ave 
Fia. 584. 


PROBLEMS 


960. Find the product of inertia of the area of a rectangle, having a base b and 
altitude h, with respect to two adjacent sides. Ans. Iny ==: $b7h?. 


961. The altitude of a right triangle is h and the base is b. Find the product of 
inertia of the area of the triangle with respect to axes coinciding with the base and 
altitude. Ans. In =+ 5b7h’. 

962. Find the product of inertia, with respect to the coordinate axes, of the area 
bounded by the parabola y” = az, the line « =b, and the z-axis. Ans. Iz, =+ab*. 


963. Find the product of inertia, with respect to the coordinate axes, of the area 
bounded by the curve y = x°, the line x = a, and the z-axis. 
964. Find the product of inertia, with respect to the coordinate axes, of the area 


of the triangle bounded by the line y = -, the line x = 6, and the z-axis. 
Ans. Izy = <h*. 

189. Parallel-Axis Theorem for Products of Inertia—When the 
product of inertia of an area is known for any pair of rectangular axes 
passing through the centroid of the area, the product of inertia of the 
area with respect to any set of parallel axes may be determined without 
integrating. Thus, in Fig. 585, X’X’ and Y’Y’ are axes which pass 
through the centroid, C, of the 
area; XX and YY are parallel 
axes passing through the point 
O. The coordinates of C with 
respect to XX and YY are de- 
noted by and 7. If the product 
of inertia of the area with respect 
to XX and YY be denoted by J2y 
and the product of inertia with 
respect to X’X’ and Y’Y’ be de- Fig. 585. 
noted by J), then, by definition, 


ve 
lay = fe! + Oy + Had 


= fv'yaa + ay f aA ao y f wa + af vad. 
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Since each of the last two integrals is the first moment of the area with 
respect to a centroidal axis, each integral is equal to zero. The equation 
then becomes 

Tea Axy, 


That is, the product of inertia of any area with respect to any pair of rec- 
tangular axes in its plane is equal to the product of inertia of the area with 
respect to a pair of parallel centroridal axes plus the product of the area and 
the coordinates of the centroid of the area with respect to the given pair of 
axes. 

ILLUSTRATIVE PROBLEM 


Problem 965.—Find the product of inertia of the 
area shown in Fig. 586 with respect to the z- and 
y-axes. 


Solution.—The area may be divided into rec- 
tangles aj; and ag as shown. Using the formula 
Try = Iny + AZ9 we have, for the area ai, 


tee Oe loi Sim. 
and for area ag, 

Ty =0+4X83X1=12in4 
Hence, for the entire area, 


Try = 36 + 12 = 48 int 


PROBLEMS 


966. Find the product of inertia of the area shown in Fig. 587 with respect to 
the x- and Y-AXes. 
1v 
_——— er 


” 


Fia. 587. Fria. 588. 


967. Find the product of inertia of the area shown in Fig. 588 with respect to 
the coordinate axes. AS. then = OS ine 

968. Find the product of inertia of the area of a right triangle of base b and 
altitude h with respect to axes through the centroid of the triangle parallel to the 
‘base and altitude. Ans. Izy =+ pyb?h?. 

969. Find the product of inertia of the area of the quadrant of a circle shown in 
Fig. 584 with respect to axes Uoronen the centroid of the area parallel to the coordi- 
nate axes. Ans. Iny =— 0.01644. 
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190. Moments of Inertia with Respect to Inclined Axes.—The 
moments of inertia of an area with respect to different lines or axes (in 
the plane of the area) which pass through a given point are in general 
unequal. The determination of the moment of inertia of an area by the 
method of integration is comparatively simple for eertain axes but rather 
difficult for other axes. Equations 
(1) and (2) below make it possible 
to determine the moment of 
inertia with respect to any line 
passing through a given point in 
the area in terms of the moments 
of inertia and product of inertia 
of the area with respect to two 
rectangular axes passing through 
the point. The equations may 

Fra. 589. be derived as follows: The mo- 
ment of inertia of the area shown 
in Fig. 589 with respect to OX’ is expressed by the equation 


ie = f yaa = fo cos @ — asin @)°dA 
= cos” af yas + sin? af aa — 2 sin @ cos af zyis 
1,.= I, cos’ 0 -+ J, sin? 9° Si sin 0 cos 8; |.) 4.0e ene 


In a similar manner the following equation may be derived: 
y= I, sin? 0 + I, cos* 6 + 21,,sin @ cos 8. . 4 . 4 13) 


Thus, from these equations, the moment of inertia of an area with 
respect to an axis inclined at an angle @ with one of a given pair of rec- 
tangular axes may be found, without integrating, if the moments of 
inertia and the product of inertia of the area with respect to the given 
rectangular axes are known. 
By adding Eq. (1) and (2) the following important equation is 
obtained : 
dat PF dy = Tees 6 3. see 


That is, the sum of the moments of inertia of an area with respect to all 
pairs of rectangular axes having a common point of intersection is con- 
stant. It should be noted also that each side of Eq. (3) is equal to the 
polar moment of inertia of the area with respect to an axis passing 
through the point (Art. 181). 
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Axes for Which the Product of Inertia is Zero—It may be shown 


that through any point in an area there is one set of rectangular axes for 
which the product of inertia is zero, Thus from Fig. 589, 


= = foes = fo cos 6 + y sin 6)(y cos @ — x sin 0)dA 


(cos? @ — sin? @) qf xydA + cos 6 sin 0 ff (y? — 27)dA 
Ty cos 26 + $(I, — Ty) sin 26. 


Hence 
oT 


peas Bi 


Izy = 0 when tan 20 = 


191. Principal Axes.—In the analysis of many engineering problems 
the moment of inertia of an area must be found with respect to a certain 
axis called a principal axis. A principal axis of inertia of an area, for a 
given point in the area, is an axis about which the moment of inertia 
of the area is either greater or less than for any other axis passing through 
the given point. It can be proved that through any point in an area 
two rectangular axes can be drawn for which the moments of inertia of 
the area are greater and less, respectively, than for any other axes 
through the point. There are then two principal axes of inertia of an 
area for any point in the area. Furthermore, it can be shown that axes 
for which the product of inertia is zero are principal axes. And, since 
the product of inertia of an area is zero for axes of symmetry it follows 
that axes of symmetry are principal axes. The above statements may 
be dernonstrated as follows: 

The direction of the principal axes may be determined from equation 
(1) of Art. 190, which may be written in the form 


1 20 1 — cos 20 
fie es Fee ae RE RE 
2 2 
oy 
= ait + zs 008 28 — I, sin 26. 


The value of @ which will make J, have a maximum or a minimum 
value may be found by equating the first derivative of J, with respect 
to 6 to zero. Thus 


ge = sin 20(1, — I,) — 2Iz, cos 20 = 0, 


whence Wi 
tan 29 = ——_. 
It y a If xv 
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From this equation two values of 26 are obtained which differ by 180°, 
the corresponding values of 6 differimg by 90°. For one value of @ the 
value of I, will be a maximum, and for the other, a minimum. If 
Izy = 0 (which will always be the case if either the z- or y-axis is an 
axis of symmetry) the value of 4 is zero, and hence axes of symmetry are 
principal axes. 


ILLUSTRATIVE PROBLEM 


Problem 970.—Find the moments of 
inertia of the angle section shown in 
Fig. 590, with respect to principal axes 
passing through the centroid. 


Solution—The steps in the solution 
will be made as follows: 

(a) The centroid of the area will be 
located, that is, and 7 will be found. 

(b) The moments of inertia and the 
product of inertia (I,, I,, and I,y) with 
respect to the centroidal x- and y-axes 
will then be found by the methods dis- 
cussed in Arts. 185 and 189. 

(c) The directions of the principal axes 

Fria. 590. will then be found by use of the equations 
of Art. 191. 

(d) The moment of inertia with respect to each of the principal axes, wu and », 

will then be found by means of Eqs. (1) and (2) of Art. 190. 


4xXx$x2+53X$ Xi 3.396 


i= = = 0.94 in. 

ae 4x%2+5% x? 3.61 x 
4x2x3453x3x338; 7.01 

pS ES Es ee oe 
4X3 +5§ X38 3.61 


(0) Ie= yy XX (68)? +53 Xs X (15)? + ry X4 x (+4 XE x AH? 
= 5.57 + 3.30 + 0.02 + 4.59 = 13.48 in.4 

Ty = Py X53 X GP +58 XS xX G+ ry X FX 444 x FX (1s)? 
= 0.02 + 1.19 + 2.00 + 1.69 = 4.90 in4 


To determine J,,, the value of I will first be found and then the value of Izy 
may be found by means of the formula in Art 189. Thus 


6 73 86 4 
ley = ff f xydxdy + i f rydxdy 
34 JO 0 0 


= 1.26 + 0.56 = 1.82 in4 
Using the formula of Art. 189, we have 
Tey = Tay — A&G 
= 1.82 — 3.61 < 0.94 X 1.94 =— 4.76 in! 
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(c) The directions of the principal axes are found from the formula of Art. 191. Thus 
2 X (—4.76) 
4.90 — 13.48 
*. 20 = 48° or 228°, @ = 24° or 114°. 


(d) From the formula of Art. 190, the moment of inertia with respect to the axis 
making an angle of 24° with CX (denoted by wu) is 


Iu = 18.48 cos? 24° + 4.90 sin? 24° — 2(—4.76) sin 24° cos 24° 
= 11.23 + 0.81 + 3.53 = 15.59 int 
Using 6 = 114° and denoting the corresponding axis by v, we have 
Iy = 13.48 cos? 114° + 4.90 sin? 114° — 2(—4.76) sin 114° cos 114° 
= 2.23 + 4.08 — 3.53 = 2.78 in.* 


Hence, the principal moments of inertia are 15.59 in4 and 2.78 in. The correspond- 
ing radii of gyration are 2.08 in. and 0.88 in. 


tan 20 = Sb 


PROBLEMS 
971. In the Z-section shown in Fig. 591, 7, = 25.32 in’ and I, = 9.11 in! 
Find the principal moments of inertia. Ans. 31.3 in.4; 3.09 in 


972. Show, by use of Eq. (1) of Art. 190, that the moment of inertia of the area 
of a square is constant for all axes in the plane of the area which pass through the 
center. 


} 
aye 
Fia. 591. Fia. 592. 


973. Fig. 592 represents the cross-section of a standard 10-in. 25-lb. I-beam. 
I, = 122.1 in4, I, = 6.89 in, and A = 7.37 in.?- Find the moment of inertia and 
radius of gyration of the section with respect to a line making an angle of 30° with 
the x-axis. Ans, f= 93:3 in; = 361m. 
974. Find the moment of inertia of the area shown in Fig. &86 about an axis 
passing through O and making an angle of 60° with the z-axis. 
Ans. I~ = 35.8 iné 
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§ 2. Moments oF IvertTIA OF BopikEs 


192. Moment of Inertia of Mass Defined.—In the analysis of the 
motion of a body, the body is frequently regarded as a system of par- 
ticles, and expressions are met in the analysis which involve the mags 
of a particle and the square of its distance from a line or plane. This 
product is called the second moment of the mass of the particle or more 
frequently the moment of inertia of the mass of the particle (or briefly 
the moment of inertia of the particle) with respect to the line or plane. 
The moment of inertia of a system of particles (mass-system or body) 
with respect to a line or plane is the sum of the moments of inertia of the 
particles with respect to the given line or plane. Thus, if the masses of 
the particles of a system are denoted by m1, m2, m3 ..., and the dis- 
tances of the particles from a given line are denoted by 7, rz, 73. . ., 
the moment of inertia of the system may be expressed as follows: 


I = myry? + mer” + mgr3” + ++: 
="Dmr", 
If the mass system constitutes a continuous body the summation in 
the above equation may be replaced by a definite integral, and the 
expression for the moment of inertia of the body then becomes 


I= ff dM, 


where dM represents an element of mass of the body and r is the distance 
of the element from the given line or plane. The limits of the integral 
must, of course, be so chosen that each element of mass of the body is 
included in the integration. Therefore, the moment of inertia of a body 
with respect to a line or plane may be defined as the sum of the products 
obtained by multiplying each elementary mass of the body by the square 
of its distance from the given line or plane. The moment of inertia of 
the mass of a body (or more briefly the moment of inertia of a body) has 
a physical significance, since common experience teaches that, if a body 
is free to rotate about an axis, the farther from the axis the material is 
placed, that is, the greater the moment of inertia of the body becomes, 
the greater is the moment of the forces required to produce a given 
angular acceleration of the body. Thus, if a rod is free to rotate about 
a vertical axis and carries two spheres which may be moved along the 
rod, experience shows that the farther from the axis the spheres are 
placed the greater is the torque required to produce a definite angular 
acceleration. 
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Units.—No special one-term name has been given to the unit of 
moment of inertia of a body, hence the units of mass and length used are 
specified. Thus, if the mass of a body is expressed in pounds and the 
dimensions of the body are expressed in feet, the moment of inertia of 
the body is expressed in pound-foot? units (written Ib.-ft.2). In engi- 
neering problems, however, the pound is generally used as the wnit of 
force, in which case the unit of mass is g (32.2) times the mass of 1 Ib. 
and is called a slug. (See Art. 103.) Therefore, the moment of inertia 
of a body, in engineering problems, is expressed in slug-ft.? units. 

193. Radius of Gyration.—It is frequently convenient to express 
the moment of inertia of a body in terms of factors one of which is the 
mass of the whole body. Since each term in the expression for moment 
of inertia as defined above is one dimension in mass and two dimensions 
in length, the moment of inertia of a body may be expressed as the prod- 
uct of the mass, M, of the whole body and the square of a length. This 
length is defined as the radius of gyration of the body and will be denoted 
by k. Thus, the moment of inertia, J, of a body with respect to a given 
line or plane may be expressed by the product Mk’, and hence 


ve 
= 2 = == 
Hee IW oe 12 7; 


The radius of gyration of a body with respect to any axis, then, may be 
regarded as the distance from the axis at which the mass may be con- 
ceived to be concentrated and have the same moment of inertia with 
respect to the axis as does the actual (or distributed) mass. 

Viewed differently, the radius of gyration of a body with respect to 
an axis is a distance such that the square of this distance is the mean of 
the squares of the distances from the axis of the (equal) elements of mass 
into which the given body may be divided (not the square of the mean of 
the distances). 

194. Parallel-Axis Theorem for Masses.—If the moment of inertia 
of a body with respect to an axis passing through its mass-center is 
known, the moment of inertia of the body with respect to any parallel 
axis may be found, without integrating, by use of the following propo- 
sition: 

The moment of inertia of a body with respect to any axis is equal to 
the moment of inertia of the body with respect to a parallel axis through the 
mass-center of the body plus the product of the mass of the body and the 
square of the distance between the two axes. 

This proposition may be stated in equational form as follows: 


T=I+ Md, 
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where I denotes the moment of inertia of the body with respect to an 
axis through the mass-center and J denotes the moment of inertia with 
respect to a parallel axis which is at a 
distance d from the axis through the mass- 
center. 

Proof. —Let Fig. 593 represent the cross- 
section of a body containing the mass- 
center, G. Furthermore, let the moment 
of inertia of the body with respect to an 
axis through G and perpendicular to this 
section be denoted by 7 and let the mo- 

Fia. 593. ment of inertia with respect to a parallel 
axis through the point O be denoted by I. 
The expression for J, then, is 


I= i dM = fk [2 +d)? + y]dM 


= i (x? + y*)dM + @? fi dM + 2d Hp adM. 
But 


fe +y*)dM=I and fram = Mz=0. 


I=I+ Ma’. 


Therefore 


This theorem is frequently called the parallel-axis theorem for masses. 
A similar relation may be found between the radii of gyration with 
respect to the two axes. Thus, if the radii of gyration with respect to 
the two parallel axes be denoted by k and k, the above equation may be 


Met i Mi? = MB? + Ma’. 

k= R? + d?. 
195. Moments of Inertia with Respect to Two Perpendicular 

Planes.—The determination of the moment 

of inertia of a body with respect to a line 2 

is frequently simplified by making use of 

the following theorem: 


Hence 


The sum of the moments of inertia of a if 
body with respect to two perpendicular planes 
is equal to the moment of inertia of the body LA X 
with respect to the line of intersection of the hae 


two planes. 
Proof.—If the moment of inertia of the 4% 
body (Fig. 594) with respect to xy- and x2- Fia. 594. 
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planes be denoted by J,, and J,,, respectively, the expressions for the 
moments of inertia are 


Tee = f ean and I,, = f yan. 


By adding these two equations the resulting equation is 


i + 1s = fhe + y’)dM = ie. 


196. Moments of Inertia of Solids by Integration—In determining 
the moment of inertia of a body with respect to an axis by the method 
of integration, the mass of the body may be divided into elements in 
various ways, and either cartesian or polar coordinates may be used, 
leading to a single, double, or triple integration, depending on the way 
the element is chosen. The elements of mass should always be selected, 
however, so that: 

(1) All points in the element are equally distant from the axis (or 
plane) with respect to which the moment of inertia is to be found, 
otherwise the distance from the axis to the element would be indefinite. 
Or, if condition (1) is not satisfied, the element should be selected so 
that 

(2) The moment of inertia of the element with respect to the axis 
about which the moment of inertia of the body is to be found is known; 
the moment of inertia of the body is then found by summing up the 
moments of inertia of the elements. Or so that 

(3) The mass-center of the element is known and the moment of 
inertia of the element with respect to an axis through its mass-center 
and parallel to the given axis is known, in which case the moment of 
inertia of the element may be expressed by use of the parallel axis 


theorem (Art. 194). 
The moments of inertia of some of the simpler solids are found in 


the following problems. 


Nore: The symbol 6 will be used in the following pages to denote the density 
(mass per unit volume) of a body. 
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Problem 975.—Determine the moment of inertia of a homogeneous right circular 
cylinder with respect to its geometrical axis. 


Solution.—In accordance with the first of the above rules, the element of mass 
may be selected as indicated in Fig. 595. The volume of this element is hpdpdo, 
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and if the density be denoted by 6, the mass of the element is éhpdpd@. Hence the 
expression for the moment of inertia becomes 


Z T Q7r 
‘i if odM = if i p’bhpdpdé 
0 0 


a réhr* = 2(arrhd)r? = 4Mr’. ‘ 


Problem 976.—Determine the moment of inertia of a homogeneous sphere with 
respect to a diameter. 

Solution.—The cross-section of the sphere in the ry-plane is shown in Fig. 596. 
In accordance with the second rule above, the 
element of volume may be taken as a thin circular 
lamina included between two planes parallel to 
the xz-plane, as shown in cross-section. This 
element, then, may be regarded as a circular cyl- 
inder of radius xz and altitude dy. The mass of 
the elemental cylinder is 6rz*dy, and its moment 
of inertia with respect to the y-axis is }érz*dy 
(Prob. 975). Hence, the moment of inertia of 
the entire sphere with respect to the y-axis is 


awstats 
ie bon [/ xidy 
=f 


ll 


dA=pdddp 


Fia. 595. 


Problem 977.—Show that the moment of inertia of a homogeneous thin circular 
lamina, with respect to an axis through the mass-center, parallel to the bases of 


Fire. 596. Fig. 597. 


the lamina, is approximately +Mr?, in which M is the mass of the lamina and r is 
the radius. 
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Solution.—A top view and an end view of the lamina are shown in Fig. 597. 
The element of volume will be taken as a prism of altitude ¢ and cross-section pdpdé, 
as indicated in the figure. The mass of the element is dtpdpdé. Now if the thickness 
t is relatively small, all points in any elementary prism are approximately at the 
same distance (y = p sin 0) from the z-axis except for those prisms which are near 
the axis, and these prisms contribute little to the moment of inertia of the lamina 
with respect to the x-axis. Thus, the moment of inertia of the lamina with respect 
to an axis through its mass-center parallel to the bases of the lamina is approximately 


be 2r 
te -f{ i dtp® sin” Odpdé 
0 0 


1 
= totar* = 4 (étar*)r? = gMr. 


It should be noted that the smaller the value of t becomes, the closer is the approxi- 
mation. The above expression is also a close approximation to the moment of 
inertia of the lamina with respect to a diameter of either base of the lamina. 
Problem 978.—Determine the moment of inertia of a homogeneous right circular 
cone with respect to a diameter of the base. 


Solution.—In accordance with the third of the 
above rules the element of volume may be taken as a 
thin cylindrical lamina parallel to the base, as indi- 
cated in Fig. 598. The mass of this element is 6rx7dz, 
and its moment of inertia with respect to its cen- 
troidal axis parallel to the z-axis is {érx‘*dz. (See 
Prob. 977.) The moment of inertia with respect to the 
z-axis, according to the parallel axis theorem (Art. 
194), is {érx4dz + Srx?2*dz. Hence the moment of 
inertia of the entire cone with respect to the z-axis is 


h h 
To ff 4 onatdz + if drx?2*dz. 
0 0 


5h =). 


From similar triangles, x = 


Fig. 598. 


Hence 
rt r2 oP 
Teeae afb (h — 2)Mde + on ai 2h — 2)?dz 
= gyiahet + gyoarh? = gor h( Bor? + gh") 
= M(85r? + poh’) = = M(Br? + 2h). 
Problem 979.—Determine the moment of inertia of a homogeneous right circular 


cylinder with respect to a diameter of one of the bases. 


Solution. First Method.—In accordance with the third of the above rules, the 
element of volume may be taken as a thin circular lamina parallel to the base as 
indicated in Fig. 599. The mass of the element is 5rr’dz and the moment of inertia 
of the element with respect to a centroidal axis parallel to the z-axis, as found in 
the preceding problem, is +émrr4dz. The moment of inertia of the element with 
respect to the z-axis, then, as found by the parallel axis theorem (Art. 194), is 


téartde + Srr2?dz. . 
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Hence the moment of inertia of the entire cylinder with respect to the z-axis is 


h rh 
I= ji téartdz + f bnr?z*dz 
0 0 


= lLoarth + Léarh® = pydar7h(3r? + 4h?) 


1 
fle ss 2 2). 
7p MO + 4h’) 


Fie. 599. 


Second Method.—The moment of inertia with respect to the z-axis may also be 
found by adding the moments of inertia with respect to the ry- and xz-planes (Art. 
195). Thus, in Fig. 600, 

I; = Tey ae Tez. 


The moment of inertia with respect to the end (ry) plane is 
Try = ¥Mh?. (See Prob. 988) 


To find the moment of inertia with respect to the xz-plane an element of mass may 
be selected as indicated in Fig. 600. Thus 


+r 
fit = fram =f y>(dh2xdy) 
—r 


+r 
= 2an f yVr? — ydy = fohar*t = 4Mr’, 
=r 


Therefore 


Tz 


ll 


1 
1 i? +1Mr? = 55 Meer + 40"). 


PROBLEMS 


980. A solid of revolution is generated by rotating about the z-axis the area 
bounded by the parabola y? = az, the line x = b, and the z-axis. A homogeneous 
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body has the same form as the solid so generated. Find the moment of inertia of the 
body about its axis of symmetry. 


981. Determine the moment of inertia of a steel cylinder 6 in. in diameter and 
12 in. high, about its geometric axis. Assume the weight of steel to be 490 Ib./cu. ft. 


982. Show that the moment of inertia of a homogeneous slender rod with respect 
to an axis through the mid-point of the rod and perpendicular to the rod is approxi- 
mately =MP. 


983. Determine the moment of inertia of a homogeneous rectangular parallelo- 
piped with respect to a central axis parallel to an edge, selecting the element of mass 
as indicated in Fig. 601. Ans. Iz = pgM(e + 0°). 


Fia. 601. Fria. 602. 


984. Determine the moment of inertia of a homogeneous right circular cone about 
its geometrical axis, selecting the element of mass as indicated in Fig. 602. 
Ans. Iz = 385Mr’*. 


985. Find, by the parallel-axis theorem, the moment of inertia of the parallelo- 
piped in Fig. 601 about the axis MN. 


986. Determine the moment of inertia of a sphere with respect to a central axis 
if the density at any point varies directly as the distance of the point from a central 
plane perpendicular to the axis. Ans. = 4Mr°. 


987. Find the moment of inertia, with respect to a central axis, of a cast-iron 
sphere 10 in. in diameter. Assume the weight of.cast iron to be 450 lb/cu. ft. 
Ans. I = 0.296 slug-ft.? 


988. Show that the moment of inertia of a homogeneous right prism (Fig. 
603) having a cross-section of any shape, with respect to a plane coinciding with 
one of the bases of the prism, is J = 4MP, in which M is the mass of the rod 
and | is the length of the rod. Furthermore, show that for a slender rod the above 
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expression represents, with slight error, the moment of inertia of the rod with 
respect to an axis passing through one end of the rod and perpendicular to the rod. 


Fia. 603. 


989. A homogeneous cylindrical rod is 2 ft. long and the radius is 2in. If the 
moment of inertia is found with respect to a line through one end of the rod perpen- 
dicular to its axis by using the approximate formula of Prob. 988, what is the error 
in the result, in per cent? Ans. 0.52 per cent. 


990. Determine the moment of inertia of a homogeneous right circular cone about 
an axis through the center of gravity perpendicular to the geometrical axis. 
Ans. 5M(r? + 4h’). 
991. Determine the moment of inertia of a homogeneous ellipsoid, the principal 
axes of which are 2a, 2b, and 2c, about the axis 2a. Ans. I =34M(b? +’). 


992. Determine the moment of inertia of a homogeneous elliptic cylinder, in 
which the principal axes of the cross-section are 2a and 2b, with respect to (a) the 
geometrical axis, and (b) an axis through the center of gravity coincident with the 
axis 2a of the cross-section. Ans. (a) = {M(a? + b?); (6) J = ~yM(h? 4+ 30°). 


197. Moments of Inertia of Composite Bodies.—If a body can be 
divided into several finite parts, the moment of inertia of each of which 
is known, the moment of inertia of the given body may be obtained 
by adding the moments of inertia of the several parts. In like manner, 
if parts of a body are removed, the moment of inertia of the remaining 
part may be obtained by subtracting from the moment of inertia of the 
original body the sum of the moments of inertia of the parts removed. 


ILLUSTRATIVE PROBLEMS 


Problem 993.—Determine the moment of inertia of a homogeneous, hollow, 
circular cylinder with respect to its geometric axis, in terms of its mass M and its 
inner and outer radii, ry and re. 


Solution.Let Io and Me, denote the moment of inertia and the mass of a solid 
cylinder of radius re and let J; and Mj, have similar meanings for the cylinder of 
radius ry which is removed. Then 


2 To —< Ty = 4 More? as 4Myr? 


4 drroth — Zoarth = Fdrh(rot — ry4) 


Il 


9 9 2 1 2 
= Zdrh(re? — ry’ )(r? + rv) = 5 Mer? +122). 
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Problem 994.—Determine the moment of inertia of the cast-iron flywheel shown 
in Fig. 604 with respect to the axis of rotation. Assume the weight of cast iron to be 
450 Ib./cu. ft. 


Fig. 604. 


Solution —The rim and hub are hollow cylinders and the spokes may be regarded 


as slender rods. 
“| (2) - oe) | x x 480 = 908 
12 5 
2 0 
a, 4. = 
‘[)- (2) 0) = YP) Moy. 


Py ag ANCE 
x X Ta Sg % 400 = 41-7 Ib. 


The weight of the rim 


The weight of the hub 


‘ 


The weight of each spoke 


For the rim T= ie a1 (B) + (2) = 102.3 slug-ft.” 
: 2 12 12 
For the hub i “i ee Me [(3) + (2) ] = 0.54 slug-ft 2 
: 2 32.2 12 12 ; ; 
LOS ey TN eT Ra: ; 
For the spokes, I = ox| Ext2x(? 4) +r e/ =) ip slug-ft. 


Hence the moment of inertia of the flywheel is 
I = 102.3 + 0.54 + 11.1 = 113.9 slug-ft.? 
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995. Determine the moment of inertia of the frustum of a homogeneous right 


circular cone with respect to the geometrical axis, the radii of the bases as ro and rj. 
5 
ae fs 
Ane ee eee 
re — ri3 


996. The head of the mallet shown in Fig. 605 is a rectangular parallelopiped 
and the handle is a right circular cylinder. If the weight of the material is { lb./cu. in., 


find the moment of inertia of the mallet with respect to the line YY. 
Ans. I = 3.81 slug-ft.? 
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997. The wheel shown in Fig. 606 is made of cast iron and has a solid web. 
Determine the moment of inertia of the wheel with respect to the axis of rotation. 
Assume the weight of cast iron to be 450 lb./cu. ft. 


Fia. 605. Fie. 606. 


998. From a round steel disk which is 20 in. in diameter and 4 in. thick are bored 
four holes, each 4 in. in diameter. The axes of the holes are parallel to the geometric 
axis of the disk and 5 in. therefrom. Find the moment of inertia of the remainder 
of the disk with respect to its geometric axis, assuming the weight of steel to be 
490 lb./cu. ft. Ans. I = 3.51 slug-ft.? 

999. Two spheres are connected by a horizontal rod and are free to rotate about 
a vertical axis midway between the spheres. The diameter of each sphere is 9 in., 
the distance between their centers is 2 ft., and the diameter of the rod is 2in. Find 
the moment of inertia of the rod and spheres with respect to the axis of rotation. 
Assume that the rod and spheres are made of cast iron which weighs 450 lb./cu. ft. 


1000. A wood block has a rectangular cross-section 8 in. by 10 in. and a height of 
2ft. A cylindrical hole 2 in. in diameter is cut from the block, the axis of the hole 
being parallel to thé longitudinal centroidal axis of the block. The distance between 
the two axes is 3in. The wood weighs 40 lb./cu. ft. Find the moment of inertia of 
the remaining portion of the block with respect to the longitudinal axis of the 
original block. Ans. I = 0.128 slug-ft.? 

1001. In Fig. 607, a sphere A is attached to a cylinder B by a slender rod C. 
The weights of A, B, and C are 96.6 lb., 64.4 lb., and 82.2 lb., respectively. Calcu- 
late the moment of inertia of the whole body about the axis YY. 


Fra. 607. Fia. 608. 


1002. In Fig. 608, A is a wooden block. Calculate the moment of inertia of the 
block with respect to the plane YY, assuming the weight of wood to be 40 Ib./cu. ft. 
Ans. I = 41.8 slug-ft? 


REVIEW PROBLEMS AND QUESTIONS 443 


1003. A slender rod 8 ft. long rotates about an axis perpendicular to the rod 2 ft. 
from one end. The rod weighs 20 lb. Find the moment of inertia of the rod about 
the axis of rotation. 

1004. Two spheres each weighing 16.1 Ib. and having a diameter of 8 in. are con- 
nected by a cylindrical rod 16 in. long and 4 in. in diameter, the distance between 
the centers of the spheres being 24 in. The rod weighs 0.25 lb./cu. in. Find the 
moment of inertia of the spheres and rod with respect to an axis perpendicular to the 
rod and midway between the spheres. Anse — ele 2aslug=tte 

1005. A right circular cone has an altitude of 16 in. and a base of radius 4in. Its 
weight is 0.20 lb./eu. in. Find the moment of inertia of the cone with respect to a 
line that is parallel to its geometric axis and passes through a point on the circum- 
ference of the base. 

1006. The density at any point of a right circular cylinder varies directly as the 
distance of the point from the geometric axis. Derive the expression for the moment 


of inertia of the cylinder with respect to the geometric axis. Ans. I = 3Mr’. 


198. Moments of Inertia of Bodies by Experimental Methods.— 
If a body is irregular in shape, the moment of inertia cannot be found 
by methods of integration, since it is impossible to determine the limits 
of the integral. The moments of inertia of such bodies may be deter- 
mined experimentally, however, by methods which make use of the laws 
of motion of a pendulum (Art. 155). 


REVIEW PROBLEMS AND QUESTIONS 
Moment oF INERTIA OF AREAS 


1007. Define the moment of inertia of an area with respect to a line (a) ina word 
statement and (b) as a mathematical expression. 

1008. What are the dimensions of the moment of inertia of an area? Can the 
moment of inertia of an area be zero or negative? Explain. 

1009. Complete the following statement: The radius of gyration of an area with 
respect to an axis may be thought of as a distance from the axis at which the area 
may be considered to be concentrated. .. . 

1010. Correct the following statement: The radius of gyration of an area with 
respect to an axis is equal to the square of the quotient found by dividing the moment 
of inertia of the area about the given axis by the area. 

1011. Prove and give a word statement of the formula Jz = Iz + Ty. 

1012. State and prove the parallel-axis theorem for areas. 

1013. In deriving, by the calculus method, an expression for the moment of inertia 
of an area about a line, what are the three general ways of selecting the element of 
area? 

1014. Determine by integration the moment of inertia of a quadrant of a circle 


of radius r about one of the bounding radii. Then by the parallel-axis theorem find 


the moment of inertia about a parallel axis through the centroid of the area, 
Ans. I = pgnrt; TI = 0.055r+. 
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1015. Determine the position of the centroid, O, of the shaded area shown in 
Fig. 609 and then find the moment of inertia of the area about the z-axis. 
Ans. In = 272in4 


2” \Y 2" 


| 
ease 


Fia. 609. Fia. 610. 


1016. In Fig. 610 a semi-circular area is removed from a circular area. Calculate 
the polar moment of inertia of the remaining (shaded) area with respect to an axis 


passing through O. Ans. J = 5420 in? 
1017. Calculate, without integrating, the moment of inertia of the shaded area 
in Fig. 588 with respect to the y-axis. : Ans. Jy = 71.6 


Propuct oF INERTIA AND PRINCIPAL AXES FOR AREAS 


1018. Define the product of inertia of an area (a) in a word statement and (6) as 
a mathematical expression. 


1019. Can the product of inertia of an area be zero or negative? What are the 
dimensions of the product of inertia of an area? 


1020. Is the following statement correct: The product of inertia of an ares with 
respect to two rectangular axes is zero if either, or both, of the axes is an axis of 
symmetry? Give reasons for your answer. 


1021. State in words and prove the parallel-axis theorem for the product of 
inertia of an area. 


1022. Explain all the terms in the formula 
Iz =I, cos? 6 + Ty sin? 6 — 2Izy sin @ cos 6. 


1023. Interpret the formula Jz + Jy = I, + Ty. 

1024. Define a principal axis of inertia of an area. 

1025. An axis of symmetry is always a principal axis. Is a principal axis always 
an axis of symmetry? Explain. 


1026. Are the following statements correct: (a) If the product of inertia of an 
area with respect to a set of rectangular axes is zero, the axes are principal axes; 
(b) any two rectangular axes one of which is an axis of symmetry are principal axes? 


Moment or INerTIA OF BopigEs 


1027. Define the moment of inertia of a body with respect to a line or plane 
(a) in a word statement and (b) as a mathematical expression. 


1028. What are the dimensions of the moment of inertia of a mass? 
1029. Point out and correct the error in the following statement: The moment 
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of inertia of a mass with respect to a line or plane is the product of the mass and the 
square of the distance of the mass-center from the line or plane. 

1030. Criticize the following statement: The radius of gyration of a body with 
respect to a line or plane is the distance from the line or plane at which the mass 
of the body may be considered to be concentrated. 

1031. State in words and prove the parallel-axis theorem for the moment of 
inertia of a mass. 

1032. In determining by integration an expression for the moment of inertia of a 
mass, what are the three general methods of selecting the element of mass? 

1033. Find, by integration, the moment of inertia of one half a right circular 
cylinder with respect to a plane containing the central longitudinal axis of the 
cylinder. Express in terms of M, the mass of the half-cylinder, and r, the radius 
of the cylinder. ‘Ans. I = ¢Mr? 

1034. The body shown in Fig. 611 consists of a cylinder A that weighs 96.6 lb. 
and a slender rod B that weighs 16.1 lb. Calculate the moment of inertia of the 
body about the axis YY. Ans. I = 12.68 slug-ft.? 


Fia. 611. Fia. 612. 


1035. In Fig. 612, a circular disk A has its mass increased by the addition of a 
semi-circular disk B. The weight of A is 100 lb. What is the weight of B if the 
moment of inertia about an axis through O perpendicular to the disk is increased 


50 per cent by the addition of B? Ans. We = 50 lb. 
1036. Calculate the moment of inertia of a sphere having a radius of 6 in. and a 
weight of 64.4 lb. about a line tangent to the sphere. Ans. I = 0.7 slug-ft.? 


1037. The dimensions of a rectangular parallelopiped are 4 in. by 4 in. by 18 in. 
and the weight of the parallelopiped is 16.1 Ib. Calculate the moment of inertia of 
the parallelopiped with respect to a central axis perpendicular to one 4 in. X 18 in. 
face; (a) by the approximate formula (see Prob. 982), and (6) by the exact formula 
(see Prob. 983). Ans, J = 0,0987 slug-ft,”; J = 0.0984 slug-ft.? 
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Newton’s laws of motion, 220, 223 
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— equations of motion for, 225 
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346, 347 
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Plane motion, 208, 264 
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Pole of force polygon, 41 
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Power, 284 

— special equations for, 285 
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— velocity of, 382 
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Principle of impulse and momentum, 
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— — transmissibility, 4 

— — work and energy, 297 

Product of inertia, 425 
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— — asystem of couples, 58 

— — collinear forces, 34 
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— — non-coplanar, non-concurrent, non- 
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Screw, 134 
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Slug, 224 

Space diagram, 6 

Speed, 167 
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String polygon, 40, 41 
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Triangle law, 8 
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— graphical analysis of, 101 
— method of joints, 96 

— — — sections, 96 
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Units, absolute system of, 225 
— gravitational system of, 224 
— kinetic system of, 224 


Varignon’s theorem, 17 
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— addition and subtraction, 164 
— diagram, 5, 41 

— quantity, 5 

Velocity, angular, 169, 172 

— components of, 174 

— linear, 167, 172 

— relative, 201 

— time curve, 169, 179 
Vibration, amplitude of, 187, 340 
— damped, 348, 355, 363 

— forced, 348, 359, 363, 364 

— free, 232, 339, 347, 352, 355 
— frequency of, 187, 339 

— period of, 339, 346, 347 


Watt, 285 

Work, 275 

— done by force system, 277 

— — in punching hole in plate, 281 
— expressions for, 275 

— graphical representation of, 278 
— units of, 277 

— and energy, principle of, 297 
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